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We demonstrate that the common interpretation of angular velocities measured by a 3D gyroscope as being sequential Euler
rotations introduces a systematic error in the sensor orientation calculated during motion tracking. For small rotation angles,
this systematic error is relatively small and can be mistakenly attributed to different sources of sensor inaccuracies, including
output bias drift, inaccurate sensitivities, and alignments of the sensor sensitivity axes as well as measurement noise. However,
even for such small angles, due to accumulation over time, the erroneous rotation interpretation can have a significant negative
impact on the accuracy of the computed angular orientation. We confirm our findings using real-case measurements in which
the described systematic error just worsens the deleterious effects typically attributed to an inaccurate sensor and random
measurement noise. We demonstrate that, in general, significant improvement in the angular orientation accuracy can be
achieved if the measured angular velocities are correctly interpreted as simultaneous and not as sequential rotations.

1. Introduction

With the ongoing developments in gyroscope-manufacturing
technology, their use in various fields is observably increasing
[1-29]. 3D gyroscopes are integral components of inertial
navigation units [5-8]; have been shown feasible for motion
capture, classification, and analysis [9-24]; and are essential
elements of the assistive, rehabilitative, and wearable health
technology [21, 22]. However, the utility of 3D gyroscopes
can be diminished without an associated meaningful inter-
pretation of the measured values and computation of the
angular orientation.

A 3D gyroscope measures the angular velocity of its rota-
tion in a reference frame along its three sensitivity axes. For
an ideal sensor, these outputs are equal to the projections of
the rotation angular velocity on the sensitivity, that is, intrin-
sic coordinate system axes. In the measurement context, the
sensor is hence simultaneously rotating around its three
coordinate system axes. Properly combined, these three rota-
tions are equivalent to the actual rotation of the sensor in the
reference frame.

Misleading practices arise from interpreting the three
measured angular velocities as being sequential, that is, Euler

rotations. As the three angular velocities that a 3D gyroscope
provides represent simultaneous rotations, in general, the use
of Euler angles introduces a systematic error in the calculated
angular orientation. It is only in the case of infinitesimal rota-
tions, which are shown to be commutative, that the sequen-
tial and simultaneous rotations around orthogonal axes
result in the same angular orientation [30, 31].

There are a number of literature contributions [23-28]
that present otherwise promising applications of 3D gyro-
scopes that adopt the above-emphasized misleading interpre-
tations. For this reason, we find it necessary to emphasize in
more detail the realistic effects of the gyroscope measurement
interpretation. Our objective is therefore to investigate the
systematic error that arises from erroneously interpreting
the 3D gyroscope measurements and quantify its effect on
the accuracy of the computed angular orientation.

The paper is organized as follows. In Section 2, we
resolve the problem of the correct interpretation of 3D
gyroscope measurements by invoking the expressions for
the rotation that is equivalent to the three simultaneous
orthogonal rotations measured by a 3D gyroscope, as
derived in [30], and present proper means for computing
the angular orientation.
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To isolate and quantify the deleterious effect of the
erroneous rotation interpretation on the angular orienta-
tion accuracy, we consider, in Section 3, an ideal 3D gyro-
scope and a simple rotation at a constant angular velocity
around a fixed rotation axis. In Section 4, we present angu-
lar orientation error reduction that can be achieved when
using a real, imperfect 3D gyroscope in real-case measure-
ments in which the described systematic error obfuscates
the accuracy of the computed angular orientation along
with typical errors attributed to an inaccurate sensor and
random measurement noise.

Although the manufacturing technologies of low-cost
gyroscopes is improving rapidly, these sensors have been
shown to suffer from output bias drift and inaccurate sensi-
tivities and alignments of the sensor sensitivity axes. As it is
our aim to quantify the deleterious effect of the erroneous
rotation interpretation, we here consider a properly cali-
brated sensor. Improving the accuracy of 3D gyroscopes
has been the subject of a number of ongoing research works
and is presented elsewhere [32-35]. Finally, in Section 5, we
summarize our results and draw the conclusions.

