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1 Introduction

Let g > 0, for each nonnegative integer k, the g-integer [k], and the g-factorial [k],! are

defined by
1-40-9), q#1,
(K], =
’ q= 1
and
[k]q‘ _ [k]q[k 1]q [l]q; k> )
respectively.

Then for g > 0 and integers #, k, n > k > 0, we have
[k+1],=1+4[k]l, and [k];+ qk[n —klq = [nlg

For the integers n, k, n > k > 0, the g-binomial coefficient is defined by

ni [n],!
k q" (k]! — k1!

® © 2012 Ren and Zeng; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Prlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction

in any medium, provided the original work is properly cited.


https://core.ac.uk/display/194662483?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.journalofinequalitiesandapplications.com/content/2012/1/212
mailto:npmeiyingr@163.com
mailto:xmzeng@xmu.edu.cn
http://creativecommons.org/licenses/by/2.0

Ren and Zeng Journal of Inequalities and Applications 2012, 2012:212
http://www.journalofinequalitiesandapplications.com/content/2012/1/212

Let g > 0, g #1, we can define the derivative D,f of functions f in the g-calculus by

[flgx)—f (%)
, x#0,
Dyfxy=] @i *7
£0),  x=0.

Let a > 0, the g-Jackson integral in the interval [0, 4] is defined as
a oo
/ f®dt=0-qa) flad)qd, 0<q<l.
0 ,
j=0
The g-analogue of the Beta function is defined as

1
B,(m,n) = /0 1 - qt)g_1 dyt, mn>0,

where
n-1 ,
(a-b)i=]](a-qb).
j=0

Also, it is known that

B, (m,m) = [m—1],'[n—1],!
[m+n-1],!

All of the previous concepts can be found in [1, 2].

In 1997 Philips [3] firstly introduced and studied g analogue of Bernstein polynomials.
After this, the applications of g-calculus in the approximation theory became one of the
main areas of research; many authors studied new classes of g-generalized operators (for
instance, see [4—11]). Very recently Gupta and Wang [12] introduced and studied the fol-

lowing g-Durrmeyer operators for 0 < g < 1:

n 1
Tug(fs%) = [n+11g Y 4" pu(q;x) /0 Pria(@at)f () dgt + FO)puo(q:%), (11)
k=1

where x € [0,1], n=1,2,...,0 <g <1 and

n—k-1
Pri(q2) = |:n:| “ ] -g%) = [n] CACEE
k g 50 k .

Agarwal and Gupta [13] have extended the operators which were given by (1.1) to a com-
plex space and have studied the approximation properties of these complex operators.
They have obtained the order of approximation and a Voronovskaja-type result with a
quantitative estimate for these complex operators attached to analytic functions on com-
pact disks.

The moments of the operators T, ,(f;x) were obtained as follows (see [12]):
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Remark 1 Denote e;(x) = x5, k=0,1,2. For 0 < g <1, x € [0,1], n € N, we have

[n] %
[n+2],

(1+q)[n]q +x2 Q[”]q([ﬂ]q—l)
[n+3],0n+2], [n+3],n+2],

Tn,q(eo;x) =1, Tn,q(el;x) =

Tpglexx) =x

It can be observed from the above remark that the operators T, 4(f;x) reproduce only
a constant function. To make the convergence faster, we modify these operators so that

they reproduce constant as well as linear functions. For this reason, we change the scale

of reference by replacing the term x by [mz]"x, in the definition of T}, ,(f;x) given by (L.1).
Using the restriction x € [0, ] we have the following positive linear operators:
" 1
Rn,q(f;x) = [Vl + 1]q qu_ktn,k(q;x)/ pn,k—l(q; qt)f(t) dqt +f(0)tn,0(q;x); (12)
k=1 0

where x € [0 l,neN, 0<gq<1,the term p,i(g;%) is given in (1.1) and

’ [3]

k n—k
(o) = |:Z] ([n[;]Z]qx> (1 B [l’l[:l]2]qx) .
q q q q

By simple computation, we get the moments of the operators Ry, 4(f;x).

Remark 2 Denoting ex(x) = x5, k= 0,1,2, for 0 < g <1, x € [0, - B ], m € N, we have

. l+q +x2q2[n—1]q[n+2]q
[n+3], [+ 3],[nl,

Rn,q(eo;x) =1, Rn,q(el;x) =X, Rn,q(e2;x) =

The aim of the present article is to obtain approximation results for the complex exten-

sion of the g-Bernstein-Durrmeyer type modified operator (1.2) defined by

n 1
Moug(f;2) = [n+115 > g tu(q;2) /0 P qo)f (8) dgt + f(0)t,0(q5 2), 1.3)

k=1

whereze C,n=1,2,...,0 <g<land t,i(g;2) := [ | ] ( n+2]q 2)F1 - [n+2]q 2)y K pui(q52) =

[n]
[ Z]qzk(l -2k,

2 Auxiliary results
In the sequel, we shall need the following auxiliary results.

Lemmal Let 0<q<1, meN. We have M, 4(t";z) is a polynomial of degree < min(m, n)

and

[n+1],

Mq(t"52) = 7ch(m)[n]s Boy('52),

[n+m+1],!


http://www.journalofinequalitiesandapplications.com/content/2012/1/212

Ren and Zeng Journal of Inequalities and Applications 2012, 2012:212
http://www.journalofinequalitiesandapplications.com/content/2012/1/212

where c;(m) > 0 are constants depending on m and q and

Bug(f;2) =Y tuilgs2)f (K14l nly).

k=0

Proof By the definition of g-Beta function, we have

M,q(t"52) = [n+1]qu1 bk q,Z)/ Pri-1(q; qt)t" dyt

k=1
~ (7 +1],! - ] [k+m-1],
T mrme1,) kZ i 425

Considering the definition of the B, ;(f; z), for any m € N, applying the principle of math-
ematical induction, we immediately obtain the desired conclusion. O

Lemma 2 Let 0 < q<1. Forall m,n € N, we can get the inequality

[n+1],!

ch m)[n]s <1.

[n+m+1],!

Proof By Lemma 1, we have

wo g\ ] & . o
Mg (t "I+ 2]q> Cmtm+1],! ZCS(M) [nlaBna (ﬁ’ [n+ 2]q>

s=1

_ C[n+1]t ch(m)

n+m+1

On the other hand, we have ¢, (g; VEK]Z‘I] )=0,k=0,1,2,...,n—1,als0 t, ,(q;2) = ([n+2]q 2)"

[n] _lnlg
[n+2]

m, [I’I]q _ . [I’I]q 1-n /1 . m
M (t Tn+ 2]q> =+ Lgtun <q, [n+ Z]q)q 0 Prn (G418 dgt

~ [n]4ln +1], -1
- (m+mlgln+m+1], ~ ’

and t,,,,(q; ) = 1. So, by formula (1.3) and using the above values, we have

which implies that we get the desired conclusion. O

Corollary1 Denote e, (t) =t",letr >1and 0 < q < 1. Then for allm e NU{0} and |z| <,
we have |M,, 4(e;2)| < ([3]47)".

Lemma3 Let0<qg<1,e,(t)=t", me NU{0} and z € C, we have

q"z([n]y - [n+2]42)
[(n]glm+n+2],

Mn,q(emﬂ;z) = Dan,q(em;Z)

[ml, +q"[n+ 2],z

i+ 2], My q(em; 2). (2.1)
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Proof By Lemma 1, we have M, ,(ep;z) = 1 and M,, ,(e;;2) = z, therefore, this result is es-
tablished for m = 0. Now, let m € N, in view of D, (f (x)g(x)) = g(x)D,f (x) + f (gx)D,g(x) and
Dy(a+ bx)Z = [n] b(a + qu)g’l, by simple calculation, we obtain

Z<1 - [n[;]z]qz)Dq(tn,k(qi 2)) = ([klq = [n + 2]42) tux(q:2);s
q
2(1 = 2)Dy (pui(q:2)) = (K] = [1]42) pui(q3 2).
For u = u(t) = at (« is a constant), since Dyf (u(t)) = Dyf () - D,u(t), therefore, we have
t(1 = gt)Dy (pui(q: qt)) = Pui(q; qt) ([K]g — [n4qt),

t(1 = qt)Dy(Pui-1(@: 1)) = P (@ qt) ((k =11, — [n]4qt).

