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Abstract
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1 Introduction
The study of existence and unique problems by iterative approximation originates from
the work of Banach [1] concerning contractive maps.

Theorem 1.1 Let (X,d) be a complete metric space and let T : X — X. If
(B) (Banach [1]) Jo<r<1Vayex{d(T (x), T(y)) < Ad(x, )},
then: (a) T has a unique fixed point w in X; and (b) V0 cx {lim,,,_, oo TV (w°) = w}.

The Banach [1] result was an important tool to solve the following equation:
T(x) = x, (1.1)

where T': X — X and x € X. If we replace the identity map on X with some map §: X — X
on the right-hand side of equation (1.1), then we obtain the following equation:

T(x) = S(x). (1.2)

Equation (1.2) is called a coincidence point equation and plays a very important role in
many physical formulations. To solve equation (1.2), we can use the Jungck [2, 3] iterative

procedure, i.e.,
Sxpn)=Tx,), n=0,12,....

In 1998, Czerwik [4] introduced the following definition of a b-metric space.
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Definition 1.1 Let X be a nonempty subset and s > 1 be a given real number. A function
d: X x X — [0,00) is b-metric if the following three conditions are satisfied:

(d1) Viyex{d(x,y) =0 < x=y};

(d2) Vayex{d(x,y) = d(y,%)}; and

(d3) Vaiyzex{d(x,2) < sld(x,y) +d(y,2)]}.

The pair (X, d) is called a b-metric space (with constant s > 1). It is easy to see that each
metric space is a b-metric space.

Recently, in 2009, Singh and Prasad [5] introduced and established the following inter-
esting and important coincidence points theorem for four maps in b-metric space.

Theorem 1.2 Let (X,d) be a b-metric space (with s > 1), where d : X x X — [0,00) is
continuouson X>,Y C X,andlet A,B,S, T :Y — X be such that T(Y) € B(Y), A(Y) C S(Y)
and the following condition holds: there exists q € (0,1) such that qs <1 and ,s <1 (where

2?;}) and such that for all x,y € X, we have

A =max{g,

d(T(x),A)) = qmax{d(S(x), B(»)),d(Sx), T(x)),d(B(»),A®)),
[d(S(x),A()) + d(B(y), T(x7))]/2}. 1.3)

If one of the images A(Y), B(Y), S(Y) or T(Y) is a complete subspace of X, then:
(i) T and S have a coincidence point, ie., there exists v € Y such that S(v) = T(v);
(i) A and B have a coincidence point, i.e., there exists w € Y such that B(w) = A(w).
It is worth noticing that condition (1.3) is a generalization of the following conditions,

which are known in literature:

EIqE(O,l)Vx,yGY{d(T(x)’ T()/)) < qd(s(x); 5()/)) }: (14)

and

Jge01)Vayer {d(T ), T(y)) < gmax{d(S(x),S()),d(S(), T(x)),
(S0, TY)), [d(S(x), T)) + d(SG), Tx))]/2} ). (1.5)

In literature, the pair of maps S: Y — X, T': Y — X satisfying (1.4) is called the Jungck
contraction, and ¢ is called the Jungck constant. Condition (1.5) with Y = X and S = id (the
identity map on X) was considered by Rhoades [6].

On the other hand, the famous Banach’s result has been given extensive applications in
many fields of mathematics and applied mathematics and has been extended in many dif-
ferent directions. One of the courses was to replace metric d by some more general maps.
In the complete metric spaces (X, d), w-distances [7] and t-distances [8] have been found
to have substantial applications in fixed point theory. Due to them, some generalizations of
Banach contractions have been introduced. Many interesting extensions of Theorem 1.1 to
w-distances and t-distances settings have been given and techniques based on these dis-
tances have been presented (see, for example, [8, 9]). It is worth noticing that t-distances
generalize w-distances and metrics d. In 2006, Wlodarczyk and Plebaniak [10] introduced
the concepts of J-families of generalized pseudodistances in uniform spaces which gen-
eralized distances of Tataru [11], w-distances of Kada et al. [7], t-distances of Suzuki [12,
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Section 2] and 7-functions of Lin and Du [13] in metric spaces and distances of Vilyi [14]
in uniform spaces. The distance was researched in [15-17].

The main interest of this paper is the following.

Question 1.1 Do a new kind of asymmetric distances (which extend b-metric) on

b-metric spaces and a new kind of completeness of b-metric spaces exist?

Question 1.2 Does a new kind of contractions of (1.3) type with respect to these new

distances exist?

The answer is affirmative. In this paper, in a b-metric space, we introduce the concept
of b-generalized pseudodistances which are the extension of b-metric. Next, inspired by
the ideas of Singh and Prasad [5], we define a new contractive condition of (1.3) type with
respect to this b-generalized pseudodistance, and the condition guaranteeing the exis-
tence of coincidence points for four mappings. The examples which illustrate the main
result are given. The paper includes also the comparison of our result with those existing

in literature.

2 On generalized pseudodistance, b-generalized pseudodistance and
admissible b-generalized pseudodistance in b-metric spaces

In the rest of the paper, we assume that the b-metric d : X x X — [0, 00) is continuous on

X2. At the very beginning, in a b-metric space, we introduce the concept of b-generalized

pseudodistance, which is an essential generalization of b-metric.

