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Abstract
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1 Introduction

Inequalities for polynomials have been a classical object of studies for more than one
century. Modern expositions can be found in books and surveys [1-3] and [4]. Recently
weighted analogues of classical polynomial inequalities were considered (see, for instance,
[5, 6] and [7]). Other ways of generalizations are in replacing the domain of polynomials by
more complicated (disconnected) sets and (or) in considering polynomials in more general
Chebyshev systems. The main goal of the paper is to give simple proofs of weighted ana-
logues of Bernstein-type inequalities on several intervals. They are inspired by weighted
Bernstein-type inequalities from Section 5.2, E.4 in [1]. It turns out that for disconnected
sets similar ideas allow to write down weighted versions with an explicit constant.

Throughout the paper, we use the notations

Py = {P ip) =Y ax’,ar € R(C) W
k=0

for the set of algebraic polynomials and

T = {t: tx) = ”2—0 + Y (axcoskx + by sin kx), ax, by € R(C) )
k=1

for the set of trigonometric polynomials with real (complex) coefficients; as a weight w,
we consider an arbitrary continuous positive function on a suitable set, || - || is the uniform
norm on this set.

The first theorem is a weighted analogue of the Bernstein-type inequality on several
intervals.

Theorem 1 Let E be a set consisting of a finite number | > 2 of disjoint intervals, E =
Uj;l [aj,b;] C [0,1], a1 < by < ay < - - - < by, then there exists ny depending on w and E such
©2013 Akturk and Lukashov; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


https://core.ac.uk/display/194677368?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.journalofinequalitiesandapplications.com/content/2013/1/487
mailto:alukashov@fatih.edu.tr
http://creativecommons.org/licenses/by/2.0

Akturk and Lukashov Journal of Inequalities and Applications 2013, 2013:487
http://www.journalofinequalitiesandapplications.com/content/2013/1/487

that

l

pL@w@) | [ [|@-a)@x-b)|| <nlpwle, xeE (3)
j=1

for every polynomial p, € PS, n > ny.

Next result is a weighted version of the Bernstein-type inequality for trigonometric poly-
nomials on several intervals.

Theorem 2 Let w be any function which is continuous and positive on
1
E= U[92j—1:92j] C[0,2m], 61<Oy<---<Oy<by1 =61 +2m (4)

J=1

and

). (5)

Then there exists no depending on w and £ such that

21
0 -6,
S(9)=Hsin< 2 /
j=1

£, (0)w(O)\/|SO)|| < nlltawle, 6€& (6)

for every polynomial t, € Tf, n > ng. Inequality (6) is sharp in the sense that it is not
possible to replace n in (6) by n(1 — ¢) for arbitrary € > 0.

Now let 0 < « < 77, and let
K, = {eie |6 e [—oz,a]} (7)

be the circular arc on the unit circle of central angle 2o and with a midpoint at 1. Next
result is a weighted version of the inequality from [8].

Theorem 3 With the above notations and for any continuous positive function w, there
exists no depending on w and o such that

(O0-a) . (0+«
sin sin
2 2

for every polynomial p, € PS, n > ny.

= n”an”Kar 0 e [—Ot,Oé] (8)

VWWWW/

Next we recall the definition of the harmonic measure w(z, G, D) of a set G C 3D at a
point z € D relative to the domain D,

1 0
cMGDh;LE@&MﬂL ©)

Page2of 8


http://www.journalofinequalitiesandapplications.com/content/2013/1/487

Akturk and Lukashov Journal of Inequalities and Applications 2013, 2013:487 Page3of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/487

where gp(¢,z) is the Green function of the domain D and n is the exterior normal at ¢
(see, for example, [9]).

Our last result is an extension of Rusak’s inequality [10, p.57] to the case of several in-
tervals.

Theorem 4 Let r, be a complex-valued algebraic fraction

L T
rn(x)=x+ LA SR (10)

[0y ()]

where by,...,b, € C, p,(x) = H;jl(x — ;)" is a real polynomial of degree v which is positive

onE = U]l-=1[ﬂ2j—1; as), a1 < ay < - - - < ay; satisfying the condition
r@| <1 xek (1)

and y (x) is a differentiable function on E. Then the estimate

|(r,,(x)y(x))/| < \/(%(x))zyz(x) +y%(x), «xeint(E) (12)

is valid. Here

*

@u(x) = % ((2n —v)wg(0o,x) + Z v,wﬂx,,x)), (13)

Jj=1

we(z,x) = 8% (w(z, [a1,x) N E,C\E)). If x is not a multiple root of y (x), then the equality sign
is valid only for algebraic fractions

ra(x) = ecos@,(x), le|=1 (14)
at the points x satisfying

(y(x)sing,(x)) = 0 (15)

in the case when

*

(211 = V) (00, [ask 1, a2, C\E) + Y vjoo(;, [ank 1, @ax], C\E) = g, (16)

j=1
where qr e N, k=1,...,1.