It follows that

z(l _n +]2]q z)Dq (Miyq(em:2))

[n]q

n 1
“ 1y Y g Ky = 014 22)t0al) [ sl dye
k=1

n 1
=[n+10y ) g tailg2) / (1+qlk -1, - [nlyq’t + [nlgq* ) pusr (g3 qt)E" dgt
k=1 0

n 1
—zln+2gln+11g Y q  tur(q;2) / Pk (g5 q)t" dgt
k=1 0

n 1
gl +1, Y 0 4(@52) | Dy (o a)eli - ane” dyt
k=1 0

+ Mn,q(em;z) + 42 [n]an,q(emﬂ;Z) —z[n+ 2]an,q(em;Z)'

Letting §(¢) = é(l - t)(fl)”’, using g-integrate by parts, we have

1 1
/0 D, (f())8(qt) dyt = s@)F ()1} - fo F(&)D,5(t)d,t.

So, the g-integral in the above formula becomes

1
/ Dy (i (@:q0)) 1 - g dt
0
1
= S(Opmr (@ qt)]h — / Prkr(@a8)D5() dt
0
1
— _q—m—I/ pn,k—l(q; qt)Dq (tm+1 _ tm+2) dqt
0

1 1
=—q"m+1], / Pria (@ gt dgt +q " m + 2], / P (@ gt)t"™ ! dgt.
0 0
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Thus, we obtain

z(l - [n[;]z]qz)Dq(Mn,q(em;z)) = —q " [m + 11;My 4 (e 2)
q

+q " [m+ 2] M, g (emi1;2) + My g(em; 2)

+ 6]2 [n]an,q(em+1;Z) —z[n+ 2]an,q(em;Z)~

Inview of [m+2],+ qm*? [n]y = [m+n+2],and [m+1], = [m],; +4q", by simple calculation,

we can get the recurrence in the statement. O

Lemma 4 Denote S,,,,(q;2) = M, 4(e;;2) —2". Let 0 < q <1, e, (t) = £, for all m e NU {0}

and z € C, we have

q"2([n]y - [n+2]42)
(nlylm+n+1],

Sn,m (q: Z) = Dan,q(em—l; Z)

N [m—1], +2zq" [n+ Z]an'm_l(q; 2+ [m-1],(1 -z)z"

[m+n+1], [m+n+1],

(2.2)

Proof Using formula (2.1), by simple calculation, we can easily get the recurrence (2.2),
the proof is omitted here. g

Lemma 5 If P, (z) is a polynomial of degree m, for all |z| < r, we have
; m
|D,Pu(z)| < ||P,,||, < — 1Pl (2.3)
where ||Py ||, = max{|P,(2)]; 2| <r}.

Proof The proof is easy by using the Bernstein inequality and the complex mean value
theorem, the proof is omitted here. d

Let ey, (t) = ¢, m € N. By Lemma 1, for all |z| <r, we have
m-—1
|Dan,q(em—l;Z)| = T ||Mn,q(em—l; )Hr

3 Main results

The first main result is expressed by the following upper estimates.

Theorem1 Let0<gq<1,R>3,Dr={z€C:|z| <R}. Suppose that f : Dr — C is analytic
inDg,ie,f(z) =) o cuz” forall z € Dp. Take1 <r < §

m=0

(i) Forall|z| <randneN, wehave

My (fi2)—(2)| < <O

= )
|nlq

where K(f) = (1+ 1) 3005 lelm(m —1)([3]4r)"! < oo.
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(i) (Simultaneous approximation) If1 <r<r; < § are arbitrary fixed, then for all |z| <r

and n,p € N, we have

I<Vl (f)p r
— )l ’

\M®)(f;2) - fP(2)| <

where K, (f) is defined as in (i) above.