Definition 2.1 Let X be a b-metric space (with constant s > 1). The map J : X x X —
[0,00) is said to be a generalized pseudodistance on X if the following two conditions
hold:

(]1) Vx,y,zeX{](xr Z) < ](?C:J’) +]()/; Z)}§ and
(J2) For any sequences (x,, : m € N) and (y,, : m € N) in X such that

lim sup/(x,,%,,) =0 (2.1)

n—00 m>n

and
lim ](xmrym) =0, (22)
m—> 00
we have
lim d(x,,,y,,) = 0. (2.3)
W—> 00

Definition 2.2 Let X be a b-metric space (with s > 1). The map J : X x X — [0,00) is
called a b-generalized pseudodistance on X if the conditions (J1') and (J2) hold, where

(]1/) Vx,y,zeX{](x’y) =< S[](x) Z) + ](Z’y)]}
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Now, we introduce the following denotation. Let X be a b-metric space (with s > 1), and
letJ: X x X — [0,00) be a b-generalized pseudodistance on X. Then

X0 = X:{J(x,x)=0 d
P ={xeX:{J(x,x)=0}} an -
X; = {x eX: {](x,x) > 0}}

Then, of course, X = X,O U X]*.

Remark 2.1 (A) If (X,d) is a b-metric space (with s > 1), then the b-metricd: X x X —
[0, 00) is a b-generalized pseudodistance on X. However, there exists a b-generalized pseu-
dodistance on X which is not b-metric (for details, see Example 4.1).

(B) It is clear that if the map J is a generalized pseudodistance on X, then J is a
b-generalized pseudodistance on X (for s =1).

(C) From (J1’) and (J2) it follows that if x # y, x,y € X, then

J(x,5) >0V J(y,x)>0.

Indeed, if J(x,y) = 0 and J(y,x) = 0, then J(x,x) = 0, since by (J1') we get J(x,x) < s[J(x,y) +
J(»,%)] = 5[0 + 0] = 0. Now, defining (x,, = x: m € N) and (y,, = y : m € N), we conclude that
(2.1) and (2.2) hold. Consequently, by (J2), we get (2.3), which implies d(x, y) = 0. However,

since x # y, we have d(x,7) # 0, a contradiction.

Now, we apply a b-generalized pseudodistance to establish a new kind of completeness,

which is an extension of natural sequential completeness.

Definition 2.3 Let (X,d) be a b-metric space (with s > 1), and let the map /: X x X —
[0,00) be a b-generalized pseudodistance on X. We call that X is J-complete if for all se-
quence (x,, : m € N) in X such that

lim sup/(x,,x,,) =0,

n—00 m>n

there exists x € X such that
lim J(x,,x) = lim J(x,x,,)=0.
m— 00 m— 00

Remark 2.2 Itis worth noticing thatifJ = d, then by (d2) the definitions of J-completeness
and completeness are identical.

Definition 2.4 Let (X,d) be a b-metric space (with s > 1), and let the map /: X x X —
[0, 00) be a b-generalized pseudodistance on X. We call that the map /J is admissible if for
all the sequences (x,, : m € N) and (y,, : m € N) such that: (i) condition (2.1) (for these
sequences, i.e., lim,_, o SUp,,.,,J (¥u, %) = 0, lim,—, oo SUp,,..,,J (¥, ¥m) = 0) holds; and (ii)

limy,;—, 00 A%y, %) = limyy,— 00 d(Y1m, ¥) = 0; the following property is true:

Hm J (%, ) = J (%, ¥).

m— 00
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Remark 2.3 (A) It is clear that if x € X/O, then by (2.4) for a constant sequence (x,, = x :
m € N), we have that

lim sup/(x,,x,,) = lim sup/(x,x) = 0.

=00 ym>n m>n

(B) Letx € X}) be arbitrary and fixed, and let (x,, = x : m € N). Then, of course, by (d2)
we obtain lim,,_, o, d(x,,,x) = 0. Next, from (A) and Definition 2.4 it follows that if a se-
quence (y,, : m € N) satisfies the following conditions: (i) lim,_, o sup,,.,,/(¥u, ¥m) = 0; and
(ii) limyy,— 00 (Y, ¥) = 0, then limy,,—, oo J (X1, ¥im) = J (%, ). Moreover, similarly we can obtain
that limy,,— o0 J (V> %) = J (3, %).

Remark 2.4 It is worth noticing that if (X,d) is a b-metric space (with s > 1), then the

b-metric d: X x X — [0,00) is an admissible b-generalized pseudodistance on X.

Definition 2.5 Let (X,d) be a b-metric space (with s >1), Y C X.Let T:Y — X and
S:Y — X be single-valued maps. A point z € Y is called a coincidence point of T and S if
T(z) = S(z) = u for some u € X.

The main result of this paper is the following coincidence theorem.

Theorem 2.1 Let (X,d) be a b-metric space (with s > 1), Y C X, and let the map ] : X x
X — [0, 00) be an admissible b-generalized pseudodistance on X. Let A,B,S,T:Y — X be
such that T(Y) CB(Y),A(Y) CS(Y). Let T(Y) C XIO and A(Y) C X°, and assume that the
following condition holds: there exists q € (0,1) such that As <1 (where . = max{q, 2‘_7—;})
and such that for all x,y € Y we have

max{/(T(x),A(»)),J (A(), T(x))}
< gmax{min{/(S(x), B©)),J (B(»), S®))},
J(S@), T(x)),](B),A®)), [J (S&), A®)) + ] (BY), T(x))]/2}. (2.5)
If one of the images of Y under the mapping A, B, S or T is a J-complete subspace of X,
then:
(i) T and S have a coincidence pointv € Y;
(i) A and B have a coincidence point z € X.