Remark 1 A Markov-type inequality, which is obtained by a similar method, was an-
nounced in the conference [11].

In the following we use several auxiliary results.

Lemma 1 [12] Counsider any algebraic fraction

"y byt b,
ra(r) = S O 17)
pv(x)
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where by,...,b, € R, and p,(x) = ]_[}‘.fl(x — ;)" is a real polynomial of degree v which is

positiveon E = [ay,a,)U -+ - U [ag_1,ay] CR,ay < -+ <ay. Then

r'(x) 2 2 2
(%(x)) +1° () < Irlice), (18)

where ¢, (x) is given by (13).

For further reference, it is convenient to give a particular case of a version of Lemma 1
from [13].

Lemma 2 The following inequality holds for any trigonometric polynomial t, € T, and
0 eint(E), € is a real compact subset of [0,2x]:

£,(6) P 2
— t=(6 tylle. 19
(Znnw,g(oo,e)) +1,0) < tullz (19)
Here,
9 .
welz,x) = a—a)(z, Ten{e”:inf€ <6 <x},C\I¢), (20)
x

and Te ={e?:0 € &).

Lemma 3 [12, 14] The following assertions are equivalent.
1. The trigonometric polynomial ty deviates least from zero on
E=161,02]U---U[02-1,04], 01 < 0y < - - - < Oy with respect to the sup-norm among all
trigonometric polynomials of degree N /2 with leading coefficients cos ¢ and siny, ie.,

. N . . N
max|rN(9)| = inf max|cos vy cos —6 + siny sin —6
0e& Cj,d/'GR 0e& 2 2

IN/2] . .
N -2j . N-2j

E i 0 +d 0 21

+ 2. cjcos +djsin 5 (21)

2

has the maximal possible number of extremum points on £.
2. Foreveryj=1,...,1, the equilibrium measures of the arcs I'; = {e:0 ¢ (01,041} are
positive rational numbers. More precisely,

No(oo,I;,C\l'e) =g, ¢ eN,j=1,...,L (22)

3. There is a real trigonometric polynomial o, ! of order N — é such that for a constant
AN >0,

3 (0) - S(G)a}f{_% 0) =A%, (23)

where §(0) is given by (5).

Page 4 of 8
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If any of those assertions is valid, then
(a) the numbers q}N) are equal to the number of zeros of Tn(0) on & = [0aj_1, 651,
j=1,...,4

(b) the polynomial TN may also be written in terms of wg(z,x) as

n(0) = Aye cos(n/ sz;(oo,;)d{), 0eg, (24)
£N[61,0]

where ¢ € {-1,1}.

Lemma 4 [15] The density of the equilibrium measure from (20), € = [61,6,] U --- U
[021-1,621], 61 < Oy < - -+ < Oy is given by

1 1)l

ZD—S(OO,Q) =5

27 \/150)]

(25)

where Q(0) = ]_[11-:1 sin(e_TSj), and & € [09),05.1], j = 1,...,1, 6yjs1 := 01 + 27, are uniquely
determined by
Boj+1 QO)
/ dc=0, j=1,...,L (26)
B 1S(0)]

Proof We want to present here a different proof of the lemma which uses the representa-
tions of extremal polynomials in (24).

