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1 Introduction-preliminaries
Let E be a real Banach space. Recall that E is said to be strictly convex if |22 <1

2
for all x,y € E with ||x|| = |ly]| =1 and x # y. It is said to be uniformly convex if
lim,, o [|%, — ¥l = O for any two sequences {x,} and {y,} in E such that ||x,| = |ly,|| =1

and lim,,_, || anw || =1.Let Ug = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach
space E is said to be smooth if

x+ty|| —||x
e e

t—0 t
exists for each x,y € Ug. It is said to be uniformly smooth if the above limit is attained
uniformly for x,y € Ug.

Recall that E has Kadec-Klee property if for any sequence {x,} C E, and x € E with
x, = x, and ||x,|| — ||x|, then |x,, — x| — 0 as # — oco. For more details of the Kadec-
Klee property, the readers can refer to [1] and the references therein. It is well known that
if E is a uniformly convex Banach space, then E enjoys the Kadec-Klee property.

Recall that the normalized duality mapping J from E to 2¥" is defined by

Jx = {f* e E*: <x,f*> = |lx)* = Hf* “2}’

where (-,-) denotes the generalized duality pairing. It is well known that if E is uniformly
smooth, then J is uniformly norm-to-norm continuous on each bounded subset of E. It is
also well known that if E is uniformly smooth if and only if E* is uniformly convex.
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Next, we assume that E is a smooth Banach space. Consider the functional defined by
¢(,y) = Ixl® = 2(x,Jy) + Iyll>,  ¥x,y€E.

Observe that, in a Hilbert space H, the equality is reduced to ¢(x,y) = ||lx — y|1, x,y € H.
As we all know if C is a nonempty closed convex subset of a Hilbert space H and Pc :
H — C is the metric projection of H onto C, then P is nonexpansive. This fact actually
characterizes Hilbert spaces and consequently, it is not available in more general Banach
spaces. In this connection, Alber [2] recently introduced a generalized projection operator
IT¢ in a Banach space E which is an analog of the metric projection P¢ in Hilbert spaces.
Recall that the generalized projection Il¢ : E — C is a map that assigns to an arbitrary
point x € E the minimum point of the functional ¢(x, y), that is, IT¢cx = x, where x is the

solution to the minimization problem
¢ (%, x) = min ¢ (y,x).
yeC

The existence and uniqueness of the operator Il¢ follow from the properties of the func-
tional ¢(x, y) and strict monotonicity of the mapping J; see, for example, [1, 2]. In Hilbert

spaces, I1¢ = Pc. It is obvious from the definition of the function ¢ that

(%l = Iy1)* < ¢(x9) < (Iyll + Ix1)*,  Vay € E, 1.1)

and

d(x,y) = d(x,2) + p(z,9) +2(x -z, )z Jy), Vx,3,z€E. (1.2)

Remark 1.1 If E is a reflexive, strictly convex, and smooth Banach space, then ¢(x,y) =0

if and only if x = y; for more details, see [1, 2] and the references therein.

Let C be a nonempty subset of E and let T': C — C be a mapping. In this paper, we use
F(T) to denote the fixed point set of T'. T is said to be asymptotically regular on C if for
any bounded subset K of C,

limsup{ H Ty — T”xH (X € K} =0.

T is said to be closed if for any sequence {x,} C C such that lim,_ . %, = o and
lim,—, oo T%, = y0, then Txy = yo. In this paper, we use — and — to denote the strong con-
vergence and weak convergence, respectively.

Recall that a point p in C is said to be an asymptotic fixed point of T [3] iff C contains
a sequence {x,} which converges weakly to p such that lim,_, « [|x, — T%,|| = 0. The set of
asymptotic fixed points of T will be denoted by E(T).

A mapping T is said to be relatively nonexpansive iff

E(T)=F(T)#%,  ¢(p Tx) < p(p,x), VxeC,VpeF(T).
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A mapping T is said to be relatively asymptotically nonexpansive iff
ET)=F(T)#9,  ¢(pT"x) <0+ u)d@,%), YxeCV¥peF(T),¥n=>1,
where {u,,} C [0, 00) is a sequence such that i, — 0 as n — oo.

Remark 1.2 The class of relatively asymptotically nonexpansive mappings were first con-
sidered in [4]; see also, [5] and the references therein.

Recall that a mapping T is said to be quasi-¢-nonexpansive iff
F(T) #9, o, Tx) < p(p,x), VYxe C,NpeF(T).

Recall thata mapping T is said to be asymptotically quasi-¢-nonexpansive iff there exists
a sequence {u,} C [0,00) with u,, — 0 as n — oo such that

F(T) #4, qb(p, T”x) <A+pundpx), YxeCVpeF(T),Vn=>1.

Remark1.3 The class of quasi-¢p-nonexpansive mappings was considered in [6]. The class
of asymptotically quasi-¢-nonexpansive mappings which was investigated in [7] and [8]
includes the class of quasi-¢-nonexpansive mappings as a special case.

Remark 1.4 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are more general than the class of relatively nonexpan-
sive mappings and the class of relatively asymptotically nonexpansive mappings. Quasi-
¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive do not require the
restriction F(T) = E(T).

Remark 1.5 The class of quasi-¢-nonexpansive mappings and the class of asymptotically
quasi-¢-nonexpansive mappings are generalizations of the class of quasi-nonexpansive
mappings and the class of asymptotically quasi-nonexpansive mappings in Banach spaces.

Recall that 7T is said to be asymptotically quasi-¢-nonexpansive in the intermediate
sense iff F(T) # ¥ and the following inequality holds:

limsup sup (¢(p, T"x) — p(p,x)) <O. (1.3)
n—00 peF(T)xeC

Putting

£, = max{O, sup  (¢(p, T"x) — p(p, %)) ],

PpeF(T)xeC
it follows that £, — 0 as n — oco. Then (1.3) is reduced to the following:
(p. T"x) < d(p.x) + £, Vp e F(T),Va e C. (1.4)

Remark 1.6 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense was first considered by Qin and Wang [9].


http://www.journalofinequalitiesandapplications.com/content/2014/1/202

Huang and Ma Journal of Inequalities and Applications 2014, 2014:202 Page 4 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/202

Remark 1.7 The class of asymptotically quasi-¢-nonexpansive mappings in the interme-
diate sense is a generalization of the class of asymptotically quasi-nonexpansive mappings
in the intermediate sense, which was considered by Kirk [10], in the framework of Banach

spaces.

Let f be a bifunction from C x C to R, where R denotes the set of real numbers. Recall

the following equilibrium problem. Find p € C such that

f,y)=0, VyeC. (1.5)

We use EP(f) to denote the solution set of the equilibrium problem (1.5). That is,

EP(f) = {pe C:f(p,y)=0,Vye C}.

We remark here that the equilibrium problem was first introduced by Fan [11]. Given

a mapping Q: C — E*, let

flxy)=(Qx,y—x), Vx,yeC.

Then p € EP(f) if and only if p is a solution of the following variational inequality. Find p
such that

(Qpy-p)>=0, VyeC. (1.6)

To study the equilibrium problems (1.5), we may assume that F satisfies the following
conditions:

(A1) F(x,x)=0forallx e C;

(A2) F is monotone, i.e., F(x,y) + F(y,x) <0 forallx,y € C;

(A3) foreachx,y,z€C,

lim sup F(tz + (1 -t y) < F(x,y);
£10

(A4) foreachx € C, y+— F(x,y) is convex and weakly lower semi-continuous.

Numerous problems in physics, optimization, and economics reduce to find a solution of
(1.5). Recently, many authors have investigated common solutions of fixed point and equi-
librium problems in Banach spaces; see, for example, [12—33] and the references therein.

In this paper, we consider a projection algorithm for treating the equilibrium problem
and fixed point problems of asymptotically quasi-¢»-nonexpansive mappings in the inter-
mediate sense.

In order to prove our main results, we need the following lemmas.

Lemma 1.8 [2] Let E be a reflexive, strictly convex and smooth Banach space. Let C be a
nonempty closed convex subset of E and let x € E. Then

¢y, Mex) + p(Mex, x) < Pp(y,x), VyeC.
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Lemma 1.9 [2] Let C be a nonempty closed convex subset of a smooth Banach space E and
let x € E. Then xo = lcx if and only if

(x0 =y, Jx = Jx0) =0, VyeC.

Lemma 1.10 Let C be a closed convex subset of a smooth, strictly convex and reflexive
Banach space E. Let f be a bifunction from C x C to R satisfying (A1)-(A4). Let r > 0 and
x € E. Then

(a) [34] There exists z € C such that

flzy) + %(V—Z’]Z—]x) >0, VyeC.

(b) [6,24] Define a mapping T, : E — C by

1
Srx = {z eC:f(z,y) + ;(y—z,]z—]x),‘v’y € C}.
Then the following conclusions hold.:

(1) S, is single-valued;

(2) S, is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

<er_Sr :]er_]sry> E (er—Srny—]y>

(3) F(S;) = EP(f);

(4) S, is quasi-¢-nonexpansive;

(5) ¢(q,S=x) + P(S,x,x) < (g, %), Ygq € F(S,);
(6) EP(f) is closed and convex.

Lemma 1.11 [35] Let E be a smooth and uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0,2r] — R such
that g(0) = 0 and

|t + @ =)y < tlxll> + A = Oyl - £(1 - g (llx - y1)
forallx,ye B, ={xe€E:|x|| <r}andtel0,1].

2 Main results

Theorem 2.1 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property and let C be a nonempty closed and convex subset of E. Let f
be a bifunction from C x C to R satisfying (A1)-(A4) and let N be some positive integer. Let
T;: C — C an asymptotically quasi-¢-nonexpansive mapping in the intermediate sense

foreveryl <i<N.Assume that T; is closed asymptotically regular on C and ﬂf\il F(T)N
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EF(f) is nonempty and bounded. Let {x,} be a sequence generated in the following manner:

xo € E chosen arbitrarily,

G =C,

x1 = I %o,

I =T ot + ity n T)'%),

uy € C such that f(u,,y) + i (y—un, Juy —Jyy) >0, VyeC,
Cur={z € Cy: ¢z, un) < P(2,%4) + &1},

Xntl = HC,,Hle»

where &, = max{0, Sup,crr)xec(@ B, T/'%) — d(p, %))}, {an,} is a real number sequence in
(0,1) for every 1 <i < N, {r,} is a real number sequence in [k, c0), where k is some positive
real number. Assume that Zﬁo oy =1 and liminf,_, o o0y 00,; > O for every 1 <i < N.
Then the sequence {x,} converges strongly to Hﬂﬁl F(TynEF(H*L where Hﬂf\il F(TynEF() 8 the

generalized projection from E onto ﬂf\il F(T;) N EF(f).

Proof First, we show that ﬂﬁl F(T;) N EF(f) is closed and convex. From [9], we find that
ﬂf\il F(T;) is closed and convex, which combines with Lemma 1.10 shows that ﬂfil F(T;)N
EF(f) is closed and convex. Next, we show that C, is closed and convex. It is obvious
that C; = C is closed and convex. Suppose that Cj, is closed and convex for some positive
integer h. For z € Cy,, we see that ¢(z, uy) < ¢(z,xy,) + &, is equivalent to

2z, Jay = Jun) < Il = el + &

It is to see that Cy,4; is closed and convex. This proves that C,, is closed and convex. This in
turn shows that I¢, ., %; is well defined. Putting u,, = S,

n

¥, we from Lemma 1.10 see that S,
is quasi-¢-nonexpansive. Now, we are in a position to prove that (Y, F(T;) N EF(f) C C,,.
Indeed, ﬂf\il F(T;) N EF(f) C C; = C is obvious. Assume that ﬂf\il F(T;) N EF(f) C Cy, for
some positive integer /. Then, for Yw € ﬂf\il F(T;) N EF(f) C Cy, we have

d’(W’ uh) = ¢(W: Srhyh)

= ¢(W’yh)

N
=¢ (WJ = (ah,o/xh + Z o) Tf'm;))

i=1
2

N
h
anofsn + Y an T} %
i=1

N
2
=wll* - 2<w, opofxn + Zah,JTihxh> +

i=1

N N

2 h 2 h |2

< IWI* = 2en0 (W, Jan) =2 > etn(w, J T %) + oo lnll” + > ooni | Tl |
i=1 i=1

N
= apop(w,x) + Y i (w, T/ )

i=1

N N
< apopwxn) + Y cnipw,x) + Y i
i=1

i=1
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N
= p(w,xn) + Y _ ik

i=1

N
<pw,xn) + Y En, @.1)

i=1

which shows that w € Cj,,;. This implies that ﬂf\il F(T;) NEF(f) C C,.