Moreover, for each w° € Y, if we define the sequences (W :n € {0} UN) and (V" :n €
{0} UN) such that for each n € N we get

V2n—1 — B(WZn—l) — T(W2n—2) ﬂﬂd V2n — S(WZn) =A(W2n_1),
then the sequence (V' : n € {0} UN) is convergent to u (i.e., lim,_. o d(v", u) = 0), where

u=Tw)=8W)=A(z) = B(2).
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3 Proof of Theorem 2.1
Before starting the proof of Theorem 1.2, we present a simple consequence of property
(2.5) and prove an auxiliary lemma. First, we can see that (2.5) implies that

J(T(x),A(»)) < gmax{min{J(S(x), B»)),J(B»),S(x))},] (Sx), T(x)),
J(B0),AW)), J(S@),A»)) +1(BG), T(x))]/2} (3.1)

and

J(AG), T(x)) = gmax{min{J(S@), B»)),J(BO), S®)) },J(Sx), T)),
T(BO), AW)), [J(S), AW)) +7(BG), T())]/2). (32)

Lemma 3.1 Let w° € Y be arbitrary and fixed. Then, for the sequences (w" : n € {0} UN)
and (V' : n € {0} UN) defined as follows:

VMEN{Vzn_l — B(W2n—l) — T(W2n—2) A V2n _ S(W2n) :A(WZVI—I)}, (33)

we have

EIA:max{q q;SleneN{]( Vl+1 n+2) <)»]( 1 n+1)}‘

'3

Proof For fixed n € N, by (3.3) and (3.1) (for x = w?*~2 and y = w?"1), we obtain

T ) = 1 (T (W 2), A (W)
< gmax{min{ (S(v*2), Bw*"1)), 1 (B(w*"), S (w*"2)) ],
T(S072), 7w ). 1 (B 1), A (W),
(0 2)-AG) 1150 02 )2
= amax{min (% A () I
2, 1)), )
Now, since by (3.3), v*~! = T(w**~?) and by assumption T(Y) C X}, we have v*"! € X}
(i.e., J"1,1>71) = 0). Consequently, by (3.4) we get
T0774,12) < qmax{min{ (272, 1), 7 (27,272
2 ) (0, 2, (022,02 4 () ]2
= gmax{min{J (v, "), 7 (2,02 2) | T (22, 2
J( L), ] (V2 v 2] 3.5)

Let us consider the following three cases.
Casel.If

max{min {](V2n—2’ V2n—l),](V2n—l, V2n—2) }’](VZn—Z, VZn—l)’](VZn—l’ VZ}’!),](VZVI—2, V2n) /2}

= min{] (72,210, F (7, ) )
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or

max{min {](VZVI—Z, V2n—1)’](v2n—1, V2n—2) },](V2n—2’ VZW_I),](VZH_I, V2n),](v2n—2, VZn)/Z}

— ](V2n—2’ V2n—1)’

then, since min{J(v*"~2,v?"1), J(»?"~1,y2-2)} < J(v*"~2,v*"71), in both situations, by (3.5)

we obtain
](VZn 1 )<q]( 2n— 2 2n 1)' (36)
Case 2. If

max{min {](VZn—Z’ V2n—l),](v2n—l, VZn—Z) },](V2n—2’ v2n—1),1(v2n—1, V2n)’](v2n—2, VZn)/Z}
]( 21— l n)

then by (3.5) we have
J0) < (7 ) < (),
which gives
J(@" v = 0. (3.7)
Case 3. If

max{min {](V2n—27 VZn—l)’](VZVI—l’ V2n—2) }’](v2n—2, V2n—1),](v2n—1, V2n),](V2n—2’ V2n)/2}

]( 21— 2 214)/2
then by (3.5) and (J1') we get

](VZn—l’ V2n) < q](VZn—Z’ V2n)/2
- qSU(Vzn—Z’VZn—l) +](V2n—1,V2n)]
- 2
~ qS](VZn—Z,VZn—l) + qS](V2n—1’V2n)
= 5 .

Hence

qs](vz” -1 n) qS]( 21— 2 2n 1)
2 - 2

](V2n—1, V2n) _

which gives

2 _qu](VZVI—l’ V2n) < %](VZ”’Z, v2n—1).

In consequence, we obtain

-1 _2n qs e _
](VZn 1,V2 ) < 2_—q5](V2 2’V2n 1). (3.8)

Page 7 of 20
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Conditions (3.6)-(3.8) imply that

2m-1 2n qs
v v¥") < max{q,
]( ) - {q 2-gs

}](VZ”_Z, VZ”_I). (3.9)
Similarly, for fixed n € N, by (3.3) and (3.2) (for x = w*" and y = w?"~!), we obtain

JA 02 = J (AP ), T(w?"))
< qmax{min{J(S(w*"), B(w*" ™)), 7 (B ), S(w"))},
J(S(w™), T(w™)),J (B(w* ™), A(w™)),
U(s(w*), A(w*™)) +J(B(w*™"), T(w*))]/2}

— qmax{min{](VZn’ VZW—I)’](Vbz—l, v2n) } ](VZn’ V2n+l)

](VZn—l, VZn), [](V2n, V2n) + ](VZn—l, v2n+1)]/2 } (3.10)

Now, since by (3.3), v*" = A(w*"~!) and by assumption A(Y) € X}, we have v*" € X} (i.e.,
J(v*",v*") = 0). Consequently, since

[](VZn,VZVt),](Vht 1 2n+1)]/2 ]( 21— 1 2n+1)/2’
by (3.10) we get

](VZn, v2n+1) < qmax{min{](VZn, VZn—l)’](VZVl—I, VZn) }’](VZn’ V2n+l),

](v2n71’ V2n)7](v2n—17 V2n+1)/2}. (3.11)

We will consider the following three cases.
Case 1. If

max{min {](VZn, VZ”"I),](VZ""I, V2n) }’](V2n’ V2n+l)’](v2n—1’ V2n),](v2n—l, V2n+1) /2}

— min{](VZ;fz, V2n—1)7](v2n—1, VZn)}

or

max{min {](V2n’ V2n—1)’](v2n—l’ v2r1) },](VZn’ V2;1+1),](V2n—17 VZn),](VZn—l, V2n+1)/2}