(1) Suppose firstly w(oo,I';, C\I'g) = ;—1{], pjeN,j=1,...,1. Then by Lemma 3 the func-
tion

w(f) = COS<7T / 2ng(oo,§)d§), fef (27)
£n[6L,0]

is a real trigonometric polynomial of order N. If we take a derivative, we get

2N-I 0_ ,3
7,(6) =NQ(®) [ | sin 5 L (28)

j=1

where 8;,j=1,...,2N [, are zeros of o, _ ! (#) and there is a real trigonometric polynomial

ON-L of order N — é such that
T2 (6) - 5(9)057% ®)=1. (29)
Hence
IN-1 :
6-p; sinlr 2Nwg(00,8)dt)
oy 1(®) =c ] sin By _ S Jenian : (30)
T 2 SO)]

Moreover, ty(0) has a maximal number of deviation points, and inner zeros of its deriva-
tive coincide with zeros of o, ! (0), and Ty has one zero &; at each gap (6, 69j.1),j=1,..., L.
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Hence
i 2N ,0)d
2,(6) = iNSIH(” fsn[al,e] @e(00,¢) C)Q(G)
NC
= —sin(n/ 2szrg(oo,§)d§)n2ng(oo,9), (31)
EN61.0]
so we have

1 1QW)I 52

7e000) = o s

Now equality (26) follows from the representation (24). Uniqueness of &’s follows from
the uniqueness of extremal trigonometric polynomials in Lemma 3.

(2) Using density of the systems of [ arcs satisfying (oo, I';, C\I'g) € Q,j = 1,...,/,among
all systems of [ arcs (see, for instance, [16, 17] and references therein), we obtain the
lemma. O

2 Proofs
Proof of Theorem 2 First consider t, € T,. By the Weierstrass approximation theorem, for

any 7 > 0, there is gx € Tk such that

— < (1+n)w(0), 6€f, (33)

where &; are given by (26) in Lemma 4. Hence

=

|£,0)w(6)|S©)| £,,(0)qx(9)

1/2‘

15(6)]2 ‘
[T, Isin(52)]

15(6)]2 ‘
[T, Isin(50)]

NOIS

=

(tnqi)' (0)

+ [60)g(0)— : (34)

and, using Lemmas 2 and 4, we have

|2, (0)w(6)|S6)|"|

= (m+L)lltngrlle + tallekligille

l
Hsin(e _éj)
j=1 2 £

]L[sin(ef)

j-1

<(m+k)A+n)ltwle

1
+ —L+n)ltawlelwlle
m

£

k 1
<ulltwlg[l+n+-1+n)+—Q0Q+n)lwle
n mn
l

Hsin(e ;gj)
j=1

X

, (35)
e
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where m := min{w(0) : 6 € £}. Now, for every ¢, € T, and ¢ > 0, provided n > 0 is suffi-

ciently small, n > nj such that e > n + “%(k + }L lwlle), we get

Hsm(e 2%)

(36)

’

£

1/2
| <n(l+e)ltuwlle

[AQAING]
and because of || H _, sin( S, )lle <1, we obtain, for sufficiently small ¢ > 0,

|£.(0)w(0),/[S©0)]] < nlltuwlle.

The case of t,, € TC is proved then similarly to the proof of [1, Corollary 5.1.5]. The theorem
is sharp even for the case w = 1. Namely, we cannot replace the multiplier # by n(1 — ¢)

(37)

with any ¢ > 0 in the right-hand side of (6).
[-a,a], 0 <@ < 7. Then we have S(9) = sin(efa) sm(e’;‘) & =m and

Take € = [—
cos| = ||.
2

sinf —= )| =
2
Consider
(39)

sin %
t.(6) = cos| 2narccos| — | |.
sin

6, = 2arcsin(sin 5 sin ), then

Take 6 =
(40)

cos 9”

t,(0,)| = n—=—=
6] = \/IS(G)

and
|£,64),/|SB,)]|| = ncos %" >n(l-c¢)

for sufficiently large # such that
(42)
O

(41)

Lo T e
sin” — < ——
4n sin® 3

Proofs of Theorems 1 and 3 are quite analogous and they use related inequalities from

(18, 19].
Proof of Theorem 4 Firstly we consider the case when the numerator p, (x) has real coef-

ficients. Put r,(x) = cos w = cos(arccos r,(x)); using Lemma 1, we obtain

sinwr, (x)y (x) +coswy’ (x)
1-r2(x) ’

|(ra®)y )| =
A NPTNE
+y" (%)

.2 2
sin®w + cos? w

[ 1-r2(x)
(43)

= (0, 726 + 7).
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The validity of the estimate for complex-valued algebraic fractions is proved by the same
trick as in [1, Corollary 5.1.5]. Equality sign in the last inequality in (43) is valid only for
the function r,(x) = ¢ cos ¢, (x), |¢] =1 if (16) holds [13, 20]. Equality sign in the second
inequality in (43) then holds only for the same function at those points where

—singy,(x)  cos @2, (x)
@@y Y

(44)

Equality (44) is equivalent to (y (x) sin ¢y,(x)) = 0. O

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors jointly worked on the results and they read and approved the final manuscript.

