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1 Introduction and preliminaries

The concept of fuzzy metric space was introduced in different ways by some authors (see,
i.e., [1, 2]) and further to this, the fixed point theory in this kind of spaces has been in-
tensively studied (see [3—11]). Here, we consider the notion of fuzzy metric space intro-
duced by Kramosil and Michdlek [2] and modified by George and Veeramani [12, 13] who
obtained a Hausdorff topology for the class of fuzzy metric spaces. Recently, Mihet [14]
enlarged the class of fuzzy contractive mappings of Gregori and Sapena [7] and proved a
fuzzy Banach contraction result for complete non-Archimedean fuzzy metric spaces [7]
(see also Vetro [15]).

The applications of fixed point theorems are remarkable in different disciplines of math-
ematics, engineering and economics in dealing with problems arising in approximation
theory, game theory and many others (see [16] and the references therein). Consequently,
many researchers, following the Banach contraction principle, investigated the existence
of weaker contractive conditions or extended previous results under relatively weak hy-
potheses on the metric space. On the other hand, Samet et al. [17] introduced the con-
cepts of a--contractive and «-admissible mappings and established various fixed point
theorems for such mappings defined on complete metric spaces. Afterwards Salimi et al.
(18] and Hussain et al. [19, 20] modified the notions of «-1 -contractive and «-admissible
mappings and established certain fixed point theorems (see also [21-25]). In this paper,
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we introduce certain new classes of contraction mappings and establish fixed point the-
orems for such kind of mappings in non-Archimedean fuzzy metric spaces. The results
presented in this paper generalize and extend some recent results in non-Archimedean
fuzzy metric spaces. Some examples are given to support the usability of our results. For
the sake of completeness, we now briefly recall some basic concepts.

Definition 1.1 A binary operation x: [0,1] x [0,1] — [0,1] is called a continuous t-norm
if it satisfies the following assertions:

(TN1) % is commutative and associative;

(TN2) «* is continuous;

(TN3) ax1=aforallae[0,1];

(TN4) axb<cxdwhena <cand b <danda,b,c,d € [0,1].

Definition 1.2 (George and Veeramani [12]) A fuzzy metric space is an ordered triple
(X, M, x) such that X is a nonempty set, x is a continuous t-norm and M is a fuzzy set on
X x X x (0, +00) satisfying the following conditions, for all x,7,z € X and £,5 > 0:

(FM1) M(x,y,t) >0 forall £ > 0;

(EM2) M(x,y,t) =1if and only if x = y;

(EM3) M(x,y,t) = M(y,x,t);

(FM4) M(x,y,t) x M(y,z,s) < M(x,z,t +5);

(EM5) M(x,y,-):(0,+00) — (0,1] is left continuous.
Then the triple (X, M, %) is called a fuzzy metric space. If we replace (FM4) by

(FEM6) M(x,y,t) * M(y,z,5) < M(x,z, max{t,s}),
then the triple (X, M, «) is called a non-Archimedean fuzzy metric space. Since (FM6)
implies (FM4), then each non-Archimedean fuzzy metric space is a fuzzy metric space.

Definition 1.3 Let (X, M, x) be a fuzzy metric space (or non-Archimedean fuzzy metric
space). Then
(i) asequence {x,} converges to x € X if and only if lim,_, ;oo M(x,,%,£) = 1 for all £ > O;
(ii) asequence {x,} in X is a Cauchy sequence if and only if for all € € (0,1) and ¢ > 0,
there exists nqy such that M(x,,x,,,t) >1 — € for all m,n > ng;
(iii) the fuzzy metric space (or the non-Archimedean fuzzy metric space) is called
complete if every Cauchy sequence converges to some x € X.

If (X, M, %) is a fuzzy metric space and (X, <) is partially ordered, then (X, M, ») is called
a partially ordered fuzzy metric space. Then x,y € X are called comparable if x < y or
y <xholds. Let f : X — X be a mapping, f is said to be non-decreasing if fx < fy whenever
x,y€Xandx <y.

Definition 1.4 [3] Let (X, M, %) be a triangular fuzzy metric space. The fuzzy metric M is
called triangular whenever

1 1 1
-1< -1+ -1
M(x,y,t) ~ M(x,z,t) M(z,y,t)

Definition 1.5 [17] Letf: X — X and o : X x X — [0, +00). f is an «-admissible mapping
if

alx,y) >1 implies a(fx,fy)>1, xy€X.
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Definition 1.6 [26] Let (X, M, ) be a fuzzy metric space, T: X — X and « : X x X X
(0,00) — [0, 00). We say that T is an «-admissible mapping if

xyeX, axyt)>t = o(Ix,Tyt)>t
forall £>0.

2 Fixed point results in triangular fuzzy metric spaces
Let (X, M, *) be a fuzzy metric space, f : X — X be a self-mapping on X. We define
P (x,y,t), @ (x,y,t) and R (x,9,t) as follows:

Pl(x,y,0) = 1 : 53 L, 1 1
e _maX{M(x,y,t)’M(x,fX; t)’M(y,fy,t)'i[M(x’f% 0" MOfet) “ ’

Q (6,3, 8) = max {M(x, fi, £), My, f3, 1), MCx, f, ), My, fox, 1))

and

1 1 1 1
Rf(x,y,t):min{l— }

Mafed) MufD  Maf ' Mofmo

We now state and prove our first result of this section.

Theorem 2.1 Let (X, M, x) be a complete triangular fuzzy metric space and f be a self-
mapping on X. Also suppose that o« : X x X x [0,00) — [0,00) is a mapping. Assume that
the following assertions hold:
(i) there exists xo € X such that o(xo,fxo,t) > t for all t > 0;
(ii) f is an a-admissible mapping;
(iii) if {xn} is a sequence in X such that o(x,,%441,t) >t for alln € N and all t > 0 with
Xy —> X as n — 0o, then a(x,,x,t) >t foralln e NU{0};

(iv) forallx,y € X and all t > 0 with ﬁ M(+f“) -1)< m -1, we have
M < Mf(x,y, )+ |Qf(x,y, t)— A! + LRf(x,y, 1), (2.1)
tM(fx, fy,£) —
where A € (0,1) and L > 0.
Then f has a fixed point.

