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For a given generalized reflection matrix J, that is, JH = J,J? = I, where 7 is the conjugate transpose matrix of J, a matrix A € C™"
is called a Hermitian (anti)reflexive matrix with respect to J if A = A and A = +]JAJ. By using the Kronecker product, we derive
the explicit expression of least squares Hermitian (anti)reflexive solution with the least norm to matrix equation AXB = C over

complex field.

1. Introduction

Throughout this paper, we denote the set of all 11 x n matrices
over the real field and complex field by R™" and C™",
respectively. Let the symbols HC™”, SR™", ASR™", I,,and
0 stand for the set of all n x n complex Hermitian matrices,
the set of all n x n real symmetric matrices, the set of all
n x n real skew symmetric matrices, the n x n identity matrix,
and the zero matrix with appropriate size, respectively. We
also denote the transpose, the conjugate transpose, the
Moore-Penrose inverse, and the Frobenius norm of A by
AT, A AT and |A|, respectively. Let A € C™"; we define
vec(A) = (alT, aQT, .. ,anT)T, where g; is the i-column of
Ai=12,...,n

In this paper, we consider the Hermitian (anti)reflexive
solution problem of matrix equation AXB = C. Let us first
recall the definition of those two kinds of matrices.

Definition 1. Given a generalized reflection matrix J, that is,
JH = J, J> = I, a matrix A € C™" is called a Hermitian
reflexive matrix with respect to J if AP = Aand A = JAJ.
The set of all n x n Hermitian reflexive matrices with respect
to J is denoted by HC™"(]).

Definition 2. Given a generalized reflection matrix J, that is,
JH =7, J* = I, a matrix A € C™" is called a Hermitian anti-
reflexive matrix with respect to J if AP = Aand A = —JAJ.
The set of all n x n Hermitian antireflexive matrices with
respect to J is denoted by HC"(]).

As an important kind of matrices, the reflexive matrices
with different constraints were studied by many authors in
recent years in literatures and references therein [1-29]. For
instance, Zhao et al. [1] derived the general Hermitian reflex-
ive solution to AX = B, while Yu and Shen [2] considered
a more general case, that is, the Hermitian {J, k + 1}-(anti)-
reflexive solution to AX = B. As an extension of matrix
equation AX = B, the matrix system AX = B, XC = D was
considered by Zhou and Yang [3]. They gave the necessary
and sufficient conditions for the existence of a Hermitian
reflexive solution to the above matrix system. As we can see,
many important associated works were widely studied. But
finding the least squares Hermitian (anti)reflexive solution
with the least norm to matrix equation AXB = C is
still a problem. Therefore, we in this paper will fill this
gap.

We consider the following two problems.
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Problem 3. Given matrices A € C™", B € C™*, and C «
C"™k et

S= {X | X e HCI"(]), |AXB-C]|

@

= min “AXB—C"} .
ReHC™(])

Find X, € Ssuch that || X[ = miny | X]|.

Problem 4. Given matrices A € C™", B € C™*, and C «
C™* et

Su= {X | X € HC"(]), ||AXB-C]|
(2)

= min

- |axB - c||} :
XeHCP™(])

Find X, € S, such that | X,|| = miny, 1 X11.

Now, we start with some useful and fundamental results
in the following.

Lemma 5. The least squares solution to the matrix equation
Ax = bwith A € C"™" and b € C" is given by x = ATb +
(I - ATA)y, where y € C" is an arbitrary vector. And the least
squares solution with the least norm is x = A'b.

Kronecker product method plays an important role in this
paper. We use this method to get some important vectorizing
formulas.

Forany A € C™", A=A, + A,i, where A}, A, € R"™".
The real representation matrix of A = A, + A,i € C"™"is
given by f(A) = [ _AA‘2 2? ] € C*™" which has the following
properties:

(@) f(A+B) = f(A) + f(B).

(2) f(AB) = f(A)f(B).