R )
then, since min{J(v?",v2"~1), J(v?"~1,v?")} < J(v*"~1,v*"), in both situations, by (3.11) we ob-
tain
(2, 1) < g (L, 02, (3.12)
Case 2. If

max{min {](VZVI’ V2n—l)’](v2n—1, V2n) },](VZVI, V2n+1)’](v2n—l’ v2n)’](v2n—l’ V2n+l)/2}
]( 2n 2n+1)
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then by (3.11) we have
](VZn V2n+1) < q](VZn V2n+1) < ](VZW V2n+1)
which gives
J(A, v = 0, (3.13)
Case 3. 1f

max{min{](v2", V2n—1),](v2n—1’ V2n) }’]( 2n, V2n+1)’](v2n—l’ V2n),](v2n—1’ V2n+1)/2}

— ](V2n—1’ V2n+1)/2
then, by (3.11) and (J1’), we get

](VZn, v2n+1) < q](VZn—l, v2n+1)/2
- qs[](vZ”‘l,VZ”) +](V2n,v2n+l)]
- 2
~ qS](VZVl—l,VZH) + qS](VZM,V2VI+1)
= 2 .

Hence

2n+1) 2n—1, VZn)

](VZH, V2n+1) _ qs](VZ'; v < gsJ (v - ’

which gives

2 ;qu(vzn, V2n+1) < %1(‘}2;«1—1’ VZn)'

In consequence, we obtain

J (A, v < gqs J(AL 0, (3.14)

Conditions (3.12)-(3.14) imply that

2n _2n+l qS
vy < maxj g,
) < a2

}](Vzn_l,vzn)‘ (3.15)
Next, conditions (3.9) and (3.15) imply that

HA:max{qQZ—qu }<1vneN {](VVI+1’ vn+2) < )L](Vn’ Vn+1) }
The proof of the lemma is now completed. d

Now we can start the proof of the main theorem.
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Proof of Theorem 2.1

Step I. Let w° € Y be arbitrary and fixed. Construct the sequences (w" : n € {0} UN) and
(v*:n e {0} UN) asin (3.3), i.e., such that for each n € N we get

VZVI*I — B(Wanl) — T(WZ}'I*Z) and V2n — S(WZVI) :A(Wanl)‘
Then, by Lemma 3.1, we obtain

3A=max<q,zz_;s;<1VneN{J(V”“»V””) <MV} (3.16)
Step 1. We show that the sequence (v : n € {0} U N) satisfies the following equation:

lim supJ(v",v") = 0. (3.17)

Indeed, for arbitrary and fixed n € N and all m € N, m > n, by (J1'), we calculate

J(V' V") <

\4
—_
<

n,vn+1) + S](Vwrl, Vm)
Vn’vn+l) +S(S](Vn+1,1/n+2) +S](V"+2,Vm))

Vn,VnJrl) +s ]( n+1 n+2) +5 (S]( n+2 n+3) + ]( 7n+3 Vm)) <...

IA
%)

i

Il
“
~
—_ =

3

—n

IA

SZI(VHH‘—I’ Vn+i) .

I
—_

i

Hence, by (3.16), since X < 1, we obtain

1) <

EM§

l]( H+i— 1 n+i) < Zsi[knn—l](vo,vl)]
i=1

3

—n

S)Ln+z>1](vo V V A ZSA”H 1

I
—_

— ](VO, Vl))\‘}’l—l Z(S)\)l =](V0,V1))»n_l Z yi
i=1 i=1

< |:](v0,vl) - (yi):| AL (3.18)
i=1

where y = sA < 1. Therefore, (3.18) we have

sup/ (v, v") Z]vv [vv im” :|-A”‘1

m>n
m>n m=n+1 i=1

_ [LJ(V y )} o, (3.19)

1-y

Since A < 1, thus, as # — o¢ in (3.19), we obtain

lim supJ(v",v") = 0.

n—00 m>n

Thus, condition (3.17) holds.

Page 10 of 20
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Step III. Now we show that if S(Y) is J-complete, then there exists a unique u € S(Y) such
that lim,_, o, vV*" = u.

Indeed, let S(Y) be J-complete. By (3.17) and Definition 2.3, there exists u € S(Y) such
that

lim J(v',u) = lim J(u,v") = 0. (3.20)

n—00 n—00

The facts that lim,_, o v" = 4 and the point « is unique are proved together. Indeed, let

us suppose that there exists % € S(Y), % # u, such that

lim J(v',%) = lim J (%, v") = 0. (3.21)

n—00 n—00

Then for sequences (x, =v": n €N), (y, = u:n € N) and (3, = % : n € N), by (3.17), (3.20)
and (3.21), we have, respectively,

lim supJ(x,,%,) =0, (3.22)
lim J(x,,y,)=0 and (3.23)
lim J(x,, y) = 0. (3.24)
n—00

By (3.22) and (3.23), for sequences (x, : n € N) and (y, : n € N), properties (2.1) and
(2.2) hold, and similarly by (3.22) and (3.24), for sequences (x, : n € N) and (y, : n € N),
properties (2.1) and (2.2) also hold. Hence, by (J2) we obtain

lim d(v",u) = lim d(x,,y,) =0 (3.25)
and
lim d(v”,ﬁ) = lim d(x,,7,) =0. (3.26)

Now, from (3.25), (3.26) and (d1)-(d3), since % # u, we have that
V,,eN{O <n=du) < s[d(ﬂ, v”) + d(v”,u)] = sd(v”,ﬂ) + sd(v”, u)} (3.27)