Next, we prove that the sequence {x,} is bounded. Notice that x,, = I1¢,x;. We find from
Lemma 1.9 that (x, — z,Jx; — Jx,) > 0, for any z € C,. Since ﬂf\il F(T;) NEF(f) C Cy,, we
find that

N
(%0 = w, Jy = Jan) = 0, Yw e (| F(T;) NEF(f). (2.2)
i=1

It follows from Lemma 1.8 that

O Xy, x1) < ¢(Hﬂﬁ1F(Ti)ﬂEF(f)x1’x1) - ¢(Hﬂ§\:[11:(]“i)mgp(f)x1;xn)
= d)(nm{\:’l F(Ti)ﬂEF(f)xl’xl)'

This implies that the sequence {¢(x,,x1)} is bounded. It follows from (1.1) that the se-
quence {x,} is also bounded. Since the space is reflexive, we may assume, without loss of
generality, that x,, — x. Next, we prove that x € ﬂf\il F(T;) N EF(f). Since C, is closed and
convex, we find that x € C,,. This implies from x,, = I1¢,x; that ¢(x,,,%1) < ¢(%,%1). On the
other hand, we see from the weakly lower semicontinuity of || - || that

P, x1) = %)% = 2(x, Jr) + [|1 12

< timinf(|l, | - 20, fx1) + [l ]1)

= liminf ¢ (x,,, x1)
n—00

< limsup ¢(x,,x1)
n—00

S ¢(5C’xl)y

which implies that lim,,_, o ¢ (x,,, %1) = ¢ (%, x1). Hence, we have lim,,_, . ||x, || = ||X]. In view
of the Kadec-Klee property of E, we find that x, — x as n — 00. Since x, = I1¢,*1, and
X1 = ¢, %1 € Cpy1 C Cyy, we find that ¢(x,,,%1) < @(x,41,21). This shows that {¢(x,,,x1)}
is nondecreasing. We find from its boundedness that lim,_, ¢(x,, %) exists. It follows
that

X1, %n) = P(Xns1, 1)

=< (p(xnﬂyxl) - ¢(chxhx1)

= (X1, %1) — DXy, %1).

This implies that

lim ¢(x,.1,%,) = 0. (2.3)

Page 7 of 14
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In the light of x,,,1 = T, %1 € Cpi1, we find that

¢(xn+1: un) =< ¢(xn+11xn) + Ew

It follows from (2.3) that

lim ¢(xn+1y un) =0. (24)
n— 00
In view of (1.1), we see that lim,,_ o (|[%,:1 ]| = [|#£,]]) = 0. This implies that lim,,_  [|u, || =
[l%]|. That is,
lim |[Ju,| = lim [u,| = V%] (2.5)
n—00 n—00

This implies that {Ju, } is bounded. Note that both E and E* are reflexive. We may assume,
without loss of generality, that Ju, — u* € E*. In view of the reflexivity of E, we see that
J(E) = E*. This shows that there exists an element u € E such that Ju = u*. It follows that

2 2
O Fnsts thn) = X1 |17 = 200000, Jttn) + 124l

= ”xwrl”z = 2(xp41, Jun) + ||]un||2
Taking liminf,_,» on both sides of the equality aboven yields

0> [I%]% - 2(%, u*) + [u*]?
= %1% = 24 Ju) + |l
= [1%)1% = 2(x, Ju) + [Jul)?
= ¢(x, u).
That is, ¥ = &, which in turn implies that u* = Jx. It follows that Ju,, — Jx € E*. Since
E* enjoys the Kadec-Klee property, we obtain from (2.5) that lim,,_, » Ju,, = Jx. Since J:
E* — E is demicontinuous and E enjoys the Kadec-Klee property, we obtain u, — x, as
n — oo. Note that
% = wnll < 1y — X1 + 1% = .
It follows that
lim ||x, — u,|| = 0. (2.6)
H—0Q
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
lim ||Jx, — Ju,| = 0. (2.7)
H—0Q

On the other hand, we have

dW, %) — W, 1) = | l|* = 1t l|* = 2w, Jn, — Jty)

< 1% = sl (1l + g ll) + 20wl 1 = .