(3)For A= A, +A,i € C"™", wedefine g(A) = (A}, A,).
Then

vec(A,)
"Vec(zan|::Hvec(g(za>)ﬂ==‘1[vec(fa )]”’ 3)

g(AB)=g(A) f (B).
Analogously to the method of Yuan et al. (see [30]), we
can get a fundamental result as below.

Lemma 6. Let A, B, and C be complex matrices with appro-
priate sizes; then vec(g(ABC)) = f(CH ®A) vec(g(B)).
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Proof. We denote A = A, + A,i, B = B, + Byi,and C =
C, +C,i.g(ABC) = g(A) f(BC) = g(A) f(B) f(C). Then

(MﬂmﬂoﬂAA]VIQHC‘Q]
g - v ? _BZ Bl _CZ Cl

=[AB,C, - A,B,C, - A B,C, (4)
- A,B,C,,AB,C,-A,B,C, + A B,C,
+A,B,C,].
By the rule of
vec (XYZ) = (2" ® X) vec (Y), (5)

we have

vec (g (ABC))

CloA, -CleA, CloA, -CloA,
oA, +CToA, CToA -CloaA,

o) @

vec(B,)
vec(B,)

:f(CH®Z)[

] = f(CH®Z) vec(g (B)).

O

The structure of Hermitian (anti)reflexive matrix prom-
ises the following decompositions, which would simplify our
problems.

Lemma?7. Let ] be the nxngeneralized reflection matrix. Then
there exists an n x n unitary matrix U such that

I 0
]:U[(; L ]UH. 7)

Lemma 8 (see [18]). (1) Let A € C™" and let the spectral
decomposition of the n x n reflection matrix | be given as (7).
Then A € HC(]) if and only if

F, 0
A= U[ 1 ]UH, (8)
0 F,
where F, € HC™" and F, € HCrX(nr)
(2) See [4]. Let A € C™" and let the spectral decomposition

of the n x n reflection matrix ] be given as (7). Then A €
HCY(]) if and only if

0 F

U, 9)
F7 o

A=U

where F € C™"1),

2. The Solution of Problem 3

In this section, we provide the least squares Hermitian
reflexive solution with the least norm to matrix equation
AXB = C. There are the vectorizing formulas of Hermitian
matrix, which are very useful in what comes below.
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Definition 9. Let X = (x;;) € R”"; we define

vecs (X) = (%1, X%y, X, 12 x,) " € RMD2 . (10)

where x, = (x;5, V2Xy15...» V2X,1), X3 = (X335 V2X30,. ..,
\/z'an)’ A (x(n—l)(n—l)’ \/zxn(n—l))’ and Xn = Xun-

_\/zel e, e3 e, ; e, 0
0 e 0 - 0 0 2e
0 0 ¢ -~ 0 0 O
1
KS=$
0 0 0 e 0 0
| 0 0 0 - 0 e O

an xn(n+1)/2

Obviously, e; is the i-column of I,, Ky € , and

T
Ks K= In(n+1)/2'

Lemma 12. Suppose that X € R™". Then X € ASR™" if and
only if vec(X) = Kyvec,(X), where vec,(X) is given by (11),
where

1
KA = %

e, e e, 1 € 0 0 0 0 ]

-e 0 0 0 e e, e, 0

0 — - 0 0 —e 0 0 0 (13)
0 0 0

0 0 - 0 O e 0 -0 e,

0 0 0 —e O 0 -e -+ —e, ]

Obviously, e; is the i-column of I, K, € RV g
T
KaKa = Ly-1po-

Let X = X, + X,i € HC™", X, € R™", X, € R™".Then
X, = XI'and X, = -XZ. By Lemmas 11 and 12, one has

vec(X,) Kg 0 7[vecg(X,)
vec (X,) Lo Ky [vec, (x,)]|
If X € HC"(]), then, by Lemma 8, there exists a unitary

matrix U such that
Y O
X=U [ U,
0 Z

whereY = Y,+Y,i € HC™",and Z = Z,+Z,i € HC"™"*("™"),

(14)

(15)

Definition 10. Let X = (x;;) € R™"; we define

vec, (X) = \/f(xl,xz,...,xn,z,xn,l)T e RV (1)

s X1 )Xy = (X305 Xgzs oo Xyp)s e e

Xy = ('x(n—l)(n—Z)’xn(n—Z))’ and Xp-1 = xn(n—l)'

where x; = (x5, X35- ..