Proof Let xy € X be such that «(xo, fxo,t) > ¢ for all £ > 0. Define a sequence {x,} in X by
%y = f"x0 = fx,1 for all m € N. If x,,,; = «x,, for some n € N, then x = %, is a fixed point for
f and the result is proved. Hence, we suppose that x,,1 # x, for all n € N. Since f is an
a-admissible mapping and a(xo, fxo, ) > t, we deduce that a(xy, %2, £) = a(fxo,f %0, t) > t.
Continuing this process, we get

(X Xy, ) > 8 (2.2)

for all » e NU {0} and all £ > 0. Now since

1 1 1 1
1)< -1= -1,
1 +A (M(xnlrfxnl, t) > M(xn—l,fxn—h t) M(xn—l;xnr t)
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then from (iv) with x = x,_; and y = x,, we get

1 < a(xmxnﬂrt) _ a(xnrxwrl:t)
M(x}’llxn+ll t) B tM(xn’xVHl: t) tM(fxn—I;fxnl t)

E )\Pf(xn—lyxm t) + ‘Qf(xn—lyxm t) - )\‘ + LRf(xn—l;xm t)-

That is,

1
— = )\Pf(xn—ltxm t) + ‘Qf(xn—l:xm t) - )\‘ + LRf(xn—l:xm t) (23)
M(xn; Xn+ls t)

forall £ >0 and all # € N, where

P (%, 1,%,,1) = max{ 1 1
e M(xn—lrxmt)’ M(xn—lffxn—ly t)’
1 1 |: 1 1 1:“
L. + -
M(xnrfxnrt) 2 M(xn—lrfxnrt) M(xn!fxn—lr t)
{ 1 1 1 }
= max ) ’
M(xn—l) Xns t) M(xmerl’ t) 2M(xn—11 Xn+ls t)
{ 1 1
< max ) )
M(xn—lrxmt) M(xmxnﬂ’t)
1 1 1 1
= -1+ -1+ =
2 M(xn—lxxm t) M(xnrxnﬂrt) 2
{ 1 1
< max ) ’
M(xn—lxxn:t) M(xmerl:t)

1 |: 1 1 :| 1 }
p— + —_—
2 M(xn—l:xmt) M(xn:x;ﬂl:t) 2
1 1
M(xn—lrxm t) ’ M(xmxn+l1 t)

} = P/(xn—l:xm t):

= max{

which implies

1 1
P (1, %, 1) = max{ , } (2.4)
e M1, %0, ) M (0, X1, 1)

and

Qf(xn—l: Kns t) = maX{M(xn—lrfxn—l; t);M(xn:fxm t)rM(xn—l:fxn: t)xM(xn:fxn—l; t)}
= max {M(xn—lyxn: t); M(xn; Xn+ls t): M(xn—lx Xn+ls t): M(xm Xns t)}
-1 (2.5)

Also,

1 1
71 - )
M(xn—lyfxn—lx t) M(xn;fxm t)

R (1, %, 1) = min{l -

1 1
1- ,1—
M(xn—hfxm t) M(xn’fxn—l, t) }
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1 1
= min{l - 11— )
M(xn—lrxmt) M(xn)xwrl:t)
1 1
1-— ,1 — } =0. (2.6)
M('x}’l—lﬁxl’l+l) t) M(xnvxnr t)

From (2.3), (2.4), (2.5) and (2.6) we obtain

1

7<)\Pfx_,x,t+1—k
Mg = Gnep @ t) (1=

= AP (1, %, ) +1— A
= A(ﬂ(xn_l,xn,t) -1)+1,
which implies

1

7—1<Apfx_,x,t —1).
M1, ) (PGt 6006) =1)

Now if P (x,_1, %, t) = m, then we get
1
- 1<A— 1
M(xm Xn+l» t) M(xn: Xn+ls t)
1
< —— 1,
M(xn:erl» t)
which is a contradiction. Hence,
1 1
— 1< — -1 (2.7)
M(xn; Xn+ls t) M(xn—lx Xn» t)
for all n € N and all £ > 0. This implies
1 1
7—15)\”[7—1}. (2.8)
M(xn’ Xn+l» t) M(JC(), X1» t)
Thus, for all n > m, we have
1 1 1

-1< 14— 1
M(xn’ KXm» t) M(xn;xn—lr t) M(xmﬂ’xm, t)

< (A”‘1+A”‘2+---+A”’)<;—1>

M(x01xl’ t)

< £<;—1> (2.9)
T 1-A M(xo,xl,t) ' ’

That is, {x,} is a Cauchy sequence. Since, X is a complete fuzzy metric space, then there
exists * € X such that x, — x* as n — oo. By (iii), a(x,,x*,t) > t holds for all n € N and
all £ > 0. Suppose that there exists ny € N such that

1 1 1
“1)>——— 1
1 + )“ <M(xn01fxno)t) ) M(xno’x*) t)
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and

1 ( 1 ) 1

-1)>————-1.
1+ M(xno—lrfxno—lyt) M(xno—lrx*i t)
By (2.7) we deduce
1 1 1

M(xno—lrfxng—lr t) M(xno—lrxno;t)

1 1

<—  1+— -1
M(xno—lrxr t) M(xng,x: t)

1 1
<l )
1+ M(xn()—l1fxn0—17 t)

1 1
+ -1
1+A (M(x,,o,fxno, t) >

< )
1+ M(xno—bfxno—l;t)

A ( 1 1)
+ _
1+A M(?Cno_l;fxno—l: t)

1
= — 1,
M(xno—lyfxn()—l! t)

which is a contradiction. Hence, either

1 1 1
(1) ——— -1
1+ r \ M(x,,fx,, t) M(x,,x*, t)

or

1 1 1
-1) < -1
1+r \ M(x,_1,fxn-1,1) M(x,_1,x*, t)

holds for all # € N. Let

1 1 1
S (N — 1 S—)
1+ r \ M(x,,[fx,, t) M(x,,,x*, t)

Then from (iv) we have

1 o olwat) el xt )
M(xl’l’fx*!t) - tM(xn+1:fx*r t) N tM(fxn;fx*; t)
< APf(xn,x*,t) + |Qf(xn,x*,t) - A| (2.10)

for all £ > 0, where

1 1 1
M (%, 5%, 1) M, fxn, t)” M(x*, fx*, 1)

Ij(x,,,x*,t) = max{

1 1 1 1
§|:M(9Cmfx*rt) * M(x*rfxmt) - :“
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1 1 1
= max B ) ’
{M(xn;x*:t) M(xn:xnﬂrt) M(x*’fx*;t)

1 1 1
= + -1,
2 |:M(xn7fx*¢t) M(x*rxnﬂyt) :|}

and so
lim Pf(xn,x*,t) = ;
n—00 M(x*, fx*, t)

Also,
Q (%, %", £) = max{ My, %11, £), M(x*, ", £), M (300, ", £), M (5%, %01, 2) },
and so

lim Q (x,, %, ¢) =1.

n—00

Similarly,

lim Rf(xn,x*,t) =0.

n—00
By taking limit as n — oo in (2.10) we get

1 1
M(x*,fx*,t) 1= }L(M(x*,fx*, t) 1)

for all £ > 0. Now, assume that there exists £y such that M(x*, fx*, £y) < 1. Then by the above
inequality we have 1 < X, which is a contradiction. Hence, M(x*,fx*,¢) =1 for all £ > 0; i.e.,
x* = fx*. Similarly we can deduce that x* is a fixed point of f when

