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Introduction and background

The basic theory of Hausdorff transformations for double sequences was developed by
Adams [1] in 1933. Later a few authors studied double Hausdorff matrices; see e.g. Ra-
manujan [2] and Ustina [3].

Several generalizations of Hausdorff matrices have been made. One of them is the Endl-
Jakimovski, or E-J generalization defined independently by Endl [4] and Jakimovski [5] as
follows.

Let B8 be a real number, let (u,) be a real sequence, and let A be the forward differ-
ence operator defined by Ay = pg — trs1, A" (k) = A(A" ). Then the infinite matrix
(H®, 1Py = (HP, 1) = (h%)) is defined by

n {(Z“Z)A"_kﬂ(kﬂ)' 0<k=n,
n 0, k>n,

and the associated matrix method is called a generalized Hausdorff matrix and generalized

Hausdorff method, respectively. The moment sequence ,ug,ﬁ Vis given by

1
w = / P dx (o),
0

where x (¢) € BV[0,1]. The case 8 = 0 corresponds to ordinary Hausdorff summability.
In a recent paper [6], the first author jointly with Savas has extended the result of Das
[7] to the E-J matrices; i.e., all conservative E-J matrices are absolutely kth power conser-
vative for k > 1. Thereafter, Savas and Rhoades [8] proved the result of Das [7] for double
Hausdorff summability. In this paper we will consider double E-J generalization and we
will prove the corresponding result of [6] for double E-J generalized Hausdorff matrices.
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Let Y > > > dmn be an infinite double series with real or complex numbers, with

partial sums
m n
Smn = E E tlij.
i=0 j=0

For any double sequence (u,,,) we shall define

Allumn = Umn — um+l,n - um,n+1 + um+1,n+1-

Denote by A7 the sequence space defined by

0o oo
2 k—
A = (Smn)znzo : Z Z(Wll’l) 1|ﬂmn|k <003 Amn = Allsm—l,n—l}

m=1 n=1

for k > 1.
A four-dimensional matrix T = ({5 : m,1,i,j = 0,1,...) is said to be absolutely kth

power conservative for k > 1,if T € B(A,%); ie.,if

Mg

>3 o

m=

Ansmnalk < 00,

—

=
]

—_

then

o0 oo
D ) M Antypalf < oo,

m=1 n=1
where
00 00
tmn = Z Z tmnijsij (VV[, n= O’ 1’ .. -)1

i=0 j=0

see e.g. [9, 10] and the references contained therein.
A double Hausdorff matrix has entries

hmm": m Am lA /"l’l)
y i ] 2 y

where {u;} is any real or complex sequence and
m—i ”—] - ]

For double Hausdorff matrices, the necessary and sufficient condition for H to be con-
servative is the existence of a function x(s,£) € BV[0,1] x [0,1] such that

‘/01/01|dx(s,t)| <00,
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and

1 1
Mmn = / / s"t" dX(S, t)'
0 JoO

Quite recently, Savas and Rhoades [8] extended the result of Das [7] to double Hausdorft

summability. Their theorem is as follows.
Theorem 1 [8] Let H be a conservative double Hausdor(f matrix. Then H € B(A7).

Our purpose is to achieve the result established in [7] for double E-] Hausdorff summa-
bility.

Main results

The matrix §@#) = (8%@)), whose elements are defined by

wp)_ | COYCE)CT) i=mjsn,

mnij — .
/ 0, otherwise,

is called a difference matrix, where @ and 8 are real numbers.

Theorem 2 The difference matrix §*? = (6 ) is its own inverse.

mnij

Proof Let

Akl = ZZ% i

i=0 j=0

thus A = §©@#§@#), For any double sequence (u;)

m n
§ § ﬂmnrsurs

r=0 s=0

DD WAL

r=0 s=0 i=0 ;=0

S eSS () () () ()

r=0 s=0 i=r j=s n-j J—S
resy, m+a\(n+p wifMm—r\(n-s
25 o e () ()
r=0 s=0 i=r j=s
= Uy,
since
ZZ( 1)”’( r) (n—s) Y™, m=rn=s,
parn n—j - 0, otherwise. O
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Let (Mfﬁ,’f )) be a given sequence and p@#) = (uiﬁ;ff})) be a diagonal matrix whose only

non-zero entries are M(ma,; A _ /A%ﬁnn The transformation matrix

H@P) _s@)  @p) sla)

is called a double E-J generalized Hausdorff matrix corresponding to the sequence (;L(ma,;ﬁ )).

Theorem 3 A matrix H®P) = (hij;’;)) is a double E-] generalized Hausdor{f matrix corre-
sponding to the sequence (MEZ,;’B ) if and only if its elements have the form

(L) er

where
m—i ”—] n ]
sy e (M) (U ki
r=0 s=0

Proof Let H@A) =§@P) (@h)§@P) be a double E-] Hausdorff matrix. Applying this to a dou-

ble sequence (s,,,) we have

= 3Dl

i=0 j=0

= Z Z Z Z (Smanljs)urs rst} )Sii
e aifmra) n+
:ZZ(_I) ](m—i>(n

i=0 j=0 r=0 s=0
n+ (@ wifr o) (s+p
[ Z s W W
r—i)\s—j
i=0 j=0 )

Yy ()
e ()
s=j
m m—i n—j
-y Z (”;l * “) (” P ) Z 1)’”( > (”S ]) M

i=0 j=0 r=0 5=0
r=i

i=0 j=0 r=0 s=
Hence
- (GBS ()
mnij m—i £ s i+r,j+s* 0O

For double E-J Hausdorff matrices, the necessary and sufficient condition for H*# to
be conservative is the existence of a function x(s,£) € BV[0,1] x [0,1] such that

f01/01|dx(s,t>}<oo,

and

1 1
o) = / / s dx (s, 8).
0 0
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Theorem 4 Given a function x(s,t) € BV[0,1] x [0,1], a bounded variation in the unit
square, the corresponding double E-] Hausdor(f transformation (t,,,), of a sequence (Sy,),
may be defined by

ZZ (m + oc) (n + 'B)Su/ / s = )P (L — )" T dy (s, b).

i=0 j=0

Proof Fori<mandj<n,

mm] Z Z amnkl /j“ kl klz]

k=i I=j
Zzsmnkl / f et dy (s t) - ‘SkZ/ﬂ)
k=i I=j
1 1 m 1
— f / Z Z(_l)k+l<m + Ol) (Vl + ,3) (_1)i+j<k + Ol) <l + é)Sk+atl+5 dX(S, £)
o Jo 455 m-k)\n-1 k—i)\Il-]

f / ket (m + oz) <n + ,3) (m )(Vl ]) SHUHB g (s, 1)
0 g z; -

m—i n—j
/ / (m+a) (n+ﬁ> 20: “ ),Hl(mk )(nl ]) skl g (s )

=0

m—i n—j ; —7
/ / <m+a><n+ﬁ) l+at]+ﬂ< (- )k+l<mk )(”/)s"tl) dx(s,t)
k=0 [=0
/‘ / (Wl+ot) (n+l‘?)s”“tj*ﬂ(l—s)m_i(l—t)n_jd)((s’ t). O
l n—j

Theorem 5 Let H) be a conservative double E-J Hausdorffmatrix. Then H@h) ¢ B(.A ),
a,B=0.

As tools to prove our result, we need to the following lemmas.
Lemmal [6] Letk>1,n>vando > 0. Then

k-1 pu+a-1 k-1 pu+a+k-2
Em+v¢Em m <Ep_+otEm m .

The following lemma is a double version of [11].

Lemma2 For0<s<1,0<t<l,a>0andf >0

N (mta (n+ B
Z ( )( )(1 S)m(l t)n mt+o—i r1+/3 —j <1
i=0 j=0 }
Proof of Theorem 5 Let (t,,,) be the double E-J transform of a double sequence (s,,,); i.e.,

thl - Z Zh;znii)vs#‘/

n=0 v=0

Page 5 of 10


http://www.journalofinequalitiesandapplications.com/content/2014/1/240

Sevli and Savas Journal of Inequalities and Applications 2014, 2014:240
http://www.journalofinequalitiesandapplications.com/content/2014/1/240

We will demonstrate that

o0 [o¢] [o¢] [o¢]
DO ) Hagl <o = >N (mn) T Antmual < oo

m=1 n=1 m=1 n=1

Write

m n

:Z by

n=0 v=0

Then b,,, = Anty_14-1. Fork>1

E1_ m+k-1\ (m+k-1\ (m+k-1)!  TI'(m+k)
o m \ k-1 ) mik-1)! T(@m+1)Ik)
Then
k-1 ~ mk_l ~ k-1
" (k) ’
k— ,\,Ekl,\,Ekl

m+o*

Due to this (1) is equivalent to

oo o0 oo o0
SN B E Hlaml <00 = Y S ENLEN blbl* < 0.
m=1 n=1 m=1 n=1
For s € [0,1] and ¢ € [0,1] define
m n
¢mn(37 t) = Z ZE%tZ_IEZte_Isumtwﬁ(l _ s)m_“(l _ t)n—v

n=l v=1

It follows from the Holder inequality that

m
Z ZE%H; IEV+ﬁ lsu+a v+pB (1 _ S)m—//. (1 _ t)n—vaw/

n=1 v=1

’d’mn(sy t)’k =

m
< Z ZEﬁ:(TL IEZ+€ Lontay v+pB (1—s)" (1 - t)n_v|6l/“/|k

n=1l v=1

i k-1
" [ZZEi‘n*i‘IEZ*E‘Is“*“t”+ﬂ(1_s)'”‘“(l—t)”‘V] |

n=1 v=1

From Lemma 2

Z ZEuﬂx lEv+/5 -1 u_+oztv+ﬁ(1 )m—p.(l _ t)n—v

pn=1 v=1

EEC N e

n=1 v=1
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m-1 n-1
_ <’” o= 1) (” +h- 1)su+a+ltv+ﬂ“(1 syl - gyt
~0 veo TR 1

n-v-1
I
m-1 n-1
st (’” ve- 1) (” +h- 1)5’“"‘1‘”’3(1 — sy — gl
par o m-pu—-1/\n-v-1
= O(st).

Hence

m n
| (s D] = OQ)(st) 1Y 3 Bl Er B g B (1 sy (1 - )" |y ¢
n=1 v=1

and from Lemma 1

o0 o0 k
SN ESLEL funs 1)

m=1 n=1

=0(1) i iEf;faEﬁz,z (st)!

m=1 n=1

m n
x Z ZEizti—lEth—lSu+atv+ﬂ 1- S)m—u. - t)n—V|aMV|k
n=1 v=1

oo oo
=0ty Yy s e Pl

n=1 v=1

o oo
x Z ZEk—l Ek—l Eu,ta—lEZt}Z—l - S)m—;/.(l _ t)n—v

m+a~n+f~m-pn
m=p n=v

oo o0
— O(l)(st)k71 Z ZS#‘HX tv+ﬁ |aHV|kEk71 Ek71

n+a—v+p
n=1 v=1

00 00
x Z ZE';:It(L+k—2EZt€+k—2(1 _ S)m—u (1 _ t)n—v

m=p n=v

o

00 00
— O(l)(st)k_l Z Z gh+e tv+ﬁ |ﬂuv|kEk_l El‘:és_u_a_kﬂt_v_ﬂ_kﬂ

pn=1 v=1

k-1 pk-1 k
Eu+aEv+/3 |ﬂlJ«V| .

WK

=0(1) Z

n=l v

I
—

From Lemma of [8], if (¢,,) and (t,,,) are the (H,u,,,) transformation of (s,,) and

(mna,y,y,), respectively, then
Tn = mnAlltm—l,n—l'
A similar consequence can be proved for (H®?), ,u(a'ﬂ)), see [6]; i.e.,

Tmn = (Wl + Ol)(l’l + ,B)Alltm—l,n—l'
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Hence

1
(m+a)(n+B) T

N (mta n+p i @)
(l’l’l+0l)(}’l+}3)Z ( )(n_]>A Az 'I'Ll] (l+a)(/+ﬂ)ﬂy

bmn =

i=0 j=0
m n
:ZZ m+a-—1 }’l+l3—1 AMlAn] 0!,3)
— £ m—i n-—j %y
i=0 j=0

m n
ira—1 p+B=1 A m—i AN (@,
3 A ey
i=0 j=0

Since H®#) is conservative, ,uﬁ, ©h) is a moment sequence,

an / f m+a n+/3 dX (S, t)

and
1 pl N ,
AT ’Az “t/ :/ / sHE(L =) P A - t)" T dx (s, t)
o Jo

from Theorem 4. In view of (3) we can deduce that

by = Z ZEZ+OZ 1E1+ﬂ 1/ / l+oz(1 )m lt]+ﬂ(1 t)n—/ dX (S, t)tll]

i=0 j=0

/ / (Z ZEHa 1E1+/3 -1 z+at1+ﬂ 1- )m—i(l _ t)n_/ﬂij) dX (s, %)

i=0 j=0

1 1
- / f oo, 0) d (5.).
0 0

Using Minkowski’s inequality we get

1 1 k 1/k
/0 /0 Boon(s, ) d (5. 1) ]