Lemma 11 (see [30]). Suppose that X € R™". Then X € SR™"
if and only if vec(X) = Kgvecg(X), where vecy(X) is given by
(10), where

0 0 0 .- 0 0 0
e e, €, 0 0 0
e, 0 0 - 0 0 0
. (12)
0 e, 0 --- \/Een,1 e, 0
0 0 e 0 e, 1 \/Een‘
Set
AU = [D, E],
F (16)
UHB B [ ])
G
M=[f(F"eD),f(c"eE)|
Kg 0 0 O
0 Ky 0 0 (17)

>

0 0 Kg O
0 0 0 Ky

where U is given by (7). Kg;, Kg, are given by (12) with the
sizes > xr(r+1)/2, (n-r)*x(m—-r)(n-r+1)/2, respectively.
K4, K, are given by (13) with the sizes 7> x r(r —1)/2, (n—
) x(n-r)(n-r-1)/2, respectively. Then one has the following
result.

Theorem 13. Let A € C™", B € C™* , and C € C™*. Then
the solution X € S to matrix equation AXB = C is given by

X=U[Y 0] U, (18)
0 Z

vec (Y) = [Kgy, Ky, 0,0] [M'c + (I - M"M) y],

(19)
vec (Z) = [0,0,Kgy, K ppi] [Mc+ (I-M"™M) y],

vec(g(C)) € R*™ and y €
is an arbitrary vector. And the solution X € S with

where U is given by (7), ¢ =
Rr2+(n—r)2



the least norm is given by

Y, 0
X=U [ 0 ] U, (20)
ZO

vec (Y,) = [Kgp» K 4,5,0,0] M,
(21)
vec (Z,) = [0,0, Ky, K 10i] M'c.

Proof. Since

Y, € SR™,
Y, € ASR™,
(22)
Z] € SR(n—r)x(n—r)’
Z2 c ASR(n—r)X(n—r)’
it follows from (14) that
vec (Y;) [Kg; 0 0 0 7[vec(Yy)
vec (Y;) 0 Ky 0 0 vec, (Y3) 23)
vec(z,)| | 0 0 Ky 0 vecs (Z,) |
vec(Z,) L0 0 0 Kullvecy(2,)
Now, by Lemmas 6 and 11 and (23), we have
Y 0]
IAXB - C|| = |AU U"B-C| = |DYF
0 Z
+EZG - C| = |g (DYF) + g (EZG) - g (C)
= |vec (g (DYF)) + vec (g (EZG)) - vec (g (O))|
— [vec(Y
- |7 (F" e D) [ ( 1)]
vec(Y,)
_, [vec(Z
+f(GH®E)[ ( 1)]—Vec(g(C))
vec (Zz) (24)
vec (Y;)
_ | vec(Y,)
=|[f(F"eD),f(G"®E
[5(F0D) ("o B)] | 0
vec(Z,)
—vec(g Q)| = IMx—¢|,
vees(Y))
where M is given by (17); x = [ XZZ;‘(% ] . Then, by Lemma 5,
vecy(Z;)

x=Mc+(I-MM)y (25)
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2 2
is the required least squares solution, where y € R” """ s

an arbitrary vector. Recall that

vec (Y;) Ky 0 0 0
vec (Y. 0 K 0 0
)| _| o K C s
vec(Z,) 0 0 Kg O
vec(Z,) 0 0 0 Ky

Therefore
vec (Y) = vec(Y;) +vec(Y,)i=[Kg Kui 0 0]x,
vec(Z) =vec(Z,) +vec(Z,)i (27)

=[0 0 Kg, Kui] x.

Then the least squares Hermitian reflexive solution is given by
(18). Obviously, the least squares Hermitian reflexive solution
with the least norm is given by (20). O

3. The Solution of Problem 4

In this section, we provide the least squares Hermitian
antireflexive solution with the least norm to matrix equation
AXB =C.
We first derive the relation between vec(g(Y)) and
H
vec(g(Y™)).

