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1 Introduction

Consider the following system of integral equations:

y(t) = fi() + [y Ku(t,8)y(s)ds + [y Kia(t,5)z(s) ds,

1.1
0=f0) + [y Ku(t,s)y(s)ds + [, Koo (t,8)z(s)ds, te€l=10,T], (1)

where Kj(-, ), i,j = 1,2 are d; x d; matrices, fi, f, are given d, dy dimensional vector func-
tions, and (y(¢),z(¢)) is a solution to be determined. Here, we assume that the data func-
tions f;, Kj; (i,j = 1,2) are sufficiently smooth such that f,(0) = 0 and | det(Ky (¢, £))| > ko > 0
for all ¢ € I. The existence and uniqueness results for the solution of the system (1.1) have
been discussed in [1].

The system (1.1) is a particular case of the general form of the integral algebraic equations
(IAEs)

ADX() = G(t) + /0 tK(t, 5,X(s)) ds

which has been introduced in [1], where det(A(£)) = 0, Rank(A) > 1. An initial investigation
of these equations indicates that they have properties very similar to differential algebraic
equations (DAEs). In analogy with the theory of DAEs (see, e.g., [2]), Kauthen [3] in 2000
has called the system (1.1) the semi-explicit IAEs of index 1.

Coupled systems of integral algebraic equations (IAEs) consisting of the first and second
kind Volterra integral equations (VIEs) arise in many mathematical modeling processes,
e.g., the controlled heat equation which represents a boundary reaction in diffusion of
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chemicals [4], the two dimensional biharmonic equation in a semi-infinite strip [5, 6], dy-
namic processes in chemical reactors [7], and the deformed Pohlmeyer equation [8]. Also
a good source of information (including numerous additional references) on applications
of IAEs system is the monograph by Brunner [1].

As far as we know, there have been a few works available in the literature which has
considered the theory of IAEs system. The existence and uniqueness results of continu-
ous solution to linear IAEs system have been investigated by Chistyakov [9]. Gear in [10]
defined the index notion of IAEs system by considering the effect of perturbation of the
equations on the solutions. He has also introduced the index reduction procedure for IAEs
system in [10]. Bulatov and Chistyakov [11] gave the existence and uniqueness conditions
of the solution for IAEs systems with convolution kernels and defined the index notion
in analogy to Gear’s approach. Further details of their investigation may be found in [12,
13]. Kauthen in [3] analyzed the spline collocation method and its convergence properties
for the semi-explicit IAEs system (1.1). Brunner [1] defined the index-1 tractability for the
IAEs system (1.1) and he also investigated the existence of a unique solution for this type
of systems. Recently, the authors in [4] have defined the index-2 tractability for a class
of IAEs and presented the Jacobi collocation method including the matrix-vector multi-
plication representation of the equation and its convergence analysis. The authors in [14]
proposed the Legendre collocation method for IAEs of index 1 and obtained the posteriori
error estimation.

It is well known that the classical Jacobi polynomials have been used extensively in math-
ematical analysis and practical applications, and play an important role in the analysis and
implementation of the spectral methods. The main purpose of this work is to use the
Jacobi collocation method to numerically solve the IAEs (1.1). We will provide a posteri-
ori error estimate in the weighted L2-norm which theoretically justifies the spectral rate
of convergence. To do so, we use some well-known results of the approximation theory
from [15-17] including the Jacobi polynomials, the Gronwall inequality and the Lebesgue
constant for the Lagrange interpolation polynomials.

This paper is organized as follows. In Section 2, we carry out the Jacobi collocation
approach for the IAEs system (1.1). A posteriori error estimation of the method in the
weighted L2-norm as a main result of the paper is given in Section 3. Some numerical ex-
periments are reported in Section 4 to verify the theoretical results obtained in Section 3.
The final section contains conclusions and remarks.

2 The Jacobi collocation method
This section is devoted to applying the Jacobi collocation method to numerically solve
the IAEs system (1.1). We first use some variable transformations to change the equation
into a new system of integral equations defined on the standard interval [-1,1], so that the
Jacobi orthogonal polynomial theory can be applied conveniently. For simplicity, we will
consider the IAEs system (1.1) with d; =d = 1.