In all subsequent sections, we obey the following notation
rules: bold letters denote matrices and vectors, and large and
small italics denote scalars.

2. 3D Gyroscope Measurements Interpretation

2.1. Simultaneous Rotations. Let us consider an ideal 3D
gyroscope that rotates at constant angular velocity w around
a rotation axis v in a 3D reference frame. It provides mea-
surements of simultaneous angular velocities w,, w,, and w,
around its three orthogonal sensor intrinsic coordinate sys-
tem axes, x, y, and z, respectively. In [30, 36], we have derived
arotation vector @ called Simultaneous Orthogonal Rotation
Angle (SORA), which we can use to interpret the measured
values correctly. The components of this vector are equal to
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the rotation angles of the three simultaneous rotations
around the sensor axes:

o=T[o, 0, 0,]"=[¢, ¢, ¢.]", (1)

where w,, w,, and w, are the three measured angular veloci-
ties; ¢, ¢, and g, are the rotation angles; and T is the mea-
surement interval.

As long as the axis v of rotation is constant during
the measurement interval T, the orientation and magni-
tude of vector SORA @ (1) are respectively equal to the
axis and angle of the actual rotation of the gyroscope.
It holds that

V.X (pX wX
1 1
VE Y | F |, | T —| o, |
2+ @2 + ¢? w? + w? + w?
Py §0}, P x y z
v, z w,

(2)
9= T\/wxz +o +w,’ = \/svxz o+ (3)

From (1)-(3), we can conclude that the gyroscope mea-
sures the projections of its rotation angular velocity vector

W= :[wx w, wZ]T, (4)

| e

on its sensitivity axes. Note that, in general, due to rotation
noncommutativity, the rotation (1) and angular velocity vec-
tors (4) cannot be considered as real vectors. This is possible
only in the particular case of a constant rotation axis.

Using the rotation axis (2) and angle (3), we can compute
the angular orientation of the sensor intrinsic coordinate sys-
tem axes in the reference frame. We introduce R(¢,v) to
denote a 3 x 3 rotation matrix associated with the axis (2)
and angle (3) of rotation:

c+vi(l-c¢) vV (L—c)=vs viv (1—c)+vs
R(p,v)=| vy, (1-c)+v,s c+v§(1—c) v (l=c)=vs |, (5)
v (l-c)—vs vy (l-c)+vs ¢+ v2(1=c)

where ¢ and s respectively denote cos(¢) and sin(¢).
We further introduce 3 x 3 matrices S, ;. and S(f?;m to rep-

resent the sensor initial and final orientation in the reference

frame. The columns of S,;, and S(f?ilm) are 3 x 1 unit vectors

representing the initial and final orientations, respectively,
of the sensor coordinate axes. We can write

Spm = Sinie - R(¢> V). (6)

fin
The order of matrices S,,;; and R(¢,v) in multiplication in
(6) accounts for the fact that the rotation axis v (2) is given in
the 3D gyroscope intrinsic coordinate system.

2.2. Sequential Rotations. As opposed to the three rotations
represented with SORA (1), Euler angles represent a
sequence of three elemental rotations, that is, rotations about
the axes of the (intrinsic or reference) coordinate system. If
only rotations around different intrinsic coordinate system
axes are considered, six sequences are possible: x-y-z, y-z-x,
z-X-Y, X-z-y, Z-y-X, and y-x-z. Because rotations are in general
not commutative, each of these six sequences brings to a dif-
ferent final angular orientation, none of which is correct
when all three rotations are simultaneous, as is the case when
the 3D gyroscope rotates around an arbitrary axis. Using any
of these sequences in calculating the angular orientation of
the sensor introduces a systematic error.



Journal of Sensors

As the three coordinate axes of the sensor are equivalent,
we can use any of the aforementioned sequences to quantify
the error in the calculated angular orientation. We chose the
sequence z-y-x, also known as the aerospace sequence with
rotation angles called yaw, pitch, and roll.