1 1 1
-1) < -1.
1+r (M(xn—lrfxn—b t) ) - M(xn—l’x*y t) -

Example 2.1 Let X = R%. We define o : X x X x [0,00) — [0, 00) by

t, x,y€lU={0,0),(4,0),(0,4),(4,5),(54)},
0, otherwise.

ax,y,t) = {

Define M on X x X x (0,00) by M((x1,%2), (y1,¥2),£) = m and a x b = min{a, b}.
Clearly, (M, X, %) is a complete triangular fuzzy metric space. Also, define f : X — X and

¥ : [0,00) = [0, 00) by

(%1,0) if x; <x9 and xy,%5 € U,
Sx,%2) = 1 (0,x2) ifx; >x and xy,4, € U, and ¥ (£) =0.99¢.
(2x%,3x§) ifx1,x2 € RZ\L[

First we assume

1 < 1 ) 10( 1 ) 1
— (1) == “1) < -1
L+ o5 \M(x, fx, 1) 19 \ M(x, fx, t) M(x,y,t)
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and «(x,y,t) > t (or x,y € U). Then

(%,9) € (( 0), (4, 0)) (( 0),(0, 4)) (( 0), 4, 5)) (< 0),(5, 4))
/5)),
)

_ =

)

(4,5),(0,4)), ((4,5), (5,4)

4). ((
4). ((
)
)

(5,4),(0,4)),

AA/—\/-\

) (€
,0)) (€
(45(40) )
), (5,4),(4,5))}.

—_

,((5,4), (4,0)

Since M(fx, fy, t) = M(fy, fx, t), P (x,9,t) = P/ (y,x,t) and Q' (x,,£) = @ (y,x, 1), hence with-
out any loss of generality we can reduce the above set to the following:

(x,9) € {((0,0),(4,0)), ((0,0),(0,4)), ((0,0), (4,5)), ((0,0), (5,4)),
((4,0),(0,4)),((4,0),(5,4)), ((4,0), (4,5)), ((0,4), (5,4)), ((0,4), (4,5)) }.

Now, we consider the following cases:
o Let (x’y) = ((01 0): (4’0))) then

1 1 1
M((0,0),(4,0),)" M((0,0),£(0,0),)" M((4,0),(4,0),2)’

P'((0,0),(4,0),) = max{

1 1 1
2 [M((o, 0),/(4,0),) * M((4,0),/(0,0),) 1} }

1 1 1
i} max{M«o, 0),(4,0),2)’ M((0,0),(0,0),2)’ M((4,0),(0,0),2)’

1 1 1
2 [M((o, 0),(0,0),2) * M((4,0),(0,0),£) 1} }

1
=max{5,1,5,§[1+5—1]} =5
and

@ ((0,0),(4,0),£) = max{M((0,0),£(0,0),£),M((4,0),(4,0),2),

((
M((0,0),f(4,0), ) M((4,0),£(0,0),2) }
= max{M((0,0),(0,0),t),M((4,0),(0,0),¢),
M((0,0),(0,0), ) M((4,0),(0,0),1)}
1.1
1,5,1,=} =
a1 2} -
and so
«((0,0),(4,0),8) _ 1< 46 9 54 ‘1_ 9
tM(f(0,0),f(4,0), ) 10 10 10

9

9
= 157 (0,0),(4,0,0) + | ((0,0), (4,0),) - 5.
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e Let (x,7) = ((0,0),(0,4)), then

1 1 1
M((0,0),(4,0),)" M((0,0),£(0,0),)" M((4,0),(4,0),2)’

P'((0,0),(4,0),¢) = max{

1 1 1
2 [M((o, 0),£(4,0),8) * M((4,0),£(0,0),) 1} }

1 1 1
i} max{ M((0,0),(4,0),2)’ M((0,0),(0,0),2)’ M((&,0),(0,0),2)’

1 1 1
2 [M((o, 0),(0,0),5)  M((4,0),(0,0),2) 1} }

1
=max{5,1,5,§[1+5—1]} =5

and

Q@((0,0),(4,0),£) = max{M((0,0),f(0,0),£), M((4,0),£(4,0), ),
M((0,0),f(4,0),t), M((4,0),£(0,0),¢) }
= max{M((0,0),(0,0),),M((4,0),(0,0),t),
M((0,0),(0,0),£),M((4,0),(0,0),£) }

1.1
=maxyl,-,1,-¢t =1,

5 5
and 50
B
= 2 P((0,0),4,0),6) + [Q/((0,0),(4,0),1) - %‘
e Let (x,9) = ((0,0), (4,5)), then
1 1 1

P/((0,0),(4,5),1) = ma"{ (0, 0), (2,5),2)’ M((0,0,/(0,0),0)” M((@5),f(@5),0)’

1 1 1
2 [M((o, 00/ @5),0 " M(®5),/(0,0,0) 1} }
1 1 1
) max{ M((0,0), (4,5),£)” M((0,0),(0,0),2)’ M((4,5), (4,0), )’
1 1 1
2 [M((o, 0),(4,0),)  M((4,5),(0,0),8) 1} }

1
:max{10,1,6,§[5+10—1]} =10

and

Q' ((0,0),(4,5), £) = max{M((0,0),£(0,0),£), M((4,5),f(4,5),)
M((0,0),£(4,5),£), M((4,5),f(0,0),£)}
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= max{M((0,0),(0,0),t),M((4,5), (4,0),£),
M((0,0),(4,0),t),M((4,5),(0,0),£)}

6510
and so
((0,0),(4,5),t) 91 9 0
tM(f(0,0),f(4,5),t) =5< 0 = 0 .10+ 11— -
° 9
e Let (x,9) = ((0,0), (5,4)), then
P/((0,0),(5,4), ) = max{ 1 1 )
yVHh X)) = M((0,0),(5,4), t)’M((O’O)’f(O’O)’t),M((5r4);f(5,4),t)’
1 1 1 1
2 [M((O, 0),/(5,4),t) MG, 4),£(0,0),0) “
_ 1 1 1
_ max{ M(0,0),5,4),8)’ M(0,0),0,0),) M(5,4),(0,4),)’

1 1 1
2 [M((o, 0),(0,4),2) * M((5,4),(0,0),8) _ 1} }

1
=max{10,1,6,§[5+10—1]} =10

and

Q@((0,0),(5,4),£) = max{M((0,0),£(0,0),£), M((5,4),£(5,4),¢),

(C
M((0,0),£(5,4),£), M((5,4),£(0,0),2)}
= max{M((0,0),(0,0),£),M((5,4),(0,4), ),
M((0,0),(0,4),£),M((5,4),(0,0),¢) }

0

111
L=, —t=1,
{65 o}

((0,0),(54),) _ 91 9 ‘ 9‘

and so

S5< = .104|1- —
IM(F(0,0),/(5,4),0) 10 10 | 10

- %Pf ((0,0),(5,4),2) + | ((0,0),(5,4),1) - — .