Let o*f(x) = (1 - x)*(1 + x)? (o, B > —1) be a weight function in the usual sense.
As defined in [15, 18, 19], the set of Jacobi polynomials {],,a’ﬂ (x)}52, forms a complete
Liaﬁ(—l, 1) orthogonal system, where Limﬂ(—l,l) is the space of functions f : [-1,1] - R

with [[f]2,

(11 <O and
B i

1
V2 = oz, = / 1) 0 (x) .
% o® -1
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For the sake of applying the theory of orthogonal polynomials, we use the change of
variables:

nz?s—l, -1<n<r, T=—t-1,

-1<t<1, 2.1
T st=< 2.1)

to rewrite the IAEs system (1.1) as

{&(r) =A@) + [T Kule,m3m) dn + [ Ko (,n)z(n) dn, 29)

0 =f(v) + [ Kz, m)§(n) dn + [ Koo (z, m)2(n) dn,

where
7@ =ﬁ(§<r . 1)), Ry(em) = gzcj(g(r e 1)),

N T . T
y(T):y(E(‘L'+1)), Z(T)=Z(§(‘E+l)).

We consider the discrete expansion of f(,-,-(r, n) as follows:
N

In(Ky(mwm) = D (K" (n) - (6j=1,2), (2.3)

k=0

where Iy is a projection to the finite dimensional space By = span{]ff @)}, and J; (x)
is the Jacobi polynomial such that

N

, 1 X .

K = — E iyt )P (), (2.4)
K izo

where the quadrature points 7; are the Jacobi Gauss quadrature points, i.e., the zeros of
]ﬁ[’fl (), the normalization constant y, and the weights w; are given in [18, p.231].
In the Jacobi collocation method, we seek a solution of the form

N
IvGm) =30 =D 3" ()
k=0

N
In(Em) =2 = Y2 (). (2.5)
k=0

Inserting the discrete expansions (2.3) and (2.5) into (2.2), we obtain

:&Nm =fi(0) + X0 SN (er + €y Vi),

2 (2.6)
0=AT) + Y30 Xridu + qi) Via(?),
where Vi(t f n)]a # (1) dn, and
= K, k=1, o 2Kk k=1
YKy + 31Kk, k#1, Zk(K2) + 21Kk, Kk #1,
yk(K21)k, k= lr q/ - 2]((1,\(22)](, k= l’
WK ) + 31K ),k #1, T 2Ran)r + 21(Ka )i, kAL
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By substituting the collocation points 7, in the system (2.6) and employing the discrete

representation (2.5), we obtain

IN(T) = Ai(T) + o SN (ew + ) Via(T),

N (n=0,1,...,N) (2.7)
0=fm) + XN SN (qu + dlg) Vi) !

and we let

]:(]la'ﬂ(":])) (i,j:O,l,...,N), Y:(&Oﬁj\/l;unj’N)T, Z:(20>21,~';2N)T;

Fi= (i) fi@). h@n),  E= (o) h@)... A,

N
A=(an), aw=Yy (Ku)Vul(w),
k=0
N
B=(bw), bu=Y (KokVu(t) (n=0,1,..,N),
k=0

N
C=(cw) =Y Ko Viulm),
k=0

N

D=(dy), dn= Z(f(zz)kvkz(fn) (,n=0,1,...,N),
=0

then system (2.7) can be rewritten as

()
C DJ\Z -F,

Now, the unknown coefficients yx and zx, k = 0,1,..., N are obtained by solving the linear
system (2.8) and finally the approximate solutions yn(n) and zy(n) will be computed by
substituting these coefficients into (2.5). Because the matrix of the coefficients of the linear
system (2.8) is non-symmetric, when N is large, we can use some basic iterative methods
to solve it, such as the generalized minimal residual (GMRES) method (see [19, pp.48-60]),
which is popular for solving non-symmetric linear systems.

3 Error estimation

In this section, we present a posteriori error estimate for the proposed scheme in the

weighted L2-norm. Firstly, we recall some preliminaries and useful lemmas from [15].
Let Py be the space of all polynomials of degree not exceeding N, and A = (-1,1). From

[15], the inverse inequality concerning differentiability of the algebraic polynomials on the

interval can be expressed in terms of L”-norm.