Using angles ¢, ¢, and ¢, obtained with a 3D gyroscope
in place of the yaw, pitch, and roll, respectively, we can calcu-

(seq)

late the final orientation of the sensor S,

sequential rotation interpretation as

according to the

St = Sy Ry (%, P, <Px) : (7)

Rp(¢. ¢,, ¢,) (7) denotes a 3x 3 Euler rotation matrix
composite:

Ry (q)z’ 2 <Px) =R(¢.2)- R(%, y) “R(px)

G0 S0~ CS, S0+ 8,8,
=168, GOS8, GSS,—SC |,
s, 5.6, CCy

where s, and ¢, respectively denote sin(¢,) and cos(¢,), k
representing one of the axes, x, y, or z.

The orientation of an aircraft may indeed be represented
in a convenient and intuitive way with the three Euler orien-
tations. However, Euler angles are not equal to the angles
measured with a 3D gyroscope, and obviously, their use in
this context is erroneous. Comparing (5) and (8), we can con-
clude that rotation matrices for simultaneous (5) and sequen-
tial (8) rotation interpretations are not equal and that relying
on the latter will not yield the correct result in the case of 3D
gyroscope measurements.

Let us look at a simple illustrative example. Suppose that
the sensor rotates with an angular velocity w=360"/s around
the unit axis

11 1]

N

for T=1s. After this rotation time, the orientation of the
sensor is obviously equal to its initial orientation; thus, the
rotation matrix for the simultaneous interpretation (5) is
actually, in this case, the identity matrix. We can write

©)

V=

R(p,v) =L (10)

By considering (1)-(4), we can conclude that, in this case,
the angles measured with an ideal gyroscope would be

360°
(sz(Pyzq)z:W' (11)

Substituting these angles for the yaw, pitch, and roll Euler
angles in (8) yields

3
0782 —0.605 —0.147

RE(<pZ,(py,(px)= 0.413 0.680 0.606 |. (12)
0.467 0.413  0.702

The obtained rotation matrix Ry(¢,, ¢,, ¢,) is not equal
to the identity matrix I and would obviously bring to an
incorrect angular orientation:

Re(9.9,09,) #R(p.v). (13)

In practice, much smaller angles of rotations are used
in calculations of final angular orientation. As the rotation
angles become ever smaller, the difference between the
simultaneous and sequential rotation results becomes ever
more negligible. However, even for small angles, the error in
the computed angular orientation accumulates over time and
can become significant, as we will present and discuss in the
next sections.

3. Angular Orientation Systematic Error

3.1. Angular Orientation Error Measures. We express the
angular orientation error ¢ in terms of the orientation devia-
tion angle, that is, the angle of a rotation that would correct
the calculated orientation of the sensor:

T
(8- (852) ") -1

2

€ = arccos

, (14)

where S is the 3 x 3 matrix of the actual final orientation

and S(gﬁl) is the 3 x 3 matrix of the calculated state.

Due to integration, the error in the computed angular
orientation accumulates over time. To make the results com-
parable across different simulations and measurements, we
normalize the deviation angle € (14) with respect to the total
time of rotation T:

&
= —. 15
enorm T ( )

3.2. Methodology. To isolate the effect of the erroneous
rotation interpretation, we consider an ideal 3D gyroscope
that provides time-discrete samples of angular velocities at
sample moments nT,, where T is the sampling interval:

1
T,=—, 16
7 (16)
and f is the sampling rate. We thus obtain N=T'f, samples of
the angular velocity vector w (4).
We further consider the sensor and reference frame coor-
dinate axes to be initially aligned. The initial orientation of
the sensor is hence given by the identity matrix:

Sinit =L (17)



For this investigation, we finally consider that the sensor
rotates for T=1s with a constant angular velocity w = 360"/,
around the unit axis:

v=1— - (18)
V3
For this example, the initial and actual final orientations
of the sensor are hence identical. We can write