10]

e Let (x,7) = ((4,0),(0,4)), then

1 1 1
P(0),0.9,1) = ma"{ (@ 0),(0,4),2) M((&,0),/ (4 0),1)’ M(0,4),/(0,4),7

1 1 1
2 [M((4, 0),£(0,4),) * M((0,4),(4,0),5) _ l] }
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1 1 1
- maX{M(m, 0),(0,4),2)’ M((4,0),(0,0),2)’ M((0,4),(0,0),2)’

1 1 1
2 [M((4,0), 0,0),2) * M((0,4),(0,0),) 1“

1
=max{9,5,5,§[5+5—1]} =

and

Q' ((4,0),(0,4),¢) = maX{M(4O) f(4,0),),M((0,4),£(0,4),2),
,0),£(0,4),£), M((0,4).f(4,0),2)}

—max{ ((4,0),(0,0),2),M((0,4),(0,0), ),
,0),(0,0),£),M((0,4),(0,0),2) }

and so

1 9

2((4,0),(0,4),1) 88 9
-9+
5 10

=1< — ==
tM(f(4,0),£(0,4),t) ~ — 10 10

9
= Epf ((4,0),(0,4),2) +

Q" ((4,0),(0,4),t) -

E .

e Let (x,) = ((4,0), (5,4)), then

1 1 1
P40, 5. 4.1) = max{M((AL 0),(5,4),8) M((4,0),£(4,0),t)” M((5,4),£(5,4),t)’

1 1 1
2 [M((4,0),f(5,4), 1) " M((5,4),/(4,0),0 1] }
B 1 1 1
} maX{M(m, 0),(5,4),2)’ M((40),(0,0),2) M((5,4),(0,4),2)’

1 1 1 1
5[ M((4,0),(0,4),) * M((5,4),(0,0),) “

:max{656 —-[9+10- 1]} 9

and

Q' ((4,0),(5,4),t) = max{M((4,0),£(4,0),), M((5,4),£(5,4),¢),
M((4,0),f(5,4),£), M((5,4),f(4,0),2) }
= max{M((4,0),(0,0),£),M((5,4),(0,4),¢),
M((4,0),(0,4),t),M((5,4),(0,0),£)}
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and so
«((4,0),(5,4),1) 88 9 ‘ 1 9
=5<—=—.94|=-—-—
tM(f(4,0),£(5,4), £) 10 10 510
9
= o ((4,0),(5,4),2) + | (4.0),(5,4),1) - 1.
e Let (x,7) = ((4,0), (4,5)), then
1 1 1

P((4,0),(4,5),t) = max{

1 1 1
2 [M((4,o>,f<4, 5.0 " M(@5).f@ 00 1} }

1 1 1
- maX{M(w, 0),(4,5),2)’ M((4,0),(0,0),2)” M((4,5), (4,0),)"

1 1 1
2 [M((‘L 0),(4,0),2) * M((4,5),f(4,0),) 1} }

1
:max{6,5,6,§[1+6—1]} =6

and

Q' ((4,0),(4,5),t) = max{M((4,0),£(4,0),£), M((4,5),f(4,5),t),
M((4,0),f(4,5),¢), M((4,5),f(4,0),¢)}
= max{M((4,0),(0,0),t),M((4,5),(4,0),¢),

M((4,0),(4,0),t),M((4,5),(0,0),£)}

11 1
=maxy—-,—,1,,— =1,
56 10

and so
«((4,0),(5,4),1) 5<§:3.9+‘1_3
tM(f (4,0),f(5,4),t) 10 10 5 10
9
= Eﬂ((z;, 0),(5,4),t) + |Q ((4,0),(5,4),t) - E"
e Let (x,9) = ((0,4), (5,4)), then
1 1 1

M((4,0),(4,5),)" M((4,0),f(4,0),)" M((4,5),f(4,5),1)’

P((0,4),5,4),) - max{

1 1 1
2 [M<<o,4),f<s, 4),0) ' M((5,4),£(0,4),8) 1} }
_ 1 1 1
i} max{ M((0,4),(5,4), )’ M((0,4),(0,0),2)’ M((5,4),(0,4),0)’

1 1 1
2 [M((OA), 04,0 " M(5,4),0,0,8 1} }

1
= max{6,5,6,§[1+10—1]} =6

M((0,4),(5,4),t)" M((0,4),£(0,4),2)" M((5,4),/(5,4),t)’

Page 12 of 26
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and

Q((0,4),(5,4),£) = max{M((0,4),£(0,4),£),M((5,4),£(5,4),t),
M((0,4),f(5,4),t),M((5,4),/(0,4),2) }
= max{M((0,4),(0,0),¢),M((5,4),(0,4),£),

M((0,4),(0,4),t),M((5,4),(0,0),¢)}

11 1
=max{—,—,1,— ¢t =1,
{5 6 10}

and so
a((0,4),(5,4)t) 55 9 9
IO, 4,690 >=10-10 ' 10
9
= Epf ((0,4),(5,4),2) +|Q ((0,4),(5,4),t) - ol
e Let (x,7) = ((0,4), (4,5)), then
P'((0,4),(4,5),t) = max{ ! ! !
220 E) = ) M((0,4), (4,5), ) M((0,4),£(0,4),2)’ M((4,5),£(4,5), )’
1 1 1 1
2 [M((o,4),f<4, 5),6) * M((4,5),/(0,4),) “
B 1 1 1
- maX{M((OA), (4,5),0)’ M((0,4),(0,0),2)’ M((4:5), (40),7)’

1 1 1
2 [M((o,4>, (4,0),0)  M((4,5),(0,0),) 1“

1
:max{6,5,6,§[9+10—1]} =9
and

Q' ((0,4),(4,5),£) = max{M((0,4),£(0,4),£), M((4,5),f(4,5),t),
M((0,4),f(4,5),t), M((4,5),£(0,4), 1)}
= max{M((0,4),(0,0),t),M((4,5), (4,0),¢),

M((0,4),(4,0),t),M((4,5),(0,0),£)}

{111 1} 1
=maxy—,—, = — (==

56°9°10f 5’
and so
2((0,4),(4,5),t) 88 9 1 9
=5 <—=—" O+ |— - —
tM(f(0,4),f(4,5),t) 10 10 5 10

9

9
= P (09,45, + T10)

Q((0,4),(4,5),1)
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Otherwise, a(x,y,t) = 0, and so

alx,y,t) 9 9

—2 P _0< Pyt 9 t) — —|.

M fyt) - 10 @y + | w0 -5
That is,

1 1 1
_9<M7_1>§M—_1
1+ g5 \M(x, fx, 1) (x,7,2)

implies
ax,y,t) 9 9
—_— = _P/ ) 1t ) 1t - A
M (f, fy,£) — 10 @y +|Q sy -1
2 P yt)+ Q) = | + LR (x,3,0),
=10 10

where L > 0. Let a(x,y,t) > ¢, then x,y € U. On the other hand, fw € U forall w € U. Then
a(fx,fy,t) > t. That is, f is an a-admissible mapping. If {x,} is a sequence in X such that
(%, %41, 8) > t with x, — x as n — oo, then x,, € U for all n € N. Also, U is a closed set,
sox € U. That is, «(x,,x,t) > t for all n € NU {0}. Clearly, «((0,0),/(0,0),£) > ¢.

Therefore all conditions of Theorem 2.1 hold and f has a fixed point. Here, x = (0,0) is
a fixed point of f.

Corollary 2.1 Let (X, M, *) be a complete triangular fuzzy metric space and f be a self-
mapping on X. Also suppose that o« : X x X x [0,00) — [0,00) is a mapping. Assume that
the following assertions hold:
(i) there exists xy € X such that a(xy, fxo,t) >t for all t > 0;
(ii) f is an a-admissible mapping;
(ili) if {x,} is a sequence in X such that a(xy, Xp41,t) >t foralln € N and all t > 0 with
X, — x as n — 0o, then a(x,x,,t) >t foralln e NU {0};
(iv) forallx,y € X and all t > 0, we have

a(x,y,t)

W < AP (x,y,t) + |Qf(x,y,t)—kf + LR (x,y,1)

holds where A € (0,1) and L > 0.
Then f has a fixed point.

By taking L = 0 in Corollary 2.1, we obtain the following corollary.

Corollary 2.2 Let (X, M, *) be a complete triangular fuzzy metric space and [ be a self-
mapping on X. Also suppose that o : X x X x [0,00) — [0,00) is a mapping. Assume that
the following assertions hold:
(i) there exists xo € X such that a(xo, fxo,t) >t for all t > 0;
(ii) f is an a-admissible mapping;
(iti) if {x,} is a sequence in X such that a(x,,x,41,t) >t forall n € N and all t > 0 with
Xy —> x as n— 0o, then a(x,x,,t) >t for alln e NU{0};

Page 14 of 26
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(iv) forallx,y € X and all t > 0, we have

alx,y,t)
tM(fx, fy, )

holds where A € (0,1).
Then f has a fixed point.

<P (x,,8) +|Q (x,7,8) - 4|

By taking «(x,y,£) = t forallx,y € X and all £ > 0 in Corollary 2.1, we obtain the following

result.

Corollary 2.3 Let (X, M, x) be a complete triangular fuzzy metric space and f be a self-
mapping on X. Assume that for all x,y € X and all t > 0,

1
<Pyt oy, t) = x| + LR (x,9, ¢
WD S @ 3,8) +|Q (%9, = | + LR (x,,1)

holds where A € (0,1) and L > 0. Then f has a fixed point.
By taking L = 0 in Corollary 2.3, we obtain the following corollary.

Corollary 2.4 Let (X, M, *) be a complete triangular fuzzy metric space and f be a self-
mapping on X. Assume that for all x,y € X and all t > 0,

m < AP (x,y,t) + |Qf(x,y,t)—k|

holds where A € (0,1). Then f has a fixed point.

Theorem 2.2 Let (X,M,*,=<) be a complete triangular partially ordered fuzzy metric
space and f be a self-mapping on X. Assume that the following assertions hold:
(i) there exists xy € X such that xy < fxo;
(ii) f is an increasing mapping;
(ili) if {x,} is an increasing sequence in X such that with x,, — x as n — oo, then x < x,
forall n e NU{0};

(iv) forallx,y € X and all t > 0 with ﬁ M<+f“) -1 < m —1andx <y, we have
1
— < AP (x,y,8) + |Q (%, 9, 8) = A(¢)| + LR (x, 9, ),
M(fx. fy, 1) | |
where A € (0,1) and L > 0.
Then f has a fixed point.

t, ifx=<y,

Proof Define o : X x X x (0,00) — [0,+00) by «(x,y,¢) = {0‘, otherwise. At first we prove
that f is an «-admissible mapping. Let «(x, y,£) > ¢, then x < y. Now, since f is increasing,
then we have fx < fy. That is, «(fx, fy, t) > t. Therefore f is an «-admissible mapping. From
(i) there exists xg € X such that xg < fxo. That is, «(xo,fxo,£) > t for all £ > 0. If {x,} is a
sequence in X such that «(x,, x,,1,£) > t for all » € N and all £ > 0 with x,, - x as n — o0,
then x,, < x,,,; for all n € N with x,, — x as n — co. Hence from (iii) we get x,, < x for all

n € NU {0}. That is, a(x,,x,t) > t for all n € N U {0}.
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Let ﬁ M(x}x,t) -1)< M(;J, 51 and x <y (or a(x,y,t) = t), then from (iv) we have
1
— < AP (e, 0) + |Q (3, ) — A(t)| + LR (x, 9, 2). (2.11)
M) yt)+|Q (xy | y

Also if a(x,y,£) = 0, then

ax,y,t)
— =0 < AP (x,p,¢ ,9,8) = A(8)] + LR (x,9, ). 2.12
MG fo ) =S @,3,8) + |Q (x,,8) = MO)| + LR (x,, 1) (2.12)
) L1 1 1
That is, for all x,y € X and all £ > 0 with 5 (77 v 1)< Tyn — b we have
ax,y,t)
— I < AP (x,p,t ,9,8) = ()| + LR (x,9,2). 2.13
M fr, )~ (®2,0) +|Q (®,3,8) = A(8)] + LR (x,,1) (2.13)
Hence, all conditions of Theorem 2.1 are satisfied and f has a fixed point. O

Corollary 2.5 Let (X,M,*,=<) be a complete triangular partially ordered fuzzy metric
space and f be a self-mapping on X. Assume that the following assertions hold:
(i) there exists xo € X such that xo < fxo;
(ii) f is an increasing mapping;
(iii) if {xn} is an increasing sequence in X such that with x, — x as n — 00, then x < x,
forall n e NU{0};
(iv) forallx,y € X and all t > 0 with x < y, we have

1
— < AP (x,y,8) + |Q (%, 3, 8) = 1| + LR (x,9, 1),
M(fx, fy,1) 70+ Q) =4 Y
where A € (0,1) and L > 0.
Then f has a fixed point.