Finally, by (3.27), (3.26) and (3.25), we have 0 < n = d(%,u) < slim,_ o d(V",%) +
slim,_ o d(v", u) = 0. Absurd.
Consequently, (3.20) holds for a unique #, and (3.25) gives that lim,,_, o, V" = u.
Moreover, by (3.20), using a similar argumentation, for the subsequences (v?" : n € N)

and (v***1 : 1 € N), we have

lim ](vz",u) = lim ](u, v2") =0,

n—00

and

lim J(v***,u) = lim J(u,v*"*") = 0.

n—00 n— 00

Page 11 of 20


http://www.fixedpointtheoryandapplications.com/content/2013/1/270

Plebaniak Fixed Point Theory and Applications 2013, 2013:270
http://www.fixedpointtheoryandapplications.com/content/2013/1/270

For clarity of the rest of the proof, let v = S~!(x). Then S(v) = u
Step IV. We can show that

J(SW),u) =] (u,S(v)) = 0. (3.28)
Indeed, by (J1') we have V,en{0 < J(u, u) < sJ(u, V") + s](v", u)}. Hence, by (3.20), we get

0 </(u,u) <5 lim J(u,v") +5s lim J(v",u) = 0.
Thus, u € X}, i.e.,

J(u,u) = 0. (3.29)

Now, since S(v) = u, we obtain that (3.28) holds.
Step V. We can show that

max {](T(v), u),](u, T(v))} < q](S(v), T(v)). (3.30)
Indeed, from (2.5) and (3.3), for x = v and y = w?**!, we calculate

Vuen{max{J(T(v),v*"**),](v*"**, T(v))}
= max}J(T(v), A(W?"1)),J (A(W?"™*), T(v)) }
< qmax {min{J (S0, B(#"")).1(B(""), 51) |/ (S0), T),
B ), AW ), [J(SW), A(w?*1)) + 1 (B(w*™"), T())]/2}
= gmax{min{J (Sv), ")), 7 (v*"*1, S) LT (SW), T)),
), [0 (7, T0) 2} 331

Now, since: (a) T(v) € T(Y) C X}; (b) S(v) = u € X}; (c) for sequences (x, = v***2: n € N),
(yn = v?"*1 : n € N) by Step 111, we have lim,—, « sup,,,.,, J (X, %) = 0, lim,,—, oo SUp,,,.,, J V»
Ym) = 0; (d) lim,— 00 %, = lim,,, o0 ¥, = u; thus using the fact that J is admissible, by Re-
mark 2.3, we have:

(i) 1imy— o0 J(T(V),v?"2) = 1imy s 00 J(T(vV), %) = J(T(v), 10);

(i) 1imy—s o0 J(V*2, T(v)) = limy,s o0 J (%0, T(v)) = J (s, T(v));
(i) 1imy,— 00 J(S(), V") = im0 J(S(V), y) = J(S(v), 0);
(iv) im0 J(*", S(v)) = limyy— 0o J (¥, S(v)) = J (s, S(v));

(V) 1imys o0 J(VP" L, 0v22) = 1My, 00 ] (Vs %) = J (1, 1) = 0;
(vi) 1imy— 00 J(S(V), v¥"*2) = limy,s o0 J(S(v), ) = J(S(v), );
(vii) 1m0 J(V", T(V)) = limy, o0 J (v, T(V)) = J (s, T(v)).
Hence, in the limit, (3.31), (3.28) and (3.29) give

max{J(T(v),u),](u, T(v))}
< gmax{min{J (S), u),] (1, SW)) }, 1 (SW), TV)), ] (u, ), [J (S(), s) + ] (u, T(v))]/2}
= qmax{J(S(v), T(v)),J (S(v), T(¥))12} = I (SW), T¥)),

thus (3.30) holds.
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Step VL. We claim that

J(SW), T()) =0 AJ(T(v),S(v)) =0. (3.32)
First, we can observe that

J(SW), T(v)) =0. (3.33)
Indeed, supposing this claim is not true, then

J(SW), T(v)) > 0. (3.34)
By (3.34) and (3.30), since S(v) = u, we obtain that

0<J(SW), TW)) =7 (u, T(v)) < max{J(T(v),u),] (1, T(v))}

=g (SW), TW)) <J(SW), T(v)).

Contradiction. Thus (3.33) holds. Now, by (3.30) and (3.33), we obtain

0<J(T(),SW)) =J(T(V),u) <max{J(T(W),u),](u, Tv))} <qJ(SW), T(v)) =0.

Hence, by (3.33) we obtain that (3.32) holds.
Step VIL. Now, we show that S(v) = T(v).
Indeed, this is the consequence of (3.32) and Remark 2.1(C).
Step VIII. Now, we can show that

J(B(2),A() =J(A(2),B(z)) = 0 (3.35)

forsomezeY.
Indeed, since u# = S(v), thus by Step VIL, u = T(v) € T(Y) C B(Y), so there exists z € ¥
such that u = B(z). Next, from (2.5) and (3.3) (for x = w*" and y = z), we calculate

Vuen{max{J(v*"*', A(2)),] (A(z), V") }

= max{/(T(w"), A2)),J (A2, T ("))

< gmax{min{/ (S(w"), B@)),J (B, S ("))}

J(S(w*"), T(w™)),] (B(2), A(2)),

(s(w™),A@) +(BG), T(w™))]/2]

= gmax{min{J (*", B(2)),] (B(2), ") },] (v*",*"*),

J(B(2),A®),[J(v"",A(2)) +](B(z), v**)]/2}}. (3.36)
Now, since: (a) A(z) € A(Y) C X?; (b) B(z) = u € X?; (c) for sequences (x, = v*" : n € N),
(yn = v . n € N) by Step 111, we have lim,_, « sup,,.,,J (X, %) = 0, lim,,_ oo sup,,..,,J ¥V,