Lemma 14 (see [31]). Let Y € R™" be any matrix. Then

vec (YT) = Pymvec(Y), (28)
where
T T T
E, Ey - Eln
T T T
Ey Ey - Ey -
P(m’n) = € R 5 (29)
T T T
Eml Emz e Emn
withEjj, i=1,2,...,m, j=1,2,...,n, beingan mxn matrix

with the element at position (i, j) being 1 and the others being
0. Moreover, P, is an orthogonal matrix, which is uniquely
determined by the integers m, n.

Let X € HC.™(]); then, by Lemma 8, there exists a
unitary matrix U such that

X=U uf, (30)

Y™ o
where Y € C™") and U is given by (7). Since Y = Y -v7i,

g(v™M) = (v{,-v)). (31)
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By Lemma 14, one has

vee (g () = l vee(17) ] ) { P nvee (1)

vec (—YZT ) -P,,, yvec(Y,) o)
P, 0
(r,n—r)
= vec Y)).
[ 0 —P<r,n_r>] (g(M)
Set
AU = [D, E],
F
UTh - [G] ’
P 0 33)
H = (r,n—r)
N = f(F"®E) o - )]
r,n—r
+f (GH ®B),

and P, ,,_,, is given by (29). Then one has the following results.

Theorem 15. Let A € C™", B € C™*, and C € C™*. Then
on has the following:

(1) The solution X € S, to matrix equation AXB = C is
given by

0 Y H
X=U|_, |U% (34)
Y 0
where
vec (Y) = [Lgpyrilyn] [N'c+ (I-N'N)y],  (35)
U is given by (7), ¢ = vec(g(C)) € R, and y € R s an

arbitrary vector.
(2) The solution X € S, with the least norm is given by

0 Y,

H
0

X=U v, (36)

where U is given by (7) and vec(Y,) = [Ir(n_,),ilr(n_,)]NTc,
¢ = vec(g(C)).

Proof. Tt follows from Lemma 6 that

vec (g (EYYF)) = £ (F @ F)vec (g (¥")), (37

vec (g (DYG)) = f(G" ® D) vec (g (Y)). (38)
Combining (32) and (37), we obtain

vec (g (EYHF)) =f (FH ® E) vec (g (YH))
(39)

P(r,n—r)

= f(F" ®E)

] ve (g ().

T (rn-r)

5
Then
Y
lAXB-C|| = |AU| ,, |U"B-C| = |EY"F
Y* 0
+DYG-C| =g (EY"F)+ g (DYG) - g (C)
= "Vec (g (EYHF)) +vec (g (DYG))
~vec(g(O)] (40)
a7 [Fenn
=|f(F"®E) vec (g (Y))
“H(rn-r)
+f (GH ®5) vec (g (Y)) - vec(g(C)) ‘ = |Nx
- C” >
where ¢ = vec(g(C)) and x = vec(g(Y)).
By Lemma 5, the least squares solution is given by
vec (Yl)] : ‘
= =Nc+(I-N'N)y, 41
[vec (Y3) ‘ ( ) g )

where y € R is an arbitrary vector.

The least squares solution with least norm is x, = N'c.
So

vec (Yl) = [Ir(n—r)’ 0] X,
vec (YZ) = [0’ Ir(n—r)] X,
(42)
vec (YIO) = [Ir(n—r)> 0] xO’
vec (YZO) - [0’ Ir(n—r)] Xo-

Now, it is easy to see that our required solutions are given by
(34) and (36). ]

4. Conclusion

By exploiting the decomposition of Hermitian (anti)reflexive
matrix and the Kronecker product, we derive the expression
of the least squares Hermitian (anti)reflexive solution with
the least norm to AXB = C. This method overcomes the
difficulty of finding the structured least squares solution with

the least norm but creates a large-scale linear system Ax = b.
Therefore, it fits well with the small-scale coefficient matrix,
but, for the large-scale case, it may not work so well.
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