Lemma 3.1 (see [15]) Let ¢ € Py, then for any integer r > 1, 2 < p < 00, there exists a
positive constant C independent of N such that

[¢0r 0 = EN"lleliz, (3.)
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From now on, to simplify the notation, we denote || - ||;2 5) by | - || and ],‘:’ﬁ (%) by Ji(x).
We also give some error bounds for the Jacobi system in terms of the Sobolev norms. The

Sobolev norm and semi-norm of order m > 0, considered in this section, are given by

) (3.2)

9l = (31 )

1

= (3 1ol 53

y=min{m,N+1}

Lemma 3.2 (see [15]) Let u € H"™(A), Iyu = Zi\]:o ]y is the truncated orthogonal Jacobi
series of u. The truncation error u — Inu can be estimated as follows:

lu—Inull < CN™"|ulpymn(ny, YueH™(A), (3.4)

= Inutll gy < CN? 3" [ty ), Vi € H™(A),1 <1< m. (3.5)

The following main theorem reveals the convergence results of the presented scheme in
the weighted L2-norm.

Theorem 3.1 Counsider the system of integral algebraic equation (2.2) where ¥,z € H"(A)
and the datafunctionsﬁ, IA(i,f, i,j = 1,2, are sufficiently smooth and |K,(t,7)| > ko > 0 for
all v € A. Let (Jn, Zn) be the Jacobi collocation approximation of (9,z) which is defined by
(2.5). Then the following estimates hold:

15 =31l < CN"" (lfilpgmav(a) + N7 (131 mv a) + 12l gmaay)) + CNTHIF1+ 121)

CN~2"log N(1117] + Q1212])

+ CN"log N(Qu 7]l + Qual2l), -1<a,f<-1,
CN2=2(Q1 5] + Qi 2])

+ CNTYQu7l + Qul2l),  otherwise,

(3.6)

”2[\[ _2” < CN_m(lf“Hm,N(A) + (N_l +N%)(|5/|Hm,N(A) + |2|Hm'N(A)))
+CN7 (131 + 11211)

CN>"2"1og N((Q1 + Q1) 7] + (12 + Q22)2])

+ CN*"log N((Qu1 + Q)17

+(Q12 + Qo) 121, ~l<a,p<-1,
CN%+V—2m((9u + Q1) 7] + (12 + 222)12])

+CNE7((Qu + Q1) 5]

+ (Q12 + Qa0)121), otherwise

(3.7)

if N is sufficiently large, where Q;; = maXo<,<n |Kij(Tu, 1) ggmna) (6, = 1,2), y = max(a, B).
Proof Similar to the idea in [14], we let

e(t) = yn(t) - 3(1), e(r) = zn(7) - 2(7),

N N

8106 = 30 Y cuViaw) - [ Ralen it dn

k=0 I=k
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N N

Sattn) = 30 Y- Vi - [ Raala (o),
k=0 [=k
N N o
Sa() = g Via(t) - / Roa(tn )i () i,
k=0 I=k -1

N N .
$u(0) = 30 Y digViatr) - [ Raatrmminn)

k=0 i=k -1

Fi=Iy ( f 1 Kz, n)e(n)dn> - / 1 Ku(t, n)e(n) dn,
/ 1 f%lz(r,ms(n)dn) - klz(r,ms(n)dn,
/ Ky (z, n)y(n)dn> Ku(f ny(n)dn,

Fy =1N</IK12 T,mz(n) dn

) Ku T,m)z(n) dn,
Fs=1In / Ko (t,n)e dﬂ) K21 T,n)e(n) dn,

Fo=1Iy ( / enr) n)e(n)dn) - / Ron(e, e .

From systems (2.2) and (2.7), we obtain

o(c) = / Rt netn) i+ / Ruae, et dn + (v () ~(2)

+In(S1(7)) + In(S2(7)) + Fy + Fy + F3 + Fu, (3.8)
~ N _ v 31%21(1', 77) K 81%22(75: 77)
on(r, 2)ee) - Konlr, o) = [ FHED e+ [ 2Dy
+14(S3(7)) + Iy (Sa(x)) + FL + Fy,. (3.9)

Equations (3.8) and (3.9) can be written in the compact matrix representation:

A)E(r) - / " K(z,mEGn)dy + B (3.10)
a1

with

A(r)=|: A 1 A 0 :|,
—1(21(1’,1’) —1(22(1’,1’)

1A<11(L 77) klz(f, n)
K(z,n) = [ 0hn(r) 9K ()
at at

_[e(@)
~\e(r)

B (In(A (D) = fi(x) + In(S1(T)) + In(Sa(T)) + Fy + Fy + F3 + F,
I (S5(7)) + I (Sa(T)) + Fr + F ’

and
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Since |ky (T, T)| > ko > 0, the inverse of the matrix A(t) exists and

A‘l(t)—|: 1 0 ]
| Kurr) 1 ‘

Koo (7,7) Ko (7,7)

Using the Gronwall inequality (see, e.g., [20, Lemma 3.4]) on (3.10), we have
IEI < CIIF].

Here F = A™!B.
It follows from (3.4) that
[ (tx (i) =) | < EN" il ia,
le() || < CNT™131mn Ay

le@)|| < CN7" 12| v a)-

Using (3.4), (3.3) for m =1 and the Hardy inequality [21, Lemma 3.8], we obtain

I < CN™!

( / 1 z%ll(r,n)e(n)dn)

. T 9Ku(t,
—Kii(z, 1)e(t) +/ M
-1 at

< CN™!

e(n)dn ”

< CN™! ||IA(11(t,r) + C|| ||e(r)||

<CN'™ |V rmN s
and consequently

2l < CNT 12| g )
5]l < CN7Y3,
IFall < CN7HZ].

Also,

N

In($i(2)) = Z S1(tu)Lu(7),

n=0

(3.11)

(3.12)

(3.13)

(3.14)
(3.15)
(3.16)

(3.17)

where L,(7) is the Lagrange interpolation polynomial based on the Gauss quadrature

nodes (see [19]). Therefore, we have
N
v (S1()) || < OI;%VI&(MM ﬂgél;Ln(f)-

Moreover, using the Cauchy-Schwarz inequality [15], we have

|Sl(Tn)| =

/1” (In (IA(n(Tm ) - K (s, m)in () dﬁ‘

= ||1N(IA<11(Tn, 77)) - f(u(fm 77)” I7n -

Page 7 of 12
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By (3.4), we have

[S1(@)] < CN" | Kia (T 1) sy ) (Nl + 1171).

(3.18)

Now, we will make use of the result of Chen and Tang [21, Lemma 3.4], which gives the

Lebesgue constant for the Lagrange interpolating polynomials with the nodes of the Jacobi

polynomials. Actually, the following relation holds:

al O(logN), -l<a,f<-1,
max L,(t)= 1 .
~lsr<1 4= O(N”*2), y =max(a, ), otherwise.

So we obtain

CN~"logNQu(llell + [7), -l<a,B<-1,
Iiv(si@)| < § 2, O mmetiel t 1Y R
CN277Qu(llell + 171, otherwise.

Similarly,

CN~"logNQu(llell + [12]), -1<a,B<-1,
CN7"Qn(lell + 12]),  otherwise.

o] < |
It then follows from (3.1), (3.20), and (3.21) that

|5 (S:@) | = EN*|In(S5(2) |

_ N ogNQa(llel + 131), 1< f <3,
- CN%”””’QH(II@H + 171, otherwise.

Similarly,

|5 (Ss@) [ = EN*[ixn(Sa(@) |

_ [ enmogN@mtlen + 121, 1< p <-4,
= | ez (1) + 121D, otherwise.

Using (3.2) and letting / = 1 in (3.5), we have

| B¢l < Fslpagay < CNE

/ Koa(r, me(n) dn

1

H"™N(A)

Applying (3.3) for m = 1, we have

”FgH = CN% f(zl(fyf)e(f)‘*/r M

-1 at

1oma
e(n)dn H < CNZ"|y|ymn -
Similarly,

6] < ON3 " Elyma

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Finally, combining the above estimates and (3.11), the desired error estimates (3.6) and

(3.7) are obtained.

O
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4 Numerical experiments

In this section, we consider some numerical examples in order to illustrate the validity of
the proposed Jacobi collocation method. These problems are solved using the Jacobi col-
location method for o =1/2, 8 =1/3. All the computations were performed using software
Matlab®. To examine the accuracy of the results, Liwﬁ (-1,1) errors are employed to verify
the efficiency of the method. To find the numerical convergence order in the numerical
examples, we assume that Ey = C (%)”, where Ey denotes the Limﬂ (-1,1) errors between

the numerical and exact solution of the system and C denotes some positive constant.

logy (En/2)

Thus, the convergence order p can be computed by p = Tos, (En)

Example 4.1 Consider the following linear system of IAEs of index 1:
t
A)X(2) =g(t) + / K(t,s)X(s)ds, te][0,1],
0
where
3
A() = 1 0 , X(0) = y(t) ’ K(t,s) = P +s+1 c?s(3s)+l ,
0 0 z(t) t+s+2 sin(3s)+2

and g(t) = (f(¢),/>(t))T are chosen so that the exact solutions of this system are

y(t) = cost, z(t) = sin 3¢.