Ym) = 0; (d) lim,,—, 00 %, = lim,,—, o ¥, = u; thus using the fact that J is admissible, by Re-
mark 2.3, we have:
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(i) 1imy,—s 00 J (", A(2)) = limy, 00 J (s A(2)) = (1, A(2));

(ii) 1m0 J(A(2), V") = 1im,, 00 J(A(2), y) = J(A(2), u);
(iii) 1imy, 00 J(v*", B(2)) = lim,,_. o0 J (1, B(2)) = ] (u, B(2));

(iv) lim,, o0 J(B(2), v*") = lim,,_, oo J (B(2), %) = J (B(2), u);

(V) 1imy, s o0 JOP", V2" ) = 1imy, s 00 J (%, ) = J (11, 1) = 0;

(vi) lim, o0 J(?", A(2)) = limy, 00 J (%, A(2) = J (1, A(2));
(vii) limy, 00 /(B(2), v*"*!) = lim,,. o J(B(2), y) = J (B(2), ).
Hence, in the limit, (3.36) gives

max{](u,A(z)),](A(z), u)} < qmax{min{](u, B(z)),](B(z), u) },

J(u,u),] (B(2),A(2)), [J (4, A(2)) + ] (B(z), w)] 12}, (3.37)
and consequently, since u = B(z) and u = S(v), by (3.37) and (3.28), we obtain that

max{J(B(z),A(2)),] (A(z), B(2)) }
< gmax{J(u, u),J(u,u),] (B(2), A2)), [J (1, A(2)) + ] (u, )] /12}
= gmax{/(u, SW)),] (1, S(v)),] (B(2), A(2)), [] (B(2), A(2)) + ] (u, S(v))]/2}
= gmax{J(B(z),A(2)),[] (B(2), A(2))]/2}
=4/ (B(2), A(2)). (3.38)

Now, we can observe that

J(B(2),A(2)) = 0. (3.39)
Indeed, supposing this claim is not true, then

J(B(2),A(2)) > 0. (3.40)
By (3.40) and (3.38) we obtain that

0 <J(B(2),A(z)) < max{J(B(z),A(2)),] (A(z), B(2)) }
< qJ(B(2),A(2)) <] (B(2),A(2)).

Contradiction. Thus J(B(z),A(z)) = 0, i.e., (3.39) holds.
Moreover, by (3.38) we get J(A(z),B(z)) < max{J/(B(z),A(z)),](A(z),B(2))} < q/(B(z),
A(2)) < J(B(z),A(z)), which by (3.39) gives that

J(A(z),B(z)) = 0. (3.41)

In consequence of (3.41), (3.39), we get that (3.35) holds.
Step IX. Now, we show that A(z) = B(z).

Indeed, this is the consequence of (3.35) and Remark 2.1(C).
Step X. Now, we see that lim,,_, o, d(v"', u) = 0.
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Indeed, since u = S(v) and u = B(z), thus by Steps VII and IX, we obtain that u = S(v) =
T(v) = A(z) = B(z). Moreover, by (3.17) and (3.20) we know that for the sequence (V" : n €
N), conditions (2.1) and (2.2) respectively hold, thus using (J2) we obtain

lim d(v",u) =0.
Step XL If A(Y), B(Y) or T(Y) are J-complete, then the assertions (i) and (ii) hold.
Indeed, if A(Y) is J-complete, then since A(Y) C S(Y), the assertions (i) and (ii) are true.
If B(Y) or T(Y) is J-complete, then an analogous argument as that in Steps I-IX yields (i)
and (ii). a

4 Remarks, examples and comparison
Now, we present some examples illustrating the concepts which have been introduced so
far. We will show a fundamental difference between Theorem 1.2 and Theorem 2.1. At the

very beginning, we give the following remark.

Remark 4.1 (A) We can observe that if (X, d) is a b-metric space (with s > 1) and ] = d,
then Theorem 2.1 and Theorem 1.2 are identical. Indeed, if J = d, then:

(1) b-metricd: X x X — [0,00) is a b-generalized pseudodistance on X (see

Remark 2.1(A));

(2) b-metricd: X x X — [0,00) is an admissible b-generalized pseudodistance on X
(see Remark 2.4);

(3) from (d1) and (2.4) we have XS =X, and consequently T(Y) C X = Xg and
AY)C X = XY

(4) definition of J-completeness and usual completeness of images Y under the
mapping A, B, S or T are identical (see Remark 2.2);
(5) from symmetry of d (the property (d2)), we have that

Vx,yey{max{](T(x),A(y)),](A(j/)y T(x))}
= max{d(T(x),A()),d(A(y), T(x))}
=d(T(x),A()},

and, similarly,

Vx,er{min{](s(x):B()/))J(B()’): S(x)) }
= min{d(S(x), B(»)),d(B(y), Sx)))
=d(S(x),B»))},
so conditions (2.5) and (1.3) are, in this case, identical.

(B) Generally, Theorem 2.1 is the essential extension of Theorem 1.2 (for details, see
Example 4.3).

Now we show that Theorem 2.1 is the essential generalization of Theorem 1.2. First, we
present an example of a b-generalized pseudodistance.
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Example 4.1 Let X be a b-metric space (with a constant s > 1) equipped in b-metric d :
X x X — [0,00). Let the closed set E C X, containing at least two different points, be
arbitrary and fixed. Let ¢ > 0 be such that ¢ > §(E), where 8(E) = sup{d(x,y) : x,y € X} is
arbitrary and fixed. Define the map / : X x X — [0, 00) as follows:

_ d(x,y) if{x,y} NE={xy},

J(x,9) if {x,y} NE # {x,y}.

(4.1)

(I) We show that the map ] is a b-generalized pseudodistance on X.