Page 8 of 14


http://www.journalofinequalitiesandapplications.com/content/2014/1/202

Huang and Ma Journal of Inequalities and Applications 2014, 2014:202
http://www.journalofinequalitiesandapplications.com/content/2014/1/202

We, therefore, find that
Tim ($(w,5,) ~ $(w,10,)) = . (2.8)

Since E is uniformly smooth, we know that E* is uniformly convex. In view of Lemma 1.11,
we find that

¢(W’ Uy) = ¢(W’ Sry,yn)

<¢w,yu)

N
= ¢ (W’]I (an,OIxn + Z an,z’]nnxn>>

i=1
N 2
§ : n
an,Oan + an,i]Ti Xn

i=1

N
= wl® - 2<w, 00 + Zan,Jfon> +

i=1

N N
2 2 2
< W = 20 (W, Jn) =2 i, T %) + o 6all* + Y et T/ |
i=1 i=1

- Oln,ofxn,lg(H]xn —JT{'%u ”)

N
= an,0¢(wr xn) + Zan,i¢(W’ T,nxn) - an,Oan,lg(“]xn _]Tlnxn ”)

i=1

N N
< oW, 20) + ) ip (W) + D i

i=1 i=1
- an,Oan,lg(H]xn - ]Tlnxn “)
N
= p(w,x,) + Zan,ign - an,Oan,lg(”]xn —JT{'x, ”)
i=1
=< ¢(W, xn) + En - an,Oan,lg( ”]xn - ]Tlnxn ”)
It follows that

an,Oan,lg(”]xn _]Tlnxn H) =< ¢(W:xn) - ¢(W7 Mn) + gn'

In view of the restriction on the sequences, we find from (2.8) that lim,,_, o g(|l/x, —
JT7x,1) = 0. It follows that

lim |/, = JT{%,]| = 0.
Hn—0Q
In the same way, we obtain
lim | Jx, —JT/'%,|| =0, V1<i<N.
n— 00
Notice that |JT7x, — Jx|| < |JT]%, — Jx,|l + |Jx, — J%||. It follows that

lim |JT}%, —J%| = 0. (2.9)

Page 9 of 14
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The demicontinuity of /™' : E* — E implies that 77'x, — ¥. Note that
177 | = 120 = [T ]| ~ RN < [T T %0 - T

This implies from (2.9) that lim,_,« || T}%, | = [|X||. Since E has the Kadec-Klee property,
we obtain lim,,_, o || T/'%, — X|| = 0. On the other hand, we have

|7 = ] < |77 0 = T |+ | 7700 = 2]
It follows from the uniformly asymptotic regularity of T; that
lim || 7/*%, - % = 0.
H—0Q
That is, T;T}'x, — %. From the closedness of T;, we find x = T;x for every 1 <i < N. This

proves X € ﬂf\il F(T)).
Next, we show that x € EF(f). In view of Lemma 1.8, we find that

¢(un:yn) S ¢(W:yn) - ¢(W’ un)

< oW, x4) + o — (W, ).

It follows from (2.8) that lim,,—, oo ¢ (4,1, ¥,) = 0. This implies that lim,,—, oo (|| £, || = ||y ]]) = O.
It follows from (2.6) that

lim ||y, = ||x]l.
n—oQ
It follows that
lim ||Jy,ll = lim |y, = [Ix]| = [IJx]].
n— o0 n—0oQ

This shows that {Jy,} is bounded. Since E* is reflexive, we may assume that Jy, — v* € E*.
In view of J(E) = E*, we see that there exists v € E such that Jv = v*. It follows that

Gt yn) = Netal® = 24, Jyn) + 1l

= Nl = 2, Jyn) + Wyl
Taking liminf,_, - the both sides of equality above yields that

0> [I%]% - 2(% v*) + | v
= [I1%)1% = 2 v) + vI?
= [1%1% =2 v) + IvII®
= (V).

That is, ¥ = v, which in turn implies that v* = Jx. It follows that Jy, — Jx € E*. Since E*
enjoys the Kadec-Klee property, we obtain Jy, — Jx — 0 as n — co. Note that J1.E* > E
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is demicontinuous. It follows that y, — x. Since E enjoys the Kadec-Klee property, we
obtain y, — X as n — 0o. Note that

ltn = yull < Nt = XN + 1% = yull.