S¢in = Siie =L (19)

For each of the N rotation samples, the sensor rotates for
an angle Ap =360°/N around the constant axis v. As we are
assuming the gyroscope is accurate and the rotation axis is
constant throughout the rotation, we can conclude that all
samples of the measured angular velocities are equal to

360°
w.. . =Ww..=W,, = ——

xX,n 8 z,n 4
4 \/§ S

and that all angles of rotations around the sensor axes are
equal to

1<n<N, (20)

Ap = cp =g =0 1<n<N (21)
(Ps ng,n goy,n (Pz,n N\/:; > - - °
We can finally conclude that for all samples n, the angle
of rotation calculated according to (3) is equal to

/ 360°
_ — 2 2 2 —
P, = A(P - (px,n + (Py,n + (Pz,n - T >

It is obvious that combining all N rotations in a single
rotation matrix would yield the identity matrix I. Consider-
ing this and (19) for calculating the resulting angular orienta-
tion (6), we can hence write

1<n<N. (22)

S<f?;m> = Sinit *R(P: V) = Sigie - T = Sinie = Sin- (23)
This implies that interpreting the rotations as simulta-
neous by considering SORA (1)-(4) does not produce an
error in the calculated angular orientation.
To calculate the final angular orientation of the sensor
according to the sequential rotation interpretation (7), we
multiply the Euler rotation matrix Ry(Ag,, Ap,, Ap,) (8) by

itself N—1 times:

St = S (Re(Ago dpp8))™. (24)
By substituting Sg;q) for S(fffln in (14), we can calculate the

angular orientation error for the sequential rotation interpre-
tation. Because both the initial and actual final angular orien-
tations of the sensor are given with the identity matrix (19),
(14) simplifies to

fin

2

= arccos <tr((RE(A90s’ Ag,, A‘Ps))N) = 1) .

w(se) -1

&€ = arccos

(25)
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FIGURE 1: Angular orientation systematic error that arises from
erroneously interpreting three simultaneous rotations measured
using a 3D gyroscope as sequential rotations. For all examples
presented, the sensor rotates for 360° in one second. The examples
differ with respect to the sampling frequency. Different sampling
frequencies correspond to different magnitudes of angles of the
individual rotation steps. We can observe that the error increases
with the magnitude of the individual rotation angles. For large
angles, angular orientation becomes completely unreliable.

Total measurement time is set to T=1s, so the normal-
ized deviation angle (15) is equal to

£

€norm = 7 (26)
As A, decreases with the sampling rate and as small
enough angle rotations become nearly commutative, we
expect both error measures, € (25) and ¢ (26), to decrease

with the sampling rate too.

norm

3.3. Results and Discussion. The normalized orientation devi-
ation angles e, . obtained according to (26) for different
sampling frequencies decreasing from 10,000 Hz to 4 Hz in
a logarithmic scale are presented in Figure 1. Different sam-
pling frequencies correspond to different angles of the gyro-
scope rotations Ag, increasing from 0.036° to 90°.

As expected, the results obtained show that the angular
orientation error that is a consequence of erroneously inter-
preting the three simultaneous orthogonal rotations mea-
sured using a 3D gyroscope as sequential increases with the
magnitude of the angles of the considered rotation steps.

We can observe that by substantially lowering the sam-
pling frequency, that is, enlarging the angle of individual
rotation Ag, the magnitude of the error can become so signif-
icant that the results become completely unreliable, even
after only one second of rotation. In the considered measure-
ment scenario, for a sampling frequency of 4 Hz, the individ-
ual rotation angle is Ap =90°. For an angle of that magnitude,
the normalized error in the angular orientation calculated
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FIGURE 2: Angular velocities obtained using a calibrated 3D
gyroscope in a noisy environment and used for estimating the
effect of the erroneous rotation interpretation on angular
orientation accuracy in real-case measurements. The angular
orientation of the sensor was computed and evaluated after each
of the seven measurements. The dynamics of the angular velocities
was progressively increasing from the first to the Ilast
measurements. The motion was otherwise arbitrary.

according to the sequential rotation interpretation is
Enorm = 73.16/s.

Due to accumulation over time, the absolute error in the
calculated angular orientation cannot be neglected, even for
small angles. For example, for a common sampling frequency
f,=2048 Hz, the individual rotation angle is 0.176" and the
systematic error in the computed angular orientation e
exceeds 6” after one minute of rotation.

It is also worth noting that as the rotation axis is constant
throughout the rotation, by correctly interpreting the mea-
sured angular velocities, we can compute the final angular
orientation in a single step. If applied when interpreting the
measured rotations as sequential, the same approach would
result in even larger errors than presented here.

4. Real-Case Measurement

4.1. Methodology. To observe the implications of rotation
interpretation in real-case measurements, in which the
described systematic error obfuscates the accuracy of the
computed angular orientation along with typical errors
attributed to an inaccurate sensor and random measurement
noise, we rely on real motion tracking.

We used the MEMS 3D gyroscope ITG3200-3, manufac-
tured by InvenSense (Sunnyvale, CA, USA) [37], providing
for 16-bit outputs in a +2000°/s range. The sampling rate of
the sensor’s analog-to-digital converter was set to 1000 Hz.
However, to relate to a real-time measurement environment
more realistically and to support computational efficiency,
the obtained signals were downsampled to f, =50 Hz. Prior

to the measurements, we performed static calibration of the
sensor according to the procedure described in [35].

We performed seven measurements. In each of these, we
manually rotated the sensor. At the end of each measure-
ment, we positioned the sensor in the exact same orientation
as it was initially. This procedure enabled us to estimate the
angular orientation accuracy as the deviation of the sensor’s
final (computed) orientation from its initial orientation and
compare both interpretations’ results in a simple manner,
avoiding the use of additional equipment.

We rotated the sensor in such a way that for each mea-
surement, the dynamics of the rotation was larger than that
for the previous measurement. As has been elaborated in Sec-
tion 2, as long as the axis of the gyroscope rotation is constant
during the measurement interval, the orientation and the
magnitude of vector SORA (1) are respectively equal to the
axis and angle of the actual rotation of the gyroscope. For a
general measurement scenario, however, it is necessary to
account for possible rotation axis changes during T. By pro-
gressively enlarging the dynamics of the measured rotations,
we could quantify the effect that these (immeasurable) rota-
tion axis changes have on the angular orientation accuracy.

Otherwise than stated, the motion of the gyroscope,
including its rotation, was arbitrary. The obtained angular
velocities are presented in Figure 2.

By assuming that, on average, the change in the angular
velocity between two consecutive samples reflects the change
during samples, that is, the measurement intervals #, we can
use the following measure of angular velocity dynamics:

R 1
|Aw|| = N1

M=

1@, = @,y []> (27)

n=2

to represent rotation axes changes during T

Different sources of measurement inaccuracies including
imperfect sensor calibration, noise, and immeasurable rota-
tion axis changes obviously introduce errors in the angular
orientation computed according to both the simultaneous
and the sequential rotation interpretations. As the initial
and actual final angular orientations of the sensor in all of
the seven performed measurements were identical, we could
calculate the respective deviation angles (14) as

tr (S(fs;q)) -1
€9 = arccos — | (28)

tr (S(f?;m)> -1
2

™ = arccos , (29)

where £ is the orientation deviation angle when sequen-

tial and €*™ when simultaneous rotations are considered.

We further obtained the normalized deviation angles for

both respective interpretations, sgsffgl and sfiﬁi‘;l, by inserting

(28) into (15). We expect all of these errors to be affected
by the angular velocity dynamics (27).
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FI1GURE 3: Angular orientation errors, expressed as normalized deviation angles, and error reduction for different angular velocity dynamics.
We can observe that for both the simultaneous and sequential interpretations of 3D gyroscope measurements, in general, the error increases
as the average angular velocity change becomes larger. However, for all considered measurements, significant error reduction is achieved if the

measured values are correctly interpreted as simultaneous rotations.

To evaluate the gain of using the correct interpretation of
3D gyroscope measurements, we introduce F, . to denote the
angular orientation error reduction factor:

P s(seq) _ s(sim)
err — W .

(30)
4.2. Results and Discussion. The results are presented in
Figure 3. For the simultaneous rotation interpretation, the
error in the calculated angular orientation ranges from
0.034" to 1.250° per second of rotation and can become signif-
icant over time. However, the error that results when inter-
preting rotations as sequential is much larger and ranges
from 0.132° to 16.152° per second of rotation. An error
reduction of 74% to 98% is achievable if the gyroscope mea-
surements are interpreted correctly.

Considering the applicative value of these results, we
can point out the following: even for the largest error
obtained by interpreting the measured rotations as simul-
taneous (1.250°/s), we can rotate the sensor up to almost
13 times longer before reaching the error of the sequential
rotation interpretation approach (16.152°/s).

The results provided show that the error in the angu-
lar orientation obtained according to both interpretations
of rotations, in general, increases with the dynamics of the
angular velocities, which reflect the changes of the rotation
axis during measurement intervals. This error is, in essence,
a measurement error and cannot be computationally taken
into account, regardless of the interpretation method
employed. However, even for the most extreme conditions
here considered, the error reduction factor is significant.

5. Conclusion

Due to different sources of motion sensor inaccuracies, accu-
rate position estimation is a delicate task. Erroneous

interpretation of the values measured with a 3D gyroscope
only extends the deleterious effects on the estimated position
of the sensor. Estimating the angular orientation by interpret-
ing the three simultaneous rotations as sequential, that is,
Euler, may seem straightforward. However, the angles mea-
sured with a gyroscope are not, in general, equal to the angles
of the elemental Euler rotations. We have shown that not only
is interpreting simultaneous rotations as sequential theoreti-
cally erroneous, it introduces a significant systematic error in
the angular orientation when the rotation angles become large.

For a rotation rate of 360°/s when sampled at 2048 Hz,
the angular orientation error exceeds 6° after one minute of
rotation. For the lowest sampling rate considered (4 Hz) for
the same motion, the computed angular orientation is
entirely unreliable as the error exceeds 73° after only one sec-
ond of rotation. We have shown that significant accuracy
improvements can be achieved in the real-case measurement
scenario in which this systematic error only extends the del-
eterious effects of sensor inaccuracies in a noisy environment.

It is necessary to note that the simultaneous rotation
interpretation and angular orientation computation pre-
sented in this article are orientated towards eliminating the
systematic error that arises from the erroneous rotation
interpretation. Different interpretations cannot compensate
for other sources of inaccuracies.

Besides random errors attributed to an inaccurate sen-
sor, an error that cannot be eliminated is a consequence of
angular velocity changes between the sampling moments.
This error is in its essence a measurement error, and rather
than computationally, it can be adequately accounted for
by suitably reducing the measurement interval, that is,
enlarging the sampling frequency. Unfortunately, this
opposes the restriction of the energy autonomy of the
devices that utilize gyroscopes for frequent or continuous
everyday motion tracking and will demand an ever-lower
sampling frequency.
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However, even when the angular velocity changes during
the measurement intervals, for the illustrative motion consid-
ered in this article, an error reduction of 74% to 98% is
achievable if the 3D gyroscope measurements are interpreted
correctly and the sensor itself is properly calibrated. For more
accurate high-end gyroscopes, this factor would be even
larger. Consequently, we can rotate the sensor for a signifi-
cantly longer time before reaching the error of the sequential
rotation computation approach.

With these observations, we can confirm our primary
assumption; that is, in general, significant error reduction
can be achieved with correct interpretation of the 3D gyro-
scope measurement. We can finally conclude that by adopt-
ing the practices presented in this article, more accurate
motion tracking and analysis can be performed.
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