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Abstract

Recently, substantial attention has been paid to improve the spectral efficiency of communication setups using
different spectrum sharing techniques. This paper aims to study the capacity of Rayleigh-fading spectrum sharing
channels in the case where there is correlation between the fading channels. Assuming perfect channel state
information, the channel capacity is obtained under both adaptive and nonadaptive unlicensed user power
allocation capabilities and the licensed user outage probability and received interference power constraints.
Theoretical and simulation results show that (1) there is considerable potential for data transmission of unlicensed
users with limited degradation of the licensed users’ data transmission efficiency, (2) while the effect of fading
channels dependencies is ignorable at low correlation values, the channel capacity is significantly affected as the
channels correlation increases, and (3) depending on the fading distributions, the unlicensed user channel capacity
is not essentially a decreasing function of the licensed user transmission power in the licensed user outage-limited
scenario.

1 Introduction
Spectrum sharing networks are initiated by the apparent
lack of spectrum under the current spectrum manage-
ment policies. Currently, most of frequency bands useful
to wireless communication are under control of primary
license holders that have exclusive right to transmit over
their spectral bands. This is the point that has created
the perception of spectrum shortage, leading to ever-
growing complaints about available spectral resources.
On the other hand, recent studies, e.g., [1,2], show that
at any given time, large portions of the licensed bands
remain unused or are under utilized. Therefore, it is
expected that the data transmission strategies can be
improved by better utilization of the licensed resources.
Spectrum sharing network is one of the most promising
techniques created for this purpose.
Generally, the goal of a spectrum sharing scheme is to

better utilize the radio spectrum by allowing the unli-
censed secondary users (SUs) to coexist within the spec-
tral resources of the licensed primary users (PUs). Along
with the standard interference channel [3-5], where
independent transmitters send independent messages to
independent receivers, there are other ways such as

interference-avoiding and simultaneous transmission
schemes to exploit the idea of spectrum sharing. The
interference-avoiding paradigm [6-8] refers to an
approach where the SU transmitter, provided that it can
sense the spatial, temporal or spectral gaps of the PU
resources, can adjust its transmission parameters to fill
these white spaces. Although this scheme can theoreti-
cally lead to significant spectral efficiency improvement,
it suffers from some practical drawbacks mainly related
to imperfect gap detection. Moreover, it is not useful in
online applications, as the SU transmission is decided by
the PU activation status. In the simultaneous transmis-
sion approach, on the other hand, a secondary user can
simultaneously coexist with a primary user as long as it
works below a certain interference level imposed by the
primary user quality-of-service requirements [9-14]. In
such methods, the limits on the interference level
received at the PU receiver, normally referred to as
interference temperature, can be considered to be long-
term average or short-term peak constraints.
Considering different levels of channel state informa-

tion (CSI), a large number of scientific reports can be
found that have tackled the spectrum sharing problem
in different theoretical aspects. For instance, in [8] and
[15], the authors presented some information on theore-
tical models, limits and open problems of spectrum
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sharing networks. Then, assuming perfect SU-PU CSI,
Kang et al. [16] investigated the effect of optimal power
allocation on the capacity [7,11,16-19] of secondary
channel under different power constraints. Kang et al.
[20] studied the secondary user channel capacity under
different primary user outage constraints. Moreover, Pei
et al. [21] investigated the channel data transmission
efficiency under primary user received signal-to-noise-
and-interference (SINR) constraints. Allowing limited
interference power at the PU receiver, Ji et al. [22] ana-
lyzed the capacity of multicast spectrum sharing net-
works. In their work, while the SU-SU link is assumed
to be perfectly known, the results are obtained for the
cases where the interference information is perfectly or
imperfectly available at the SU transmitter. Also, Musa-
vian and Aissa [23] and Musavian and Aissa [24] studied
the ergodic, the outage and the minimum-rate capacity
of spectrum sharing network under perfect and imper-
fect SU-PU CSI assumptions. Finally, considering differ-
ent channel information imperfection model and
interference constraints, Suraweera et al. [25] presented
the same results as Musavian and Aissa [24] and verified
the effect of feedback quantization as well.
References [16,20-25] are all based on the assumption

that the fading channels are mutually independent. That
is, the channel performance is investigated in the case
where there is no correlation between the fading chan-
nels of different transmission end-points. However,

based on the environmental properties, realistic channels
may not be independent [26-30]. Therefore, it is impor-
tant to study the channel performance under correlated
channels condition.
In this perspective, this paper studies the capacity of