Indeed, it is worth noticing that the condition (J1') does not hold only if some xo, y0,20 €
X such that J(xg,20) > s[J(x0,y0) + J(¥0,20)] exist. This inequality is equivalent to ¢ >
s[d(x0,y0) + d(yo, z0)], where ] (xo, z0) = ¢, J(%0,¥0) = d(x0,¥0) and J (yo,z0) = d(y0,z0). How-
ever, by (4.1): J(xo,z0) = ¢ shows that there exists v € {x¢,z¢} such that v ¢ E; J(xo,y0) =
d(x0,0) gives {x0,Y0} C E; J(¥o,20) = d(yo,z0) gives {y0,z0} C E. This is impossible. There-
fore, V. .ex{/(%,y) < sl(x,2) +J(2,9)]}, i.e., the condition (J1') holds.

Proving that (J2) holds, we assume that the sequences (x,, : m € N) and (y,, : m € N) in
X satisfy (2.1) and (2.2). Then, in particular, (2.2) yields

V0<s<cam0:mo(s)eNvmzmo {](xmtym) < 8}' (42)

By (4.2) and (4.1), since ¢ < ¢, we conclude that

szmo {E N AX Y} = {xm’ym}} (4.3)
From (4.3), (4.1) and (4.2), we get

V0<s<camoeNvmzmo {d(xm;ym) < 8}'

Therefore, the sequences (x,, : m € N) and (y,, : m € N) satisfy (2.3). Consequently, the
property (J2) holds.

(II) We will show that ] is an admissible b-generalized pseudodistance.

Indeed, let the sequences (x,, : m € N) and (y,, : m € N), such that x,, - x and y,,, — y,
m — oo and

lim sup/(x,,%,)=0, and (4.4)
lim sup/(¥y,ym) =0, (4.5)
n—0oQ m>n

be arbitrary and fixed. Then by (4.4), (4.5) and (4.1) we obtain that

o eNVmzm {{xmyym} NE-= {xmyym}}»

and by (4.1) we obtain

szmo {](xmvym) = d(xrmym)} (4.6)
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Moreover, since the set E is closed, and x,, — %, y,, — y by m — 00, so we have that

{x,y} N E = {x,y} and, consequently, by (4.1) we have
](x:y) = d(xry)‘ (4"7)
Finally, (4.6), (4.7) and continuity of d give that

n}gr;o](xm,ym) = y}gnmd(xm,ym) =d(x,y) =J(x,y).

In the following, we illustrate how to satisfy condition (2.5) of Theorem 2.1 by an ele-

mentary example.

Example 4.2 Let X be a b-metric space (with a constant s = 2 > 1) equipped in b-metric d :
X x X — [0,00), where X = [1,5] and d(x,7) = |x—y|%, %,y € X. Let the set E = {2,3,4,5} C
X and ] : X? — [0, 00) be defined by the formula

) dxy) HEN{xy}={xy},

10 EA Iy Ly, 7T (48)

J(x,9)

Of course, §(E) = sup{|x — y|? : x,¥ € E} = 9 < 10, thus by Example 4.1(I) the map J is the
b-generalized pseudodistance on X. Moreover, since E is a closed set, so by Example 4.1(II)
the map J is admissible on X.

LetY=[1,2] C X andlet T,A,S,B: Y — X be given by the formulas

3 ifx=1,
Tx)=15 ifxe(2,3,2,2} (4.9)
4 ifxeY\(1,3,3,7,2),
5 ifxeY\{%},
Ax) = rre . M3 (4.10)
4 ifx= 37
15 5 3 7
4 forxe Y\{Z} E;Z})
5 forx=2,
S() = E and (4.11)
4 forx= 7
3 forx= %,
15 5 3
Z fOI'xe Y\{Z,E,Z},
5 forx=2,
B(x) = ot (4.12)
4 forx= 5
3 forx=2

First, we can immediately see that T(Y) = {3,4,5} C {3, %,4,5} = B(Y) and A(Y) =
{4,5} C {3,4, 2,5} = (V).
Now, we will show that the maps T,A4,S,B: Y — X satisfy condition (2.5) for (g = i).

Indeed, first we can observe that since s = 2, we get gs = % <1 and As = max{q, 2f—sqs}s =
1

2max{i,2%} = 2max{i,%} = % < 1. Moreover, since T(Y) = {3,4,5} C E and A(Y) =
-3

{4,5} C E, by (4.8) we get T(Y) C X}, A(Y) C X} and

Vager {max{J(T(x),A()),J (A0), T(x))} = d(T(x), Ay)) = 2}. (4.13)
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Now, let x,y € Y be arbitrary and fixed. We consider the following four cases.

Case 1. If {x,y} N {i, g, 1,2} = @, then {x,y} C Y\{4, 2 4,2}, which by (4.11) and (4.12)

gives B(x) = B(y) = S(x) = S(y) = 15 and 15 ¢ E. By (4.8), we get J(S(x), B(y)) = 10, and con-
sequently, since {S(x), B(y)} N E @, by (4.8) we have that J(S(x), T'(x)) = J(B(y),A(y)) =
J(S(x),A(y)) = J(B(y), T (x)) = 10, thus

max{min{J(S(x), B»)),J (B(»), S(x))},J (Sx), T(x)),] (B»), A)),
[J(S@),A() +J(B(y), T(x))]/2} =] (S(x),B(y)) = 10. (4.14)