Author details

'Department of Mathematics, Fatih University, Istanbul, 34500, Turkey. 2Department of Engineering Sciences, Istanbul
University, Istanbul, 34320, Turkey. *Department of Mechanics and Mathematics, Saratov State University, Saratoy,
410012, Russia.

Acknowledgements

The first author would like to thank the Scientific and Technological Research Council of Turkey (TUBITAK) for the financial
support. The authors are deeply grateful to reviewers for their careful reading of the manuscript and remarks which
helped to improve the presentation.

Received: 7 February 2013 Accepted: 11 October 2013 Published: 07 Nov 2013

References
1. Borwein, P, Erdélyi, T: Polynomials and Polynomial Inequalities. Springer, New York (1995)
2. Dubinin, VN: Methods of geometric function theory in classical and modern problems for polynomials. Russ. Math.
Surv. 67(4), 599-684 (2012)
3. Milovanovi¢, GV, Mitrinovi¢, DS, Rassias, TM: Topics in Polynomials: Extremal Problems, Inequalities, Zeros. World
Scientific, Singapore (1994)
4. Rahman, Ql, Schmeisser, G: Analytic Theory of Polynomials. London Mathematical Society Monographs. New Series.
Oxford University Press, Oxford (2002)
5. Andrievskii, VV: Weighted L, Bernstein-type inequalities on a quasismooth curve in the complex plane (English
summary). Acta Math. Hung. 135(1), 8-23 (2012)
6. Erdélyi, T: Markov-Bernstein-type inequality for trigonometric polynomials with respect to doubling weights on
[=w,w]. Constr. Approx. 19(3), 329-338 (2003)
7. Mastroianni, G, Totik, V: Weighted polynomial inequalities with doubling and A, weights. Constr. Approx. 16(1),
37-71 (2000)
8. Nagy, B, Totik, V: Bernstein’s inequality for algebraic polynomials on circular arcs. Constr. Approx. 37(2), 223-232 (2013)
9. Ransford, T: Potential Theory in the Complex Plane. Cambridge University Press, Cambridge (1995)
10. Rusak, VN: Rational Functions as an Apparatus of Approximation. Belorus. State Univ. Press, Minsk (1979)
11. Akturk, MA, Lukashov, AL: Weighted Markov inequality on several intervals. AIP Conf. Proc. 1479(1), 568-569 (2012)
12. Lukashov, AL: Inequalities for derivatives of rational functions on several intervals. Izv. Math. 68(3), 543-565 (2004)
13. Dubinin, VN, Kalmykov, SI: A majoration principle for meromorphic functions. Mat. Sb. 198(12), 37-46 (2007)
14. Peherstorfer, F, Steinbauer, R: Orthogonal polynomials on arcs of the unit circle: Il. Orthogonal polynomials with
periodic reflection coefficients. J. Approx. Theory 87(1), 60-102 (1996)
15. Peherstorfer, F, Steinbauer, R: Strong asymptotics of orthonormal polynomials with the aid of Green'’s function. SIAM
J.Math. Anal. 32(2), 385-402 (2000)
16. Khrushchev, S: Periodic Schur functions and slit discs. J. Approx. Theory 159(2), 293-307 (2009)
17. Totik, V: The norm of minimal polynomials on several intervals. J. Approx. Theory 163(6), 738-746 (2011)
18. Totik, V: Polynomial inverse images and polynomial inequalities. Acta Math. 187(1), 139-160 (2001)
19. Totik, V: Bernstein-type inequalities. J. Approx. Theory 164(10), 1390-1401 (2012)
20. Kalmykov, SI: Majoration principles and some inequalities for polynomials and rational functions with prescribed
poles. J. Math. Sci. 157(4), 623-631 (2009)

10.1186/1029-242X-2013-487
Cite this article as: Akturk and Lukashov: Weighted analogues of Bernstein-type inequalities on several intervals.
Journal of Inequalities and Applications 2013, 2013:487



http://www.journalofinequalitiesandapplications.com/content/2013/1/487

	Weighted analogues of Bernstein-type inequalities on several intervals
	Abstract
	MSC
	Keywords

	Introduction
	Proofs
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


