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Abstract

In this paper, we will discuss asymptotic limit of non-isentropic compressible Euler-
Maxwell system arising from plasma physics. Formally, we give some different limit
systems according to the corresponding different scalings. Furthermore, some recent
results about the convergence of non-isentropic compressible Euler-Maxwell system
to the compressible Euler-Poisson equations will be given via the non-relativistic
regime.
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1 Introduction and the formal limits

Let n, u, and 6 denote the scaled macroscopic density, mean velocity vector, and tem-
perature of the electrons and E and B the scaled electric field and magnetic field,
respectively. They are functions of a three-dimensional position vector x € T and of
the time ¢ >0, where T = (R/27Z)? is the torus. The fields E and B are coupled to the
particles through the Maxwell equations and act on the particles via the Lorentz force
E + yu x B. These variables satisfy the scaled non-isentropic Euler-Maxwell system for
plasma physics in a uniform background of non-moving ions with fixed density b(x)
(see [1-3]):

on+V-(nu)=0, (1.1)
du+(u-Vu+vVo+6Vinn=—(E+yuxB), (1.2)
8t9+u~V9+§9V~u=O, (1.3)
yedE—V xB=ynu, ydB+V xXxE=0, (1.4)
eV-E=b(x)—n, V-B=0, (1.5)
(n,u,0,E, B)|o = (n),ul, 00, E,BY). (1.6)

In the system, Equations 1.1-1.3 are the mass, momentum, and energy balance laws,
respectively, while (1.4)-(1.5) are the Maxwell equations. It is well known that two
equations in (1.5) are redundant with two equations in (1.4) as soon as they are satis-
fied by the initial conditions. The non-dimensionalized parameters y and ¢ can be
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chosen independently on each other, according to the desired scaling. Physically, y and
€ are proportional to l and the Debye length, where c is the speed of light. Thus, the
limit ¥ — 0 is called the non-relativistic limit while the limit ¢ — 0 is called the quasi-
neutral limit. Starting from one fluid and non-isentropic Euler-Maxwell system, we can
derive some different limit systems according to the corresponding different scalings.

Case 1: Non-relativistic limit, Quasi-neutral limit

In this case, we first perform non-relativistic limit and then quasi-neutral limit.

Step I: Let ¢ be fixed and y — 0. Formally, we get the following system:

on+V-(nu)=0, (1.7)
du+(u-V)u+V0+6Vinn=—E, (1.8)
8t0+u~V9+§0V~u=O, (1.9)
VxB=0, V-.-B=0, (1.10)
VXE=0, eV-E=b(x)—n. (1.11)

This limit is the Euler-Poisson system of compressible electron fluid.
Remark 1.1. Equations 1.10 implies B = 0 when the mean value of B(x, t) vanishes,
i.e. m(B) = 0. Here,

1
m(v) = (21)’ /71 v(x, ) dx

denotes the mean value of a given scalar or vector function v(x, t) in T3with respect to
x. Furthermore, equation V x E = 0 in (1.11) with m(E) = 0 implies the existence of a
potential function ¢° such that

E=-V¢.
Step 2: Set ¢ = 0 in Euler-Poisson system (1.7)-(1.11), we can obtain #n - b(x) = 0,

which is so-called quasi-neutrality in plasma physics. Then, (u, 6, ) satisfy the follow-
ing equations:

V- (bu) = —d;b, (1.12)

du+(u-V)u+Vo+0Vinb= Ve, (1.13)
2

60 +u-Vo+ 6V -u=0. (1.14)

Remark 1.2. If the ion density b(x) is a constant, say b(x) = 1 for simplicity; then
from (1.12)-(1.14), we see that (u, 0, @) satisfy the non-isentropic incompressible Euler
equations of ideal fluid:

V.u=0, (1.15)

ou+(u-V)Qu+Vve =Vg, (1.16)

2
8t9+u-V9+39V-u=0. (1.17)
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Hence, one derives the non-isentropic incompressible Euler equations.

Case 2: Quasineutral limit, Non-relativistic limit

In this case, we take b(x) = 1 for simplicity. Contrarily to Case 1, we first perform
quasineutral limit and then non-relativistic limit.