Proof Taking e,,(z) = 2™, by the hypothesis that f (z) is analyticin Dg, i.e., f(z) = Y o, o Cm2™
for all z € Dy, it is easy for us to obtain M, ,(f;z) = Y CmM,4(em; 2), therefore, we get

(Mg (f32) = f@)] <D leml - [Mug(ems 2) — em(2)]
m=0

[e¢]

= Z [ciml - ’Mn,q(em;z) —en(2)

m=2

’

as M, 4(e0;2) =1, My 4(e1;2) = z.
(i) By Lemma 4, Lemma 5 and Corollary 1, for all m € N, we get

1+r) m—1

|Mn,q(em;2) —em(Z)| — |Snm(q,z)| < [l’l] ||Mr1q(em 1;- )”
+ 7| Sy m-1(qs2)| + ] (1+r)rm 1
q
< Z(T D14 (1) + S 2)],
P

By writing the last inequality, for m = 2,3, ..., we easily obtain

’Mn,q(em;Z) - em(Z)| < ﬂm(m - 1)([3]q}”)m71

[n]4

In conclusion, it follows that

’M,,q(fz) f(z Zlcm|mm 1) [3] )m_l.

m=

By the hypothesis on f, we have f®(z) = Y>>, ¢,,m(m — 1)2”72, and the series is ab-
solutely convergent in |z| < [3],7, so we get > o, |cyulm(m — 1)([3]617")”"2 < 00, that is
K(f)=@+7r)> 0, lemlm(m —1)([3],r)" " < c0.

(ii) Denoting by I' the circle of radius r; > r and center 0, since for any |z| <randveTl
we have |v—z| > r; —r, by the Cauchy’s formulas it follows that for all |z| <rand n,p € N,

we have

’/ Mouq(fiv) —f(v) v

V Zp+1

IM®)(f32) - f(2)| =

- Krl(f)i 2nn _ K (f) . p'n
(n]g 27 (i —rpptt [n], (i —r)p!

which proves the theorem. O
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Remark 3 Let 0 < g < 1 be fixed. Since we have ﬁ — 1 - g as n — oo, by passing to

limit with # — oo in the estimates in Theorem 1, we do not obtain the convergence of

Mif;(f; z) to f¥)(z), p = 0,1,.... But this situation can be improved by choosing 0 < g, < 1
1

with g, — 1 as n — 00. Indeed, since in this case [P 0 as 1 — oo (see Videnskii [14],

formula (2.7)), from Theorem 1 we get that Mﬁf;(f; z) — fP)(2), for p = 0,1,..., uniformly

for |z|§r,f0rany1§r<r1<§.

The following Voronovskaja-type result with a quantitative estimate holds.

Theorem 2 Let 0 < g <1, R > 3 and suppose that f : Dr — C is analytic in Dp = {z € C:
|z| <R}, i.e., f(z) = > oy ckZX forall z € Dy. For any fixed r € [1, g] andforallneN, |z| <r,
we have

z(1-2)f"(2) - M, (f)
ny |~ 2

Mn,q(f; Z) —f(Z) -

where M,(f) = 32, |ci|(k = 1)F, ([3],r)* < 00 and Fi, = (k—1)(k - 2)(2k - 3) + 6k(k — 1) +
Ak~ DR + 4k - 2)(k — 121 + 7).

Proof Denoting ex(z) = 25, k = 0,1,2,..., by the hypothesis that f(z) is analytic in Dy, i.e.,
f2) =322 cxzk for all z € Dy, we can write M, q(f32) = D e ciMugq(ex; 2), thus, for all
z € Dg, n € N, we have

’Mn,q(f 32) —f(2) - -2

[V[]q
< Z lexl

k=2

_ k(k-1)(1 - z)Zk!