Rayleigh-fading correlated spectrum sharing networks.
Assuming perfect CSI available at the secondary user
transmitter and receiver, the channel performance is
investigated under different primary user outage prob-
ability and instantaneous or average received interfer-
ence power constraints. The channel capacity is
obtained under both adaptive and nonadaptive second-
ary user power allocation conditions. The results show
that there is considerable potential for data transmission
of unlicensed users with limited degradation of the
licensed users data transmission efficiency. Also, while
the effect of fading channels dependencies is ignorable
at low correlation values, the channel capacity is signifi-
cantly affected as the channels correlation increases.

2 Channel model
As illustrated in Figure 1, we consider a correlated spec-
trum sharing network in which two primary and sec-
ondary users share the same narrow-band frequency
with bandwidth B. With no loss of generality, we let B =
1. We focus on infinite backlogged systems where both
users have infinite amount of information for transmis-
sion and are always active. Therefore, the channel is
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Figure 1 Channel model. Both users share the same narrow-band frequency with bandwidth B and the fading gains are correlated. Section III
studies the SU-SU channel capacity under different SU transmission power and the PU received interference power or outage probability
constraints.
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modeled as{
Yp = XpHpp + XsHsp + Zp, Zp ∼ CN (0, δ2p)
Ys = XsHss + XpHps + Zs, Zs ∼ CN (0, δ2s )

(1)

in which Xs and Xp represent the power-limited SU
and PU input signals, Ys and Yp denote their corre-
sponding received signals, and Hpp, Hps, Hss and Hsp

are the fading random variables in the PU-PU, PU-SU,
SU-SU and SU-PU links, respectively. Correspond-
ingly, we define Gpp ≐ |Hpp|

2, Gps ≐ |Hps|
2, Gsp ≐ |

Hsp|
2 and Gss ≐ |Hss|

2 which are denoted channel
gains in the following. Here, we investigate the inter-
ference-limited channel performance where, compared
to the users received interference, the noise variances
are so small that they can be ignored in the calcula-
tions. Also, the PU transmission signal is supposed to
have Gaussian probability density function (pdf) with
fixed power E|Xp|

2 = Tp. This is a reasonable assump-
tion particularly under perfect CSI condition where
Gaussian distributions maximize the PU data trans-
mission efficiency.
We study Rayleigh-fading correlated channels; the

channel gains are supposed to have identical exponential
pdfs fG(x) = le-lx, x ≥ 0, and the relations between every
two fading random variable Hij and Hkl, (i, j) ≠ (k, l) are
modeled by [25]

Hij = βijklHkl +
√
1 − β2

ijklε, ε ∼ CN
(
0,

1
λ

)
. (2)

Here, bijkl is a known correlation factor modeling the
two variable dependencies, and l is the exponential pdf
parameter determined based on the path loss and sha-
dowing between the terminals. This is a well-established
model considered in the literature for different applica-
tions [25,31-33]. In this way, the joint pdf of the gains is
found as

fGij ,Gkl (x, y) =
λ2

1 − β2
ijkl

e
−λ

x + y

1 − β2
ijkl I0

(
2βijklλ

√
xy

1 − β2
ijkl

)
(3)

where I0(.) is the zeroth-order modified Bessel func-
tion of the first kind [34]. It is assumed that there is a
perfect channel state information (CSI) available at
both transmitters and receivers. Moreover, all results
are presented in natural logarithm basis, the simulation
results are presented in nats-per-channel-use (npcu),
and, as stated in the following, the arguments are
restricted to Gaussian input distributions. Finally, we

note that Rayleigh-fading channels are good models for
tropospheric and ionospheric signal propagation as
well as the effect of heavily built-up urban environ-
ments on radio signals [35,36]. Also, it is most applic-
able when there is no dominant propagation along a
line of sight between the transmitters and the
receivers.