1/k
/ / |dX S5 t)|{ ZElr(nJrlaElriHlS{(bmn(s’ t)|k}

m=1 n=1

00 1k o oo
:ZZEﬁq}aEmﬁwmm} - [ZZE%%

m=1 n=1 m=1 n=1

Lot 00 o0 1k
1)[)/(;}dX(S’t)‘:ZZE£+LE];+}5|“W|](} '

n=1 v=1
Therefore the proof of Theorem 5 is complete. d

Specially, if we take @ = 0 and 8 = 0 in Theorem 5, we get Theorem 1 as a corollary.
The following is an example of a double E-] Hausdorff matrix.
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A doubly infinite Cesaro matrix (C, y,9) is a doubly infinite Hausdorff matrix with en-

tries
—i-1y (n+8-j-1
("=
5
(")
We use the following to denote the corresponding E-J generalizations of the (C, y, §).
(C@P),y,8) has moment sequence

hmnij= s )/,8 > 0.

an / / m+o n+ﬂy8(1 u)y 1( V)é—l deV,
where
x(u,v) = yrS/ / (1-5)""11 -1 dsds.
o Jo

Fori<mandj<n,

= [ () (8 etttz
/ / (m+a)(n+ﬁ>
i n-j

X u* VP — )" (1 =) Ty 81— w) A - ) dudy

_ y8<l’}’1 +Ol> (}’1 + ﬂ)/ / i+a 1 -u)™ i+y— 1V1+/3(1 V)n—}+8 Y dudv
m-—1

V5<m+0il><n+ﬂ)3(l+oe+l m—i+y)B(j+p+1n-j+é)

m— n—j
_yIPm+a+)l(m-i+y) T(n+B+1I(n—j+3)
CTm—i+ ) (m+a+y+)T(n—j+1)I(n+p+8+1)

£V~ 1E5 -1

m—i—n—j

" EjEl,

n+p

For the special case y,8 =1,

1 . .
(C(a,ﬁ)’ 1, 1) — (m+a+1)(n+B+1)’ 1<m and] <n,
0, otherwise

is a double E-] Hausdorff matrix.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally and significantly in writing this paper. Both authors read and approved the final

manuscript.

Acknowledgements
This work is supported by Istanbul Commerce University Scientific Research Projects Coordination Unit.

Received: 9 December 2013 Accepted: 6 May 2014 Published: 19 June 2014


http://www.journalofinequalitiesandapplications.com/content/2014/1/240

Sevli and Savas Journal of Inequalities and Applications 2014, 2014:240 Page 10 of 10
http://www.journalofinequalitiesandapplications.com/content/2014/1/240

References
1. Adams, CR: Hausdorff transformations for double sequences. Bull. Am. Math. Soc. 39, 303-312 (1933)
2. Ramanujan, MS: On Hausdorff transformations for double sequences. Proc. Indian Acad. Sci. Sect. A. 42, 131-135
(1955)
3. Ustina, F: The Hausdorff means for double sequences. Can. Math. Bull. 10, 347-352 (1967)
4. Endl, K: Untersuchungen tiber momentenprobleme bei verfahren vom Hausdorffschen typus. Math. Ann. 139,
403-432 (1960)
5. Jakimovski, A: The product of summability methods; part 2. Technical Report 8, Jerusalem (1959)
6. Savas, E, Sevli, H: Generalized Hausdorff matrices as bounded operators over Ay. J. Comput. Anal. Appl. 11, 702-710
(2009)
7. Das, G: A Tauberian theorem for absolute summability. Proc. Camb. Philos. Soc. 67, 321-326 (1970)
8. Savas, E, Rhoades, BE: Every conservative double Hausdorff matrix is a k-th absolutely summable operator. Anal.
Math. 35, 249-256 (2009)
9. Savas, E, Sevli, H: On absolute summability for double triangle matrices. Math. Slovaca 60, 495-506 (2010)
10. Sevli, H, Savas, E: Some further extensions of absolute Cesaro summability for double series. J. Inequal. Appl. 2013,
144 (2013)
11. Jakimovski, A, Ramanujan, MS: A uniform approximation theorem and its application to moment problems. Math. Z.
84, 143-153 (1964)

doi:10.1186/1029-242X-2014-240
Cite this article as: Sevli and Savas: On double Hausdorff summability method. Journal of Inequalities and Applications
2014 2014:240.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.journalofinequalitiesandapplications.com/content/2014/1/240

	On double Hausdorff summability method
	Abstract
	MSC
	Keywords

	Introduction and background
	Main results
	Competing interests
	Authors' contributions
	Acknowledgements
	References