Step 1: Let y be fixed and ¢ turns to zero, one can gets n - 1 = 0 (quasineutrality),
and then we get from the Euler-Maxwell system (1.1)-(1.5) that

ou+(u-V)u+Ve+E=—yuxB, (1.18)
8t9+u-V9+§9V-u=O, (1.19)
VxB=yu V-B=0, (1.20)
yoB+V x E=0. (1.21)

This is so-called the non-isentropic e-MHD equations.
Step 2: We set v = 0 and get that

VxE=0, VxB=0, V:-B=0

and the non-isentropic incompressible Euler equations 1.16-1.18 of ideal fluid from
the e-MHD system (1.18)-(1.21).

Case 3: Combined quasineutral and non-relativistic limits

Similarly to Case 2, we still take b(x) = 1 for simplicity. Choose ¢ = yand let ¢ = y — 0,
first it is easy to get from the Maxwell system (1.4)-(1.5) that # = 1 (quasi-neutrality) and

VxE=0, VxB=0, V-B=0.

Then one gets the non-isentropic incompressible Euler equations 1.15-1.17 of ideal
fluid from the Euler-Maxwell system (1.1)-(1.5).

The above formal limits are obvious, but it is very difficult to rigorously prove them,
even in isentropic case, see [4-6]. Since usually it is required to deal with some com-
plex related problems such as the oscillatory behavior of the electric fields, the initial
layer problem, the sheath boundary layer problem, and the classical shock problem.
The proofs of these convergence are based on the asymptotic expansion of multiple-
scale and the careful energy methods, iteration scheme, the entropy methods, etc. In
the following section, we will provide a rigorous convergence result when ¢ is fixed
(especially we take ¢ = 1) and y — 0. We state our result in the following section. For
detail, see [7]. For the other results, see [4-6] and references therein.

2 Rigorous convergence
Let (n”, u”, 07, E", B") be the classical solutions to problem (1.1)-(1.6) and assume that
the initial conditions have the following asymptotic expansion with respect to ¥

m
(ng,up, 05 Eg, BY) = D v (mj, w;, 6, Ej, By) + O(y ™).
j=0
Plugging the following ansatz:

(n”,u”,67,E,B") = Z Y, W, 0, B, B)
j=0

(2.1)
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into system (1.1)-(1.6), we obtain:
(1) The leading profiles (no, u®, 6°, E°, BO) satisfy the following equations:

an® + div (n°u®) = 0, (2.2)
3’ + (u° - V)u® +ve® +6°vinn® = —E°, (2.3)
360° + (u° - v)o° + ieov u® =0, (2.4)
VxE =0, divE® = b(x) —n°, (2.5)
V xB%=0, divB®=0, (2.6)
(n°,u®, 6°)]10 = (10, o, 60). (2.7)

From (2.6), we may take B° = 0, and equation V x E° = 0 in (2.5) implies the exis-
tence of a potential function ¢° such that E° = -V¢°. Then Equations 2.2-2.5 become a
non-isentropic compressible Euler-Poisson system and determine a unique smooth
solution (1°, u°, ¢°) in the class m(¢°) = 0 well defined on T x [0, T, ] with T. >0.
Here, we need the following compatibility conditions on (E,, B):

Eg =—V¢o, Bo=0, (2.8)
where ¢ satisfies
—Apo=b(x) —ny inT and m(¢°)=0. (2.9)

(2) For any j > 1, the profiles (#/, i/, 0/, F/, B') can be obtained by induction. Now,
we assume that (%, o, &%, EX, Bk)ogkgj,l are smooth and already determined in previous
steps. Then (nj, #, 07, B, Bj) satisfy the following linearized equations:

j
o + Z div(nkuj’k) =0, (2.10)
k=1

ol ‘ j .
o + Y (Ut VT + 00V (:O) +6'v(Inn°)

k=0

- (2.11)
+ VO LB+ ub x B i1 <,
k=0
o Jd , 2 j )
00+ Y VO Y otdival Tt = 0, (2.12)
k=0 k=0
VxE=-4B" divE =—w, (2.13)