3 Secondary user channel capacity
With no knowledge about the PU transmitted code-
word, the SU-SU channel can be considered as an inter-
ference-affected single-input-single-output (SISO)
channel. Therefore, the SU-SU channel capacity with
perfect channel state information available at the trans-
mitter and receiver can be represented by

CSU−SU = max
fXs |Gss ,Gps

I(Xs;Ys|Gss,Gps) (4)

in which I(U; V) = h(U) - h(U|V) denotes the mutual
information between two random variables U and V,
h(U) = − ∫∞

−∞ fU(u) log(fU(u))du is the differential
entropy of the variable U having pdf fU (u), and the
maximization is on the secondary user input distribu-
tion [19]. On the other hand, representing the SU
transmission power by E|Xs|

2 = Ts, the SU instanta-
neous received signal-to-interference ratio (SIR) is
obtained by

SIRs = Ts�s (5)

in which Ωs is an auxiliary random variable defined

as �s
.=

Gss

TpGps
. Therefore, due to perfect information

about the channel variations, the maximum power-
limited achievable rates of the secondary user are
obtained by Gaussian distribution at the transmitter
and typical-set-based decoding at the receiver [19],
resulting ina

CSU−SU =

∞∫
0

f�s (ω) log(1 + ωTs)dω

(a)
=

∞∫
0

1 − F�s (ω)
1 + ωTs

Tsdω.

(6)

Here, f�sand F�s are the auxiliary variable pdf and
cumulative distribution function (cdf), respectively, and
(a) is obtained by partial integration and nonnegativity
of the variable Ωs. Therefore, the main problem would
be to determine the cdf F�s and then (6).
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Considering (3), the auxiliary variable cdf is found as

F�s (z) = Pr{ Gss

TpGps
≤ z} =

∞∫
y=0

x=yzTp∫
x=0

fGss,Gps(x, y)dxdy

=

∞∫
0

⎛
⎜⎝

Tpyz∫
0

λ2

1 − β2
ssps

e
−λ

x + y
1 − β2

ssps I0

(
2βsspsλ

√
xy

1 − β2
ssps

)
dx

⎞
⎟⎠dy

(n)
=

∞∫
0

λe
−λ

y
1 − β2

ssps

×

√√√√ 2λ

1 − β2
ssps

Tpyz∫
0

re
−
r2

2 I0

(
βssps

√
2λ

1 − β2
ssps

yr

)
drdy

(m)
=

∞∫
0

λe−λy

{
1 − Q

(
βssps

√
2λ

1 − β2
ssps

y,

√
2λ

1 − β2
ssps

Tpyz

)}
dy

(p)
=

1
2
(1 + u

w)

u =
1

1 − β2
ssps

− 1
(1 − β2

ssps)Tpz

v =
1

1 − β2
ssps

+
1

(1 − β2
ssps)Tpz

w =

√√√√v2 − 4β2
ssps

(1 − β2
ssps)

2Tpz

(7)

Here, (n) is obtained by variable transform

x =
1 − β2

ssps

2λ
r2, (m) is based on some calculation, the

definition of the Marcum Q-function

Q(x, y) =

∞∫
y

re
−
r2 + x2

2 I0(xr)dr

and Q(x, 0) = 1 and (p) is derived using [25, eq. (31)].
Replacing (7) in (6), the power-limited channel capacity
is calculated based on the considered power constraints.

A The effect of different PU quality-of-service
requirements and SU power allocation
capabilities
Depending on the SU transmitter properties and the PU
quality-of-service requirements, there may be different
power constraints in a spectrum sharing network. Here,
we first study the case where no power allocation is
done by the SU transmitter, and the codewords are sent
with a fixed power. Later, we will relax this constraint,
permitting adaptive power allocation by the SU
transmitter.