Corollary 2.6 Let (X, M,*,=<) be a complete triangular partially ordered fuzzy metric
space and f be a self-mapping on X. Assume that the following assertions hold:
(i) there exists xog € X such that xo < fxo;
(ii) f is an increasing mapping;
(iii) if {xn} is an increasing sequence in X such that with x,, — x as n — 00, then x < x,
forall n e NU{0};
(iv) forall x,y € X and all t > 0 with x <y, we have

’

gy = e+ Q-2

where ) € (0,1).
Then f has a fixed point.

3 Some results in non-Archimedean fuzzy metric spaces
In this section we state and prove certain fixed point results in the setting of non-
Archimedean fuzzy metric space to generalize the work of Mihet [14].
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Theorem 3.1 Let (X,M,*, <) be a partially ordered complete non-Archimedean fuzzy
metric space and [ be an a-admissible and non-increasing mapping. Also suppose that
the following assertions hold:
(i) there exists xo € X such that a(xo,fxo,t) >t for all t > 0 and xo < fxo;
(ii) if {xu} is an increasing sequence such that a(x,, Xy41,t) >t foralln e Nand all t > 0
with x, — x as n — +0o, then x,, < x for all n € N where a(x, fx,t) > t;
(iii) for all comparable x,y € X and all t > 0, we have

alx, fx, t) + a(y,fy, ) ]"“M("'y'”)
+

M(fx,fy,
[, fx, D0, i, ) + 1]V f“))[tz .

< [t2 + l]w(M(xJ,t))

’

where ¥, ¢ : [0,1] — [0,1] are two continuous functions such that \ is decreasing,
V() =0ifft =1and ¢(t) >0 forall t € (0,1).
Then f has a fixed point.

Proof Let xo < fxo. If xo = fxo, then the result is proved. Hence we suppose that xy < fxo.
Define a sequence {x,} by x, = f"xo = fx,_; for all # € N. Since f is non-decreasing and
x0 < fxo, then

X0 <X =X =0, (3.1)

and hence {x,} is a non-decreasing sequence. If x,, = x,,,1 = fx,, for some n € N, then the
result is proved as x,, is a fixed point of f. In what follows we suppose that 0 < M(x,, X,.41,
t) < 1. Since f is an «-admissible mapping and

ot(xo,fxo,t) = (x(xo,xl,t) >,
we deduce that
a(xl’xZ, t) = a(fxoyfxl: t) >t.

Continuing this process, we get «(x,,, x,.1,£) > ¢ for all » € NU {0} and all £ > 0. From (iii)
with x = x,,_; and y = x,,, we obtain

[t2 n 1] V(M xn41,0)+G (M Xp—1,%n,t))

S(M(xy—1,%n,t))
t+t
[t2 I]W(M(xmxmbt)) |:t2 ; ]

< [0ty Xy E) (Do, £) + 1] V150

|: 2 Xy, %5 ) + 0 (X X1, £)
X |7+

SM(xp—1,2n,t))
e

<

’

[tz + 1]\”(M(xn—lvxn:t))

and so

1p(]\/[(xnrxnﬂ: t)) < 170(]\/[(9@1—1»75;1: t)) - ¢(M(xn—1:xm t)) < w(M(xn—hxmt))- (32)
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Since ¥ is decreasing, so M(x,,_1,%,, t) < M(x,,x,,1,t). Hence, {M(x,, x,,,1,£)} is an increas-
ing sequence in (0, 1]. Then there exists /(¢) € (0,1] such that

llm M(xn, X+l t) = l(t)

n—+00

for all £ > 0. Let us prove that /(¢) = 1 for all £ > 0. Suppose that there exists ¢y > 0 such that
0 < I(to) < 1. By taking the limit as # — +00 in (3.2), we have

v (Ut)) < ¥ (I(to)) — ¢ (I(t0)).
Then ¢(l(ty)) = 0, which is a contradiction, and so [(¢) = 1 for all £ > 0. Now, we want to
show that {x,} is a Cauchy sequence. Assume that it is not true. Then there exist € € (0,1)
and ty > 0 such that for all k € N there exist n(k), m(k) € N with m(k) > n(k) > k and

M(Em(i)s Xnry» to) <1 —€. (3.3)

Assume that m(k) is the least integer exceeding (k) satisfying the above inequality. Equiv-
alently,

M(Xp()-15%n(i), Lo) > 1 — €, (3.4)
and so for all k we get

1 — € > M(Xn(k)s Xn(i)s to)
> M(Xm(i)—15 Xm(k)» £0) * M (Xpik)-1, Xn() L0)
> Tm(k)(to) *(1-¢). (3.5)
By taking limit as # — +00 in (3.5), we deduce that
lim M(xm(k),x,,(k), th)=1-¢
n—+00

for t>0.

From

M(xm(k)+1: Kn(k)+1» tO) > M(xm(k)+1: Km(k) tO) * M(xm(k) »Xn(k)s tO)

* M (% (k) X1, Eo)
and

MKk Xy £0) = M (Km(iy+15 By £0) * M (Xp(io)+15 Xniy+15 o)

* M (%) Xl +15 £0)s
we get

lm M (%) 11, Xn(y+1, o) = 1 — €.

n—+00
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From (iii) with x = %,y and y = x,,), we deduce

[t(% + 1] Y (M@ (k) 4 1% n(k)+1:£0 )+ (M (X (k) Fa k) 20))

_ [t(z) + l]llf(M(fxmk)J’xn(k)»to)) |:t2 + to +to

SM(Ep(k) (k) ko))
07 2g ]

Y (M Frp(i) Sk to)
< [ @iy fomryr o)t Ky fony to) + 1] 050

|: 5 Xy mii) to) + (i) fEn) bo
X [+

) DM (1(k) Fni(k) £0))
2ty ]

)

2 Y (M Sk Fa(i) £0))
<[22 +1] Kk

which implies

Y (MEmii 41, %41, 80)) < Y (M (i) Xy £0)) — & (M Koy iy t0)) -

Page 19 of 26

Applying the continuity of the functions ¢ and v, by taking the limit as k — +o0 in the

above inequality, we get

Y(A-€)<y(l-€)-¢pl-¢),

and so ¢(1 — €) = 0, which is a contradiction. Then {x,} is a Cauchy sequence. Since

(X, M, %) is a complete non-Archimedean fuzzy metric space, then the sequence {x,} con-

verges to some z € X, that is, for all £ > 0,

lim M(x,,zt) =1.

n—+00

Assume that there exists £y > 0 such that 0 < M(z,fz, %) < 1. Then by (2.11) and (ii) we

get
[t(% + 1]‘//(M(xnﬂfzvto))+¢(M(xnert0))
S (M(xn,z,t0))
to + L
_ [t(z) +1]W(M(fxn,fz,to)) t(z) + 0 t1lo
2t
o (X, fxn, t0) + (2, /2, E
S [a(xmfxm to)a(z,fz, tO) + l]w(M(fxan’tO)) |:t8 + ( . f ! Oz)t ( f 0)
0

< [té + l]lﬂ(M(meylo))’

and hence

1/f(j\/[(xwrlrf ’tO)) = I/f(M(me, tO)) - ¢(M(xn:2’ tO))'

By taking the limit as # — +o00 in the above inequality, we have

Y (M(z,fz,t0)) < ¥(1) — (1) < ¥ (1) = 0.