j—1
Vx B =9E = a7k, divB =0, (2.14)
k=0
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(th, Ltj, Gj)|t=0 = (n]‘, u]', 9]'), (2.15)

where f° =0, Y, = 0and [/ (", @)xs;.1) is defined by

90+Zyj9j Vin nO+Zyjnj

jz1 =1
_ Z yj(gjv Inn® + GOV(ln’nOnj)) + Z J/jfj_l-
j=0 jz2

Equations 2.14 are of curl-div type and they determine a unique smooth B in the
class m(B) = 0 in T x [0, Tx]. Moreover, from div B’ = 0, we deduce the existence of a
given vector function @’ such that B = - V x /. Then, the first equation in (2.13)
becomes V x (' -9,0/") = 0. It follows that there is a potential function ¢’ such that
F = 9,0 - Vo’ with 0° = 0.

Then, (#, i/, 0/, ¢/) solve a compressible linearized Euler-Poisson system:

j
o + Z div(nkuj’k) =0, (2.16)
k=1

o . j .
o + Z Wk V)i 400V (:0) +0V(Inn°)

k=0

i (2.17)
+VO — Ve + Zuk x BIm17k +g71=0,
k=0
o 2 .
0,0 + Zuk VeI 3 Zekdiv wk=o, (2.18)
k=0 k=0
AW = adive (2.19)
(W, 1,00 = (), 5, 6)) (2.20)

where ¢! = f/' 49,0 /"', Then system (2.16)-(2.20) determines a unique smooth
solution (#, i/, 0, (pj)j21 in the class m(¢’) = 0, in the time interval [0, T.]. Since E' =
907" - Vo, we need the following compatibility conditions on (E;» By):

Ej = -1 — V¢, Bj = B(0,x), (2.21)
where @; is determined by

—~A¢j = —n; — 8 diva/ (0, x), (2.22)

for x € T and m(¢/) = 0.

Proposition 2.1. Assume that the initial data (n;, w;, E;, B));. are sufficiently smooth
with ng > 0 in Tand satisfy the compatibility conditions (2.8)-(2.9) and (2.21)-(2.22). Then
there exists a unique asymptotic expansion up to any order of the form (2.1), i.e. there
exist the unique smooth profiles W, FE, Bj)j<0, solutions of the problems (2.2)-(2.7) and
(2.10)-(2.15) in the time interval [0, T-]. In particular, the formal non-relativistic limit
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¥ — 0 of the non-isentropic compressible Euler-Maxwell system (1.1)-(1.6) is the non-
isentropic compressible Euler-Poisson system.
Set

m
(n, ul, 04, E, BL) = Y yi(n,, 00, B.B),
j=0

where (#, i/, @/, F/, B) are those constructed in the previous Proposition 1.1.

For the convergence of the compressible Euler-Maxwell system (1.1)-(1.6), our main
result is stated as follows.

Theorem 2.1. For any fixed integer sy > g +land m > 1, assume that the mean
values of E" (x, t), BY (x, t) vanish and the ion density b(x) the initial data (nj, u;, 0));s0,
satisfy the following conditions:

. b(x),nj,uj,ej IS HS(TI), s>N+2, N=>j>0,
e 1y, Oy = 0 > 0 for some constant 9,
e m(b(x) - no) = m(n) =0,j>1

with N = m and s = m + sy + 3 hold. Furthermore, if

(Ej, B)(x) = (, B)(x,0), 0<j<m, (2.23)
satisfy the compatibility condition

divE) =b(x) —n), divBj=0 «xeT, (2.24)

and initial condition

m
(nh, ul, 00, Ey, E5) = > ¥/(nj,u;, 6, E;, B)| < Cy™!, (2.25)

j=0 S0

then, there exists T- € (0, T:] such that problem (1.1)-(1.6) has a unique solution
(n”,n”,07,E”,B") € C'(|0, T,], H*/(T)), i=0,1.

Furthermore,

m
nyl uy/ GV/ Eyl B}/) - Z )/1(71]/ uj/ 91/ EJ/ BJ) S Cym+1/
j=0 s0. e

where (n/, W, 07, F, B’)ogjgm are solutions to problems and C >0 is a constant inde-
pendent of ¥.
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