PU interference power constraint and nonadaptive SU
transmission power
Limiting the PU average received interference power,
which for fixed SU transmission power is found as
TsEGsp, to be less than a threshold μ, we have

Ts ≤ μ

EGsp
. Then, as the transmission rate of Gaussian

channels is an increasing function of the SIR [37,38],
the optimal case is obtained by equality. On the other
hand, we can instead consider the case where the
instantaneous received interference power is with prob-
ability ξ less than a threshold h. In this case, as we have

Pr{Intp ≤ η} = Pr{TsGsp ≤ η} = FGsp

(
η

Ts

)

the optimal transmission power satisfying the instanta-
neous interference power constraint Pr{Intp ≤ h} ≥ ξ is
obtained by

Ts =
η

F−1
Gsp

(ξ)
. (8)

Here, F−1
Gsp

(.) is the inverse function of the SU-PU fad-

ing cdf which for Rayleigh-fading channels simplifies to

F−1
Gsp

(x) =
−1
λ

log(1 − x).

PU outage probability constraint and nonadaptive SU
transmission power
Assuming that the PU message is transmitted at a fixed
rate Rp, the PU outage probabilityb is found as

Pr {outage}p = Pr
{
log
(
1 +

TpGpp

TsGsp

)
≤ Rp

}

= Pr
{

Gpp

TsGsp
≤ eRp − 1

Tp

}
= F�p

(
eRp − 1

Tp

) (9)

in which F�p(.) is the cdf of the variable �p = Gpp

TsGsp

obtained with the same procedure as in (7). In this way,
constraining the PU outage probability to be less than
πp, i.e., Pr {outage}p ≤ πp, the SU transmission power is
obtained as

Ts =

⌈
Tp

eRp−1

γ−
√

γ 2−ϕ

2
ϕ

⌉+

ϕ = 2πp(1 − πp),

γ = ϕ + 1 − β2
ppsp

(10)

where ⌈x⌉+ ≐ max{0, x}. Finally, it is worth noting
that, with appropriate scalings, (10) can be mapped to
the case where, with some probability, the PU received
SIR is constrained to be higher than some threshold.

Power adaptation at the SU transmitter
Intuitively, the SU-SU achievable rates can be increased
by adaptive power allocation at the SU transmitter. For
instance, we can consider the case where the SU trans-
mission powers are determined such that, while the SU
transmission rates are maximized, the PU average
received interference power does not exceed a given
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threshold. However, under perfect CSI assumption, the
SU average transmission power is directly related to the
PU received interference power. Therefore, we can con-
sider the SU average transmission power instead. In this
way, since the average SU transmission power is
obtained by T̄s =

∫∞
0 Ts(ω)f�s (ω)dω, the optimal trans-

mission power for every SU received SIR realization is
found by the Lagrangian objective function

ϒ =

∞∫
0

f�s (ω) log(1 + ωTs(ω))dω − ρ

∞∫
0

Ts(ω)f�s (ω)dω (11)

in which r is the Lagrange multiplier satisfying the SU
power constraint T̄s ≤ T (or equivalently, the PU average
received interference power constraint) [19]. Setting

∂ϒ

∂Ts(ω)
= 0, the optimal transmission powers maximiz-

ing (6) are obtained by the water-filling equation

Ts(ω) =
⌈
1
ρ

− 1
ω

⌉+
. (12)

The Lagrange multiplier r is determined based on

ρ = arg
z

⎧⎨
⎩

∞∫
z

(
1
z

− 1
ω

)
f�s (ω)dω = T

⎫⎬
⎭ (13)

where we have

∞∫
z

(
1
z

− 1
ω

)
f�s (ω)dω

(b)
=

∞∫
z

1 − F�s (ω)
ω2

dω

(c)
= Tp

{
1
zTp

+
1
2

√(
1 +

1
zTp

)2

− 4β2
ssps

zTp

+ (β2
ssps − 1) log

⎛
⎝1 − 2β2

ssps +
1
zTp

+

√(
1 +

1
zTp

)2

− 4β2
ssps

zTp

⎞
⎠

− 1
2
+ (1 − β2

ssps) log(2 − 2β2
ssps)

}
.