Mn,q(ek; Z) - 6]((2) [l’l]
q

Denoting

k(k —1)(1 - z)z"1

Epn(q32) = My 4(er; 2) — ex(2) - ol
q

’

it is obvious that E; ,(g;z) is a polynomial of degree less than or equal to k. By simple
computation and the use of Lemma 3, for all k > 2, we can get

q'z([n], - [+ 2],2)

Eiu(g;2) = D,Ei_1..(q;
1n(q32) Ol v k11, iEx-11(4;2)
My 4+ 2]z + [k -1]
: [n+ Z +1] *Ee1n(q32) + Gin(g32),
q
where
22 .
Gin(q;2) = ([~ k- 1]4lnl,ln + 2],

[n]fi[n +k+1],
+ @ Nk -1)(k-2)[n+2],

+q (k= 1)(k = 2)[k = 2] [n + 214 + ¢ [n + 2] ]’
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— g (k= 1)(k = 2)nly[n + 2], - [+ k +1]4[n]2

+k(k =1)[n+ k +1],n,]

+2[q" [k = 1]y[n]} - ¢ (k= 1) (k = 2)[n]g - ¢ (k = 1) (k = 2)[k - 2],[n],
— g Mk = 1)(k = 2)[k - 2],[n + 2],

+ [k =114[n] = (k = 1)(k - 2)[k —1]4[n],

+ gLk = 1)k = 2)[nly[n + 214 — k(k = 1) [+ k +1],[n],]

+ (g7 (k= 1) (k = 2)[k = 2]4[n + (k - 1)(k - 2)[k - 1],[n],]}

Zk—2

= (P Asn B ().
[n]é[mkﬂ]q(z kn(q) + ZBin(q) + Cin(q))
For all k > 2, we easily obtain | Cy,(q)| < [n],(k — 1)(k — 2)(2k - 3), it follows that

2 Crnlq)
[n]2[n +k + 1],

- (k =1)(k - 2)(2k - 3)rk
(]2 '

n+1

Inview of [+ k + 1], = [k - 1], + ¢ nl, + ¢"* ' + g™  and [n + 2], = [n], + ¢" + q
for all k > 2, we can get

Biu(q) = [nlg[q" 7 (k=11 = (k= 1) + (k= 1], - ¢ (k- 1)]
+ [n]y[- “(k Dk - 2)(1 +qlk - 2], + [k -2],) - 2(k - 1)*[k - 1],
=24 U+ k= D] - "1+ @)k - 1)k - 2)[k - 2],

Also, according to [k — 1], — (k—1) = (¢ - 1) 211:02 [/l and [k —1], - g k-1)=@1-
q) Z]kz_ll (11447, we have

2[4 (k= 1], - (k- 1)) + (k- 1], - ¢ (k- 1)]|
k=2 k-1

" -1) Z[/ + [nlg(1=q") Y _liled ™
j=0 j=1

< [nly[(k =Dk 2], + (k= D[k -1],].

Thus, through simple calculation, we can get

ZkilBk,n (Q)
[n]?z[n +k+1],

- 6k(k —1)%rk
(n]?

Now, we estimate Ay ,(q). Similar to the calculation of By, (q), for all k > 2, we have

k-2 k-1
Ain(q) = —[n]q[qk‘l(q"—l) il q'") Y g™ "} + [n]g[k(k = D[k - 1],
j=0 j=1

+q k- 1)(k-2)(1+gqlk - 2],) - "1 + @) ([k - 1], - 2k +2)]

@1+ )k = 1)k - 2)(1 +qlk - 2]q).
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By simple calculation, it follows that