:|¢(M(x,,,z,t0))

Then ¢ (M(z,fz, %)) = 0, i.e., M(z,fz, to) = 1, which is a contradiction. Hence, M(z,fz,t) = 1

forall £ > 0, that is, z = fz.

O
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If in Theorem 3.1 we take a(x,y,t) = ¢ for all x,y € X and all £ > 0, then we deduce the

following corollary.

Corollary 3.1 Let (X, M,*, <) be a partially ordered complete non-Archimedean fuzzy
metric space, Y, ¢ : [0,1] — [0,1] as in Theorem 3.1 and f : X — X be an increasing map-
ping such that

¥ (M(fx, f,0)) < ¥ (M(x, 3, 0)) — p(M(x, 9,1))

holds for all comparable x,y € X. If the following assertions hold:
(i) there exists xo € X such that xo < fxo;
(ii) if {xn} is an increasing sequence such that x,, — x as n — +00, then x,, < x for all
neN.
Then f has a fixed point.

Theorem 3.2 Let (X, M, %, <) be a partially ordered complete non-Archimedean fuzzy
metric space and f be an «-admissible and non-increasing mapping such that the following
assertions hold:
(i) there exists xo € X such that a(xo,fxo,t) > t for all t > 0 and xo < fxo;
(ii) if {xu} is an increasing sequence such that o(x,, %y41,t) > t for all n e NU {0}, all
t >0 and x, — x as n — +00, then x, < x for all n € N where a(x,fx,t) > t;
(ili) assume that there exists a function 8 : [0,1] — [1, +00) such that for any sequence
{t.} < [0,1] of positive reals, B(t,) — 1 implies t, — 1 such that

[tz + I]M(fxfy,t)

= 2

; ] [l fie, )y, fy, £) + 1] 1D (3.6)

holds for all comparable x,y € X and all t > 0.
Then f has a fixed point.

Proof Let xy < fxo. If x9 = fxo, then the result is proved. Hence we suppose that xg < fxg.
Define a sequence {x,} by x, = f"x¢ = fx,_; for all n € N. Since f is non-decreasing and

X0 <fx0, then
X0 <X1 XXp X ---, (3.7)

and hence {x,} is a non-decreasing sequence. If x,, = x,,,1 = fx,, for some n € N, then the
result is proved as x,, is a fixed point of f. In what follows we suppose that 0 < M(x,,, %1,
t) < 1. Since f is an o-admissible mapping with respect to 1 and «/(xo, fxo, t) = ct(x0,%1,¢) >
t, we deduce that o(xy,%5,t) = a(fxo,fx1,£) > t. By continuing this process, we get o/(x,,
%xp41,t) >t forall » e NU {0} and all £ > 0. From (3.6) we get

[t2 + 1]M(fxn—1:fxn:t)

> [a(xn—l:fxn—l: t)a(xmfxm t) ]
= 2
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¢ [0 (1, fotn 1, £ (o fit, £) + 1] P10 M 150)

v

[ % ] [£ - £+ 1]P MGt DM o1 000

[t2 + 1] BM (-1 ,%0,8)) M(xy-1,%0,t) )

Thus
M (o, fon, £) = (M1, Xy £)) M (%1, Xy £).
Hence,
M (%, X1, 8) = B(M K1, %y £)) M (%01, %115 £) = M50, %, ). (3.8)

Thatis, {S, = M(x,, x,.1,£)} is an increasing sequence in (0, 1]. Then there exists /(¢) € (0,1]
such that lim,,_, ;o M(x,,, %41, £) = {(£) for all £ > 0. We shall prove that [(¢) =1 for all £ > 0.
By (3.8) we deduce

M(Xp %41, 2)

> B(M(xy_1,%,,8)) > 1,
M(x,,_l,x,,,t)_'g( (nl n ))_

which implies lim,_, ;oo B(M(%,-1,%4, £)) = 1. Regarding the property of the function 8, we
conclude that

lim M(x,,X,41,t) = 1.

n—+00

Next, we shall prove that {x,} is a Cauchy sequence. Suppose, to the contrary, that {x,} is
not a Cauchy sequence. Proceeding as in the proof of Theorem 3.1, there exist € € (0,1)
and ty > 0 such that for all kK € N there exist n(k), m(k) € N with m(k) > n(k) > k such that

im M X, Xney to) =1 — €
n—+00

and

lim M(xm(k)+1¢xn(k)+1y tO) =1-e.

n—+00
From (3.6) with x = x,,4) and y = x,,¢) we deduce

[t2 . I]M(fxm(k)fxn(k)'to)

z

[0t (k) fEmi) s ) (K (h) s fHoniis E) :|
t2

B0 X1k )M Xy () X (k) £0)
X [ Qo) oty £ (e oy, £) + 1] 0@ 0 ) ot 20

e

i u ] [t2 + 1]ﬂ(M(xm<k),x;«(k),t))M(xm(an(k),to)
t2

’

[t2 n l]ﬁ(M(xm(k) X (k) EDM (Ko (k) P (k) F0)
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which implies

M fonys 0) = B(M i ey £)) M Epmii» s bo)»

and so

M (X (k) +1> X415 Eo)
> B(M Xy, Xmi)s to)) = 1.
M(xm(k):xm(/<)7t0) ( ) ) )

Taking the limit as k — +o0 in the above inequality, we get

im B (MXp), %ny, ) = 1,

k—+00

which implies

1-€= lim Mm@, Xn) to) =1,

k—+00

and so € = 0, which is a contradiction. Then {x,} is a Cauchy sequence. Since (X, M, %) is a
complete space, then the sequence {x,} converges to some z € X such that for all £ > 0,

lim M(x,,zt) =1.

n—+00

By (3.6) and (ii) we get

[tz + I]M(fxnfz,t) - a(xn:fxm t)(X(Z,fZ, t)

. } [ fot, Dt (2, fz, 1) + 1] Em M0

and hence
M(fxn)f ’t) = M(xnr z, t)

Taking the limit as  — +00 in the above inequality, we have lim,,_, ;oo M(fx,,fz, £) = 1 for
all £ > 0 and then

M(z,fz,t) > lim M(fx,,z,t) » lim M(fx,,fz,t) =1x1=1,
n—+00 n—0oQ
thatis, z = fz. O

Example 3.1 Let (X, M, x) be the non-Archimedean fuzzy metric space where M(x, y,t) =
%{’;’y} for all £ > 0 and a x b = min{a, b}. Define f : X — X with
5%
l .
fom 3% ifx € [1,3],
In(x-3)+1 ifx e (3,+00).