This implies that lim,_, o ||, — y|| = 0. Since J is uniformly norm-to-norm continuous
on any bounded sets, we have lim,_, » [|Ju#,, — Jy,|| = 0. From the assumption r,, > k, we see
that

o W=yl _

n—00 I

0. (2.10)

Since u, = S,,y,, we find that

1
funy) + r—(y— U Juty — Jyn) =0, VyeC.

It follows from (A2) that

Vitn —Jyall 1
ly - unuriy > — (= thn iy = Jy) 2 f ), ¥y €C.

n

In view of (A4), we find from (2.10) that
fly,%x) <0, VyeC.

For 0 <t <1 and y € C, define y, = ty + (1 — t)x. It follows that y, € C, which yields
f{y,x) <0. It follows from (Al) and (A4) that

0=Ffey) <tf oy + A= O)f e, X) < tf (ye, ).

That is,

fOny) = 0.

Letting ¢ | 0, we obtain from (A3) that f(x,y) > 0, Yy € C. This implies that x € EP(f).
Finally, we turn our attention to proving that x = Hﬂf\il F(T)nEF() 1
Letting n — o0 in (2.2), we obtain

N
(% —w, oy - J%) = 0, Vwe [ |F(T;) NEF(f).

i=1
In view of Lemma 1.9, we find that x = “n?il F(rynEr(¥L- This completes the proof. O

From the definition of quasi-¢-nonexpansive mappings, we see that every quasi-¢-
nonexpansive mapping is asymptotically quasi-¢-nonexpansive in the intermediate sense.
We also know that every uniformly smooth and uniformly convex space is a uniformly
smooth and strictly convex Banach space which also enjoys the Kadec-Klee property (note
that every uniformly convex Banach space enjoys the Kadec-Klee property).
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Remark 2.2 Theorem 2.1 can be viewed an extension of the corresponding results in
Qin et al. [6], Kim [12], Qin et al. [22], Takahashi and Zembayashi [24], respectively. The

space L?, where p > 1, satisfies the restriction in Theorem 2.1.

3 Applications

Theorem 3.1 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property and let C be a nonempty closed and convex subset of E. Let
f be a bifunction from C x C to R satisfying (A1)-(A4). Let T : C — C an asymptotically
quasi-p-nonexpansive mapping in the intermediate sense. Assume that T is closed asymp-
totically regular on C and F(T) N EF(f) is nonempty and bounded. Let {x,} be a sequence

generated in the following manner:

xo € E chosen arbitrarily,

G =¢C,

x1 = I xo,

Y =] (0% + 0 JT" %),

uy € C such that f(u,,y) + % (y—tbp, Juty = Jyu) >0, VyeC,
Cun ={z € Cy: ¢(z,un) < P(2,%n) + &}

Xntl = HC,Hle;

where &, = max{0, suppd_-(T)yxeC@(p, T"x) — ¢(p,x))}, {rn} is a real number sequence in
[k, 00), where k is some positive real number, {a,o} and {a,n,1} are two real num-
ber sequence in (0,1). Assume that liminf,_, o, o, 0,1 > 0. Then the sequence {x,} con-
verges strongly to T1 F(T)NEE(f)*1, where T1 F(T)NEE(f) IS the generalized projection from E onto
F(T) N EF(f).

Proof Putting N =1, we draw from Theorem 2.1 the desired conclusion immediately. [

Remark 3.2 If the mapping T in Theorem 3.1 is quasi-@-nonexpansive, then the restric-
tions that T is closed asymptotically regular on C and F(T') N EF(f) is bounded will not be

required anymore.

If T; = I, where I is the identity for every 1 < i < N, then we find from Theorem 2.1 the

following.

Theorem 3.3 Let E be a uniformly smooth and strictly convex Banach space which also
enjoys the Kadec-Klee property and let C be a nonempty closed and convex subset of E. Let
f be a bifunction from C x C to R satisfying (A1)-(A4). Assume that EF(f) is nonempty. Let
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{x,.} be a sequence generated in the following manner:

xo € E chosen arbitrarily,

G =C,

x1 = I %o,

uy € C such that f(u,,y) + i(y— Uy, Juy —Jxy) >0, VyeC,
Cun ={z € Cy: ¢(z,un) < ¢(z,%4)},

%Xns1 = ¢, %0,

where {r,} is a real number sequence in [k, 00), where k is some positive real number. Then
the sequence {x,} converges strongly to Ilgr(x,, where Igp) is the generalized projection
from E onto EF(f).
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