4(k = 1)k>r
(n]2

ZkAk,n (('I)
[n]fi[n +k+1],

Thus, for all k > 2, n € N and |z| < r, we can obtain

k *
|Gin(@52)| < — [(k = 1)(k — 2)(2k - 3) + 6k(k — 1)? + 4(k — )K2] := — D,
(]2 13
where Dy = (k — 1)(k — 2)(2k — 3) + 6k(k —1)* + 4(k — 1)k
Forallk >2,ne Nand |z| <r,1<r, it follows
r(l1+r)
|Exn(gs2)| < ol ———|DgEr1,1(4:2)|
k-1
g n+2)yr+[k-1], )
[}’l+k+1] ‘Ek 1n(51» | + ’Gk,n(qrz)|'
Since ¢*"1[n + 2],r + [k = 1], < [n + k + 1],7, it follows
1+7r)
|Exn(g;2)| < o |DyEk-1,1(q:2)| + r|Excin(@32)| + | Grnl(q:2)|.
q
Using the estimate in the proof of Theorem 1(i), we get
|M,,q(e1:2) — ex(z)| < Wk(k 1)([3]q )
q
forallk,neN, |z|<r,1<r.
Denote ||f ||, = max{|f(2)[; |z| <r}, by Lemma 5, we have
’Dqu—l,n (qy Z) ’
k-1
<— ”Ek—l,n”r
r
k-1 k-1)(k-2)1- _
< I:”an er ;) — ek—1||r+ ‘ ( ) Y1 —er)er—s ]
r [}’l]q r
_k-1 [(k —Dk=-2)1+7)([3];7)?  (k-1)(k-2)1+ r)([3]qr)k-2]
+
T (1], P
_ Ak =2) k- 1)?([3],r)
- [n]4
It follows
4(k = 2)(k = 1)2(1 + r)([3],7)* 3],7)k
Er(g)] < 2622 [;]g BW g2 + “[]Q Dy
q q

31 )
. ([[}]ﬁ;) Fi, + r|Ek_1,n(6l?Z) )
q
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where Fy - is a polynomial of degree 3 in k defined as Fy, = Dy + 4(k — 2)(k —1)2(1 + r), Dy

is expressed in the above.
Since Ey,(q;z) = E1,4(q;z) = 0 for any z € C, therefore, by writing the last inequality for

k=2,3,..., we easily, step by step, obtain the following:

L B G L = DE (810
|Ek,n(CI:Z)| = W FZZFN = T

As a conclusion, we have

z(1-2)f"(2)
Mffia) - fte) - 2 Z 1| Bl )
q
[o¢]
< 0P Z lexl (k = DFe,(3147)"
nlg k=2
As f@ =Y poq cik(k —1)(k - 2)(k - 3)z5~* and the series is absolutely convergent in

|z| < [B]qr, it easily follows that Y7, lcxlk(k —1)(k - 2)(k — 3)([3],1;")k‘4 < 00, which implies
that Y22, lexl(k — l)Fk,,([3]qr)k < 00. This completes the proof of the theorem. O

In the following theorem, we will obtain the exact order in approximation.

Theorem 3 Let 0 < g, < 1 satisfy lim,_,oc g, =1, R > 3, Dr = {z € C; |z| < R}. Suppose that
f:Dg — Cis analytic in Dg. If f is not a polynomial of degree <1, then for any r € [1, %),

we have

nel,

S
<:
~

G
3911, = £

qn

where ||f|, = max{|f(2)|;|z] < r} and the constant C,(f) > O depends on f, r and on the

sequence {q,}nen but is independent of n.

Proof Denote e;(z) =z and

g (f52) = Mg, (fs2) — f2) - 2= YE),
[n]%q

For all z € Dy and # € N, we have

My, (f32) = f(2) = [HL {Z(l—Z)f”(Z)+ [n}q [[n]éan,qn(f;z)]}-

Using the property ||F + G|, = ||IEF|l, — |Gll-| = IIE|l, — |G|, it follows

1013911, = o { L= ], = [, a9,
‘I

n

Considering the hypothesis that f is not a polynomial of degree < 1 in Dy, we get

||el(1 - el)f”“r > 0.

Page 11 of 14
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Indeed, supposing the contrary, it follows that z(1 — z)f”(z) = 0 for all z € D,, that is
f"(z) = 0 for all z € D,. Thus, f is a polynomial of degree < 1, a contradiction to the hy-
pothesis.