(14)

Again, (b) is obtained by partial integration, and (c) is
based on (7) and some calculations. Finally, replacing
(12) in (6), the SU-SU channel capacity with average SU
transmission power (or equivalently, PU average inter-
ference power) constraint is obtained by

CSU-SU =

∞∫
ρ

f�s (ω) log(1 + ωTs(ω))dω

=

∞∫
ρ

f�s (ω) log
(

ω

ρ

)
dω

=

∞∫
ρ

1 − F�s (ω)
ω

dω

=
1
2

⎧⎨
⎩log

⎛
⎝1 − 2β2

ssps +
1

ρTp
+

√(
1 +

1
ρTp

)2

− 4β2
ssps

ρTp

⎞
⎠

+ arctanh

⎛
⎜⎜⎜⎜⎝

1 +
1

ρTp
− 2β2

ssps

ρTp√(
1 +

1
ρTp

)2

− 4β2
ssps

ρTp

⎞
⎟⎟⎟⎟⎠ + log

(
1

ρTp

)
− log

(
2 − 2β2

ssps

β2
ssps

)}

(15)

where the second (the third) equality comes from par-
tial integration (partial integration and some manipula-
tions). Finally, it is interesting to note that (12) implies
no spectrum sharing at weak channels realizations, i.e.,
Ts(ω) = 0, ω ≤ r, where the saved power is spent on
good fading realizations, i.e., Ts(ω) >0, ω > r. Then,
based on (13), it is easy to show that the threshold r is
a decreasing function of the average transmission power
T. That is, more realizations of the variable Ωs receive
powers as the average transmission power increases
(water-filling).

4 Simulation results
Assuming fixed SU transmission power and different PU
outage probability constraints, Figures 2, 3, and 4 show
the SU-SU channel capacity as a function of different
parameters. Note that, with proper scalings, the results
can be interpreted as the case where, with some prob-
abilities, the PU instantaneous SIR is constrained to be
higher than given thresholds. Also, in all simulations, we
set l = 1. Based on (8), the SU-SU channel achievable
rates are obtained under PU instantaneous interference-
limited conditions, as illustrated in Figure 5. Here, we
set bssps = 0.3 and Tp = 1. Finally, Figure 6 verifies the
SU-SU channel capacity under adaptive SU transmission
power allocation and limited PU received interference
conditions.

5 Discussions
Theoretical and simulation results emphasize a number
of interesting points that can be listed as followsc:

The effect of PU data transmission in outage-limited
conditions
With a PU outage probability constraint, less rates are
achieved at the secondary channel when the PU trans-
mission rate increases (Figure 2a). This is because of the
fact that aggressive licensed users require high channel
quality. Consequently, they cannot tolerate additive
interferences created by the unlicensed users. On the
other hand, although no transmission is permitted at
low PU transmission powers (Figure 2b at low Tp’s), the
SU-SU channel capacity increases by the PU power
increment in outage-limited conditions (Figure 2b at
high Tp’s). However, while this result is valid for Ray-
leigh-fading channels, it may not be necessarily correct
for other pdfs; Under a PU outage probability constraint,
the PU transmission power has two different effects on
the SU-SU channel capacity. The higher the PU trans-
mission power is, the more relaxed the PU outage prob-
ability constraint, i.e., (9), is. This leads to higher
transmission powers at the SU transmitter. On the other
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hand, the SU received interference increases by the
increment of the PU transmission power which deterio-
rates the SU-SU channel capacity. Therefore, depending
on the fading pdfs, the SU-SU channel capacity is not
essentially a monotonic function of the PU transmission
power in the PU outage-limited scenario, and the curves
may look different from the ones in Figure 2b.