In consequence, by (4.13) and (4.14) we calculate

max{J(T(x),A()),](A®), T(%))}

10 1
<2<—=-—-10
4 4

= gmax{min{/(S(x), B(»)),J (B(»),Sx))},
J(S@), T(x)),J(B),A®)), [J (S&), A®)) + ] (BY), T(x))]/2}. (4.15)
Case 2. If {x,y} N {Z,% 2,2} ={«}, then {y} C Y'\ {4 2 4,2} which by (4.12) gives B(y) =
15 and 15 ¢ E. By (4.8), we get J(S(x), B(y)) = J(B(»),S(x)) = 10, and consequently, since all

images T(Y), A(Y), S(Y) and B(Y) are subsets of E U {%}, we have that §(/) < 10, where
le{T(Y),A(Y),S(Y),B(Y)}. Hence, we calculate

max{min{J(S(x), B()),J(B»),S(x))},J (Sx), T(x)),](B»),A®»)),
[J(S@),A(®) +J(By), T(x))]/2} =] (S(),B(y)) = 10. (4.16)

In consequence, by (4.13) and (4.16) we calculate

max{/(T(x),A(y)),J(A(y), T(x))}
10 1

< 2< Z = Z -10
= qmax{min{](S(x),B(y))J(B(y),S(x)) }
J(S), T(x)),] (B),A)), [J(S&), A(y)) + ] (B(), T(x))]/2}. (4.17)

Case 3. If {x,y} N {Z'E 1,2} = {y}, then {x} C Y\{4, 3 4,2}, which by (4.11) gives
S(x) = f and f ¢ E. By (4.8), we get = J(B(y),S(x)) = 10, and consequently, since all im-
ages T(Y), A(Y), S(Y) and B(Y) are subsets of E U {%}, we have that §(/) < 10, where
1e{T(Y),A(Y),S(Y),B(Y)}. Hence, we calculate

max {min{J(S(x), B»)),J (BG), S@) }.J (S@), T()),] (BG), A®)),
[J(Stx),A() +J(B(), T(x))]/2}
=J(S(x), B(y)) = 10. (4.18)
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In consequence, by (4.13) and (4.18) we calculate

max{/(T(x),A(y)),J](A(y), T(x))}
1

10
<2<—=-.10
4 4

= gmax{min{J(S(x), B(»)),J (B(y), S®)) },] (S(x), T(x)),](B»), A()),
[7(Sx),A(®) +J(B(), T(x))]/2}. (4.19)

Case4. If{x,y}ﬂ{4, % 4,2} = {x,7}, then (4.9) and (4.10) give T'(x) = T(y) = A(x) = A(y) =
5 and 5 € E. By (4.8), we get J(T(x),A(y)) = J(A(¥), T(x)) = d(T(x),A(y)) = d(5,5) = 0, and
consequently,

max{J(T(x),A()),](A®), T(%))}
=0< qmax{min{](S(x),B(y))J(B(Y),S(x)) },
J(S@), T),J (B0, AW)), [J(Se), A®) + 1 (By), T@))]/2}. (4.20)

Consequently, (4.15), (4.17), (4.19) and (4.20) give that condition (2.5) holds.

Finally, we can observe, that: T(Y) C X); A(Y) C XJ; X} = E; and E is a closed set. Con-
cluding, by (4.8) and Definition 2.3, we have A(Y) and T'(Y) are J-complete subsets of X.
All assumptions of Theorem 2.1 are satisfied. The maps T and S have a coincidence point
z= % €Y (ie, T(%) =5= S(%)), which presents that the assertion (i) holds, and B and A
have a coincidence point w = % €Y (ie, A(%) =5= B(%)), which gives that the assertion
(ii) holds.

The next example illustrates that Theorem 2.1 is an essential extension of Theorem 1.2.

Example 4.3 Let X be a b-metric space (with constant s = 2 > 1) equipped in b-metric
d:X xX — [0,00),where X = [1,5] and d(x,y) = |x—y|%,x,y € X.Let Y C X,and A, B,S, T :
Y — X be such as in Example 4.2. We will show that condition (1.3) does not hold. Indeed,
supposing that there exists ¢ € (0,1) such that gs < 1, As = max{qg, 5=~ = °}s < 1 and such that
for each x,y € X, we have

d(T(x),A(y) < gmax{d(S(x), B()),d(S(x), T(x)),d(B(»),A®y)),
[d(S(x),A(»)) +d(B(y), T(x))]/2}. (4.21)

Letxo =1and yp = %, Then by (4.9)-(4.12) we get:

(i) d(T(x0),A(y0)) =d(T(1),A(3))=d(3,4)=1;

(i) d(S(x0),B(y0)) =d(S(1),B(3)) =d(2, %) =0;

(iii) d(S(xo), T(x0)) = d(S1), T(1)) =d(22,3) = (3)? = 16,

(iv) d(B(yo),A(y)) = d(B(3),A(3)) = d(15,4)—( )? =%

) [d(S(x0),A(yo)) + d(B(yo), T(%0))1/2 = [d(S(1),A(3)) + d(B(3), T())]/2 =

[d(2,4) +d(%,3)]/2 = (1/16 + 9/16)/2 = 5/16; and

(vi) max{d(S(xo), B(yo)), d(S(xo), T(x0)), d(B(o), A(yo)), [d(S(x0), A(¥o)) +
d(B(yo), T(x0))]/2} = max{0,1/16,5/16,9/16} = 9/16.

(v
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Now, since g < 1, by (i), (4.21) and (vi) we have

1=d(T(x0),A(%))
< gmax{d(S(xo), Byo)), d(S(x0), T(x0)),
d(B(y0),A(0)), [d(S(x0), A(¥o)) +d(B(yo), T(x0))]/2}
< max{d(S(xo), B(y0)), d(S(x0), T(x0)), d(B(y0), A(¥o)),

[d(S(x0), A(yo)) + d(B(yo), T(xo))]/2) = %

which is absurd. This shows that condition (1.3) does not hold, so the main assumption of

Theorem 1.2 is not true.

Remark 4.2 Examples 4.2 and 4.3 show that there exist the maps and b-metrics such that

we cannot use Theorem 1.2, but we can use Theorem 2.1.
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