By Theorem 2, we get [n] N H,y, a5 )l < M,(f). Taking into account —— . } —0asn—
00, therefore, there exists an index 1y depending only on f, r and on sequence {g,},en
such that for all # > ny, we have

e =ens”], - [[ 2 | g, f3)],] =
which implies
||anqn(f f” ”el Vn > np.

"= 2(n
On the other hand, for n € {1,2,...,ny — 1}, we have

Win(f)

(1]g, '

| Mg ) - £], =

where W,.,.(f) = [nlg, - 1My, (f;) —fl, > 0.
As a conclusion, we have

C(f)
Mg ) =F 1, = T~ Yme,
an
where C,(f) = min{W,.1(f), W.2(f) ..., Wyng-1(f), 3 ller(L — er)f”[l,}, this completes the
proof. -

Combining Theorem 3 with Theorem 1, we get the following result.

Corollary 2 Let 0 < g, < 1satisfy lim,_.oo g, =1, R> 3, Dg = {z € C: |z| < R}. Suppose that
f:Dgr — Cisanalytic in Dg. If f is not a polynomial of degree 1, then for any r € [1, §), we
have

neN,

”anqn(f; f” = [I’l]

where ||f ||, = max{|f(2)|; |z| < r} and the constants in the equivalence depend on f, r and
on the sequence {q,}nen but are independent of n.

Considering the derivatives of complex modified g-Durrmeyer type operators, we can
prove the following result.

Theorem 4 Let 0 < g, < 1 satisfy lim, .0 q, =1, R >3, Dr = {z € C: |z| < R}. Suppose
that f : Dg — C is analytic in Dg. Also, let1 <r<n < § and p € N be fixed. If f is not a
polynomial of degree < max(l,p — 1), then we have

g, 9 -7, =

neN,
]qn
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where |f ||, = max{|f(2)|; |z| < r} and the constants in the equivalence depend on f, r, r, p
and on the sequence {q,},cn but are independent of n.

Proof Taking into account the upper estimate in Theorem 1, it remains to prove the lower
estimate only.

Denoting by I' the circle of radius 7; > r and center 0, by the Cauchy’s formula, it follows
that for all |z] < r and n € N, we have

Mn,q,,, (f; V) _f(V) dV

(V _ Z)p+1

!
nqn(f Z) f(P)(Z) = _/1"

Keeping the notation there for H,,, (f;z), for all # € N, we have

Mg, (f32) —f(2) =

{Z(l -2)f"(2) + [(1)2 Hog, (f32)] }

1 1
[n]qn [n]qn

By using Cauchy’s formula, for all v € I', we get

{[z(1—z)f”(z)]1”+ 1 r / Mdv}.
r

[nlg, 2mi (v —z)ptl

ME U2~ =

Passing now to | - ||, and denoting e;(z) = z, we get the following:

1
a2, -1, = ol =17,
qn

1 | p / Hyg, (f5v)
— 7%} .
27i Jr  (v—-)ptl .

[n]qn
Since for any |z| <rand v € I we have |u — z| > r; —, so, by using Theorem 2, we get

n%t(f V)

H pl 27‘[7’1[1’[ nqn(f )“rl Mrl(f)p'rl
27 (v— e

= o (V1 —rprt = -t

By the hypothesis on f, we have
[ex1-enr]?], >o.

Indeed, supposing the contrary, it follows that ||[e;(1—e;)f”]?||, = 0, that is, z(1 - 2)f"' ()
is a polynomial of degree < p —1. Let p = 1 and p = 2, then the analyticity of f obviously
implies that f is a polynomial of degree <1 = max(1,p — 1), a contradiction.

Now let p > 3, then the analyticity of f obviously implies that f is a polynomial of degree
<p-1=max(1,p - 1), a contradiction to the hypothesis.

In conclusion, ||[e;(1 — e;)f”]?||, > 0, and in continuation reasoning exactly as in the
proof of Theorem 3, we can get the desired conclusion. O

Remark 4 If we use King’s approach to consider a King-type modification of the complex
extension of the operators which was given by (1.1), we will obtain better approximation
(¢f. [15-17]).
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