The effect of channels correlations
Under both PU outage probability and average received
interference power constraints, the SU-SU channel data
transmission efficiency is (almost) insensitive to small
fading channels correlations (Figures 3, 6c at low corre-
lation values). However, the fading gain dependencies
play an important role on the performance of the SU-
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Figure 2 Secondary channel capacity vs (a) primary user transmission rate, (b) primary user transmission power. Outage-limited
scenario, bssps = bppsp = 0.3. No power allocation is permitted at the SU transmitter.
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SU channel as the channels correlation increases. Parti-
cularly, considering both the outage- and the interfer-
ence-limited scenarios, the more correlated the SU-SU
and PU-SU channels are, the less successful transmis-
sion rates are possible for the secondary channel (Fig-
ures 3b, 6c at high correlation values). Considering the

auxiliary variable �s =
Gss

TpGps
, this is a reasonable result,

as under highly correlated conditions both channels
change in the same way; Whenever the SU-SU channel
is good (bad), the PU-SU channel also experiences high
(low) gain realizations. Therefore, the secondary user
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Figure 3 Secondary channel capacity vs the correlations of the (a) PU-PU and PU-SU channels and (b) SU-SU and PU-SU channels.
Outage-limited scenario, Rp = 1, Tp = 1. No power allocation is permitted at the SU transmitter.
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received SIR (and consequently, the SU-SU channel
capacity) will be limited. On the other hand, increasing
the dependency of the PU-PU and SU-PU channels
leads to considerable rate increment in the secondary
channel under an outage-limited condition (Figure 3a at
high correlation values).

PU tolerability
The achievable rates of the SU-SU channel are very sen-
sitive to the PU tolerability. For instance, the more the
PU instantaneous received interference probability con-
straint ξ (or the less the PU outage probability constraint
πp) is, the less transmission rates are achieved in the SU-
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SU channel (Figures 4, 5). Particularly, as the probability
constraint ξ increases (or the outage probability con-
straint πp decreases), which means that the PU tolerabil-
ity decreases, the SU-SU channel capacity converges to
zero. That is, no spectrum sharing is permitted.

The effect of PU received interference power constraint
Considering a PU received interference power constraint,
there is considerable potential for data transmission at
the secondary channel under both adaptive and nonadap-
tive SU power allocation conditions (Figures 5, 6). How-
ever, the SU-SU channel capacity reduces drastically as
the PU transmission power increases (Figure 6b).

6 Conclusion
This paper studies the performance of Rayleigh-fading
correlated spectrum sharing networks. Considering per-
fect CSI available at the transmitters and receivers, the
unlicensed user channel capacity is investigated under
different unlicensed user power allocation capabilities
and the licensed user outage probability and (instanta-
neous or average) received interference power con-
straints. Simulation results show that, while the effect of
channels dependencies is ignorable at low correlation
values, the channel capacity is significantly affected as
the fading channels correlation increases. Also, it is
shown that there is considerable potential for data trans-
mission of unlicensed users even under hard licensed
users quality-of-service requirements. Finally, studying
the network sum capacity in correlated conditions is left
for the future.

Endnotes
aAs we know, in an AWGN channel with SIR x, the max-
imum achievable rate is obtained by log(1+x) [39-41].
bNote that, with perfect CSI available at the PU receiver,
it knows whether the transmitted signal is decodable or
not. Therefore, the unreliable messages are disregarded
by the receiver and the rest are decoded with no error.
Consequently, the outage probability introduced here is
not the typical bit or symbol error probability condition
but is an average service outage constraint guaranteing
the PU data reception at certain percentages of the time
slots. For further studies about different service outage
constraints, the readers are referred to, e.g., [42,43].
cNote that, as mentioned before, all conclusions derived
for PU outage probability constraint can also be used for
PU received SIR constraints Pr{SIRp > g} ≥ ε in which the
PU received SIR is constrained to be higher than a value
g with probability of ε.
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