Let (Jn, zn) and (3, 2) be the approximate and the exact solution of the system, respectively.

The Lz)a_ﬁ (=1,1)-norm of the errors and orders of convergence are given in Tables 1 and 2.

Example 4.2 Consider the following linear system of IAEs of index 1:

A)X(t)=g(t) + /OLK(t,s)X(s) ds, te]l0,1],

Table 1 Lz)d 5(=1,1) errors for Example 4.1

N liyw _y"LZa,ﬂ PRI L —zIILza'ﬂ “1.1)
4 211x1073 429 x 1073

8 368x107 304 x 107

16 622x 107 203 x 107

32 103x10°8 131 %107

64 1.62x 10710 817 x 1078

Table 2 Convergence orders for Example 4.1

N y z
8 584 382
16 589 390

32 592 395
64 599 400
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Table 3 Li)a 8 (-1, 1) errors for Example 4.2

N llyn 'Y||,_:)“’ﬁ -1,1) llzn _z“L:)a,ﬂ (-1,1)
4 231x1073 529 x 1073
8 817x107 6.70 x 107

16 268 x107° 846 x 107

32 851x10°8 101 x 107

64 266 %107 125 x 1070

Table 4 Convergence orders for Example 4.2

N y z

8 482 298
16 493 299
32 498 307

64 500 301

where

(1o (¥ ~ 2+s>+2 s+t+1

and g(t) = (f(¢),/4(t))T are chosen so that the exact solutions of this system are

1
t)=e*, )= ——.
y)=e z(2) i

The computational results have been reported in Tables 3 and 4.

It can be seen from Tables 1 and 3 that the errors decay exponentially and the rates of
convergence for ¥ are larger than those for z. Tables 2 and 4 also shows that the orders
of convergence for y are higher than those for z. In fact, it is noted that the differences of
the convergence orders for y and Zz are about 2 from Tables 2 and 4. Although the exact
solutions of Examples 4.1 and 4.2 are infinitely differentiable functions, it can be implied,
from Theorem 3.1, that a conservative estimate of the numerical convergence order for
system (1.1) is only 1. However, from numerical experiments, the numerical convergence

order is much higher than 1.

Example 4.3 Consider the following linear system of IAEs:

A@X()=g@) + /OtK(t,s)X(s) ds, tel0,1],

where
1 00 x1(2) 2L = 2(2-5)
A®)=]10 1 o], Xt =|x0], K(ts)=| = - 1 ,
0 00 x3(t) s+2 -4 2-s

and g(t) = (1(2), (1), f3(¢))T are chosen so that the exact solutions of this system are

t

a)=mb)=¢,  x)= te
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Table 5 Li)a,ﬁ (-1, 1) errors for Example 4.3

N X - uIIL:ﬂ’ﬂ @ Ix2- V“Lidrﬁ cy  IXs- W“LZa,ﬂ “1,1)
4 178 x 107 1.06 x 107 217 x 1073
8 590x 107 341 x10° 283 x 107

16 183x 107 1.07 x 1077 356 x 107

32 599x107° 334x107° 435x107°

Table 6 Convergence orders for Example 4.3

N X X2 X3
8 492 49 294

16 501 499 299
32 501 500 303

Let u, v, w be the approximations of the exact solutions x;, x;, x3, respectively. The errors
and orders of convergence for the proposed method with several values of N are reported
in Tables 5 and 6. The results show that the methods are convergent with a good accuracy.

5 Conclusions

This paper studies the Jacobi collocation method for the semi-explicit [AEs system of in-
dex 1. The scheme consists of finding an explicit expression for the integral terms of the
equations associated with the Jacobi collocation method. A posteriori error estimation of
the method in the weighted L2-norm was obtained. With the availability of this methodol-
ogy, it will now be possible to investigate the approximate solution of other classes of IAEs
systems. Although our convergence theory does not cover the nonlinear case, it contains
some complications and restrictions for establishing a convergent result similar to Theo-
rem 3.1 which will be the subject of our future work.
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