Also define «a(x, y,£) = {ZO ifxyell3l and B(t)=1. Also, x < yiffx <y.

otherwise
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Let, x,y € [1,3] and x < y. Then

[ ]M(fxfy t) -9 ’—y‘
] t ’ x X;
[ fx )a(yfy }[(X(x,fx, t)Ol()/f_)/, t) + 1] )M vyrl).
Otherwise, a(x, fx, )a(y,fy, t) = 0, and so

[tz + I]M(fxfy,t) >0= [W} [a(x fo, )y, fr,t) + 1] M(x,t)) (xy,t)‘

Clearly, o(1,f1,£) > ¢ and 1 < f1. Now, if {x,} is an increasing sequence in X such that
(%, %,41,t) > 1 for all n € NU {0} and x, — x as n — o0, then {x,,} C [0,1] and hence
x € [0,1]. This implies that x,, — x for all # € N and «a(x, fx, £) > t. Hence, all the conditions
of Theorem 3.2 hold and f has a fixed point. Then, by Theorem 3.2, f has a fixed point.

Ifin Theorem 3.2 we take a(x, y, t) = ¢ for all x, ¥ € X, then we deduce the following result.

Corollary 3.2 Let (X, M, %, <) be a complete non-Archimedean fuzzy metric space, and f
be an increasing mapping on X. Assume that there exists a function B : [0,1] — [1,+00)
such that for any sequence {t,} < [0,1] of positive reals, B(t,) — 1 implies t,, — 1 and

M(fx, fy,t) = B(M(x,y,t)) M(x,y, )

for all comparable x,y € X and all t > 0. Also suppose that the following assertions hold:
(i) there exists xy € X such that xy < fxo;
(ii) if {xn} is an increasing sequence such that x, — x as n — +00, then x,, < x for all
neN.
Then f has a fixed point.

4 Application to integral equations

Fixed point theorems for monotone operators in ordered metric spaces are widely investi-
gated and have found various applications in differential and integral equations (see [27-
31] and the references therein). Let X = C([0, T'], R) be the set of real continuous functions
defined on [0, T] and M : X x X x (0,+00) — [0,1] be defined by

r

Mx,y,r) = —————
e =l

for all x,y € X and all r > 0. Also define a x b = min{a, b}. Then (M, X, %) is a complete

triangular fuzzy metric space.
Consider the integral equation

T
x(t) = p(t) + /0 S, 8)f (s, %(s)) ds (4.1)

and the mapping F : X — X defined by

T
Fx(t) = p(t) + / S(t, s)f(s,x(s)) ds, (4.2)
0
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where
(A) f:[0,7T] x R — R is continuous;
(B) p:[0,T] — R is continuous;
(C) S:[0,T] x [0,T] — [0, +00) is continuous;
(D) there exist 6 : X x X — R and A € (0,1) such that if 6(x,y) > 0 for x,y € X, then for
all s € [0, T] and all » > 0 we have

)

x(s) — Fx(s)

[f(s,x(s)) —f(s,y(s))| < max{ lx — ¥, y(s) — Fy(s) |}

+r‘QF(x,y,r)—)»| +Ar—T;
(F)
T
/ S(t,s)ds <1 forallte0,T];
0

(G) there exists xg € X such that 6 (xg, Fxo) > 0;
(H)

O(x,y) >0 forsomexe X implies O(Fx,Fy)>0;

(D) if {x,} is a sequence in X such that 6(x,,x,,1) > 0 for all » € NU {0} and x,, — x as

n — +00, then 6(x,,x) > 0.

Theorem 4.1 Under the assumptions (A)-(1), the integral equation (4.1) has a solution in
X =C([0, T],R).

Proof Let F: X — X be defined by (4.2) and let x,y € X be such that 6(x,y) > 0. By the
condition (D), we deduce that

T
|Fx(t) - Fy(t)| = ’/0 S(t, s)[f(s,x(s)) —f(s,y(s))] ds
T
< /0 S(t,s)[f(s,x(s)) —f(s,y(s)) | ds

T
5/ S(t,s)[Amax{Ix—j/L x(s) — Fx(s)
0

|y(s) = Fy(s)|}

+r|QF(x,y,r)—k‘ +)»r—r]ds

T
< / S(t,) [ max{ 1% = oo
0

x(s) — Fx(s) ||OO,

() - Bs)| .}

+r|QF(x,y,r)—k‘ +Ar—r]ds

x(s) - Fx(s)| .,

= [Amax{l|lx - ylloc J’(S)—FJ’(S)HOQ}

T
+r‘QF(x,y,r) —k‘ +M—r](/ S(t,s)ds)
0

< 2max{[|x = ylloo, |4(s) = Fx(s) |, | ¥(s) - Fy(s)| .}

+r|QF(x,y,r)—A‘ +Ar—r
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1 1 1
= Armax ;le = Y|l " ||x(s) - Fx(s)”w, " ||y(s) —Fy(s)”oo}
+r‘QF(x,y,r)—)»}+)»r—r
1 1 1
= Armax ;”x_y”oo + 1;;||x_Fx||oo + L;IIJ’-FJ/IIOO +1

+r|QF(x,y,r)—)\\ + Ar—r—Ar

1 1 1
=A ) )
rmax M(x,y,r) M(x, Fx,r) M(y,Fy,r)}

+r|QF(x,y,r)—A}—r

< )LrPF(x,y,r) + r|QF(x,y,r) —)\\ -,
and so
|1Fx — Fylloo < krPf(x,y,r) + r|Qf(x,y, r) —A| —r.
Now we define « : X x (0,00) — [0, +00) by

r, iféxy) >0,

olx,y,r) =
Gyt 0, otherwise.

Since 6(x,y) > 0, so, «(x, y,r) = r. Therefore we can write

t 7 1 ].
LR — =~ IEx = Byl +1
rM(Fx, Fy,r)  rM(Fx,Fy,r) M(Fx,Fy,r) r
1
< —()LrPF(x,y,r) + r\QF(x,y,r)—)L| —r) +1
r

= APF(x,y,r)+ {QF(x,y,r)—)»| -1+1
= APE(x,y,7) + |QF(x,y,r)—A|.

Thus all of the conditions of Corollary 2.2 are satisfied and hence the mapping F has a
fixed point which is a solution of the integral equation (4.1) in X = C([0, T],R). (I
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