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A new stochastic chemostat model with two substitutable nutrients and one microorganism is proposed and investigated. Firstly,
for the corresponding deterministic model, the threshold for extinction and permanence of the microorganism is obtained by
analyzing the stability of the equilibria. Then, for the stochastic model, the threshold of the stochastic chemostat for extinction and
permanence of the microorganism is explored. Difference of the threshold of the deterministic model and the stochastic model
shows that a large stochastic disturbance can affect the persistence of the microorganism and is harmful to the cultivation of the
microorganism. To illustrate this phenomenon, we give some computer simulations with different intensity of stochastic noise

disturbance.

1. Introduction

Chemostat is commonly used to describe the dynamics of
a microbial population in a continuous bioreactor in which
microorganisms grow on a substrate and has attracted great
interest of many scholars [1-8], since it was first introduced
by Monod [9]. A single simple species chemostat model with
Michaelis-Menten-Monod functional response was proposed
by [9] as follows:
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where S(t) is the concentration of the nutrient, X(t) is the
concentration of the organism, D is the dilution (or washout)
rate, r is the maximal growth rate, K is the Michaelis-Menten
(or half-saturation) constant with units of concentration, and
0 is a “yield” constant reflecting the conversion of nutrient to
organism.

However, experimental results have indicated that the
microorganisms depend on a variety of nutrition substances

such as carbon, nitrogen, energy, growth factors, inorganic
salts, and water. Then the model of microorganisms species
growth in the chemostat on two nutrients is considered by
[10-14]. A model of single-species growth in the chemostat on
two substitutable resources with Michaelis-Menten-Monod
functional response was proposed by [14] as follows:
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However, it is now well known that stochastic noise is
widely present in biological systems and so on [15-33] and
microorganisms are inevitably influenced by some random
factors in the process of cultivation. To better understand
the dynamic behavior of the chemostat, a host of scholars
proposed a slice of stochastic chemostat models and studied
the effect of the random noise on the dynamic behavior of the
stochastic models. As an example, Imhof and Walcher [34]
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proposed a stochastic chemostat model for a single microor-
ganism species consuming a single nutrient. They found that
random effects may lead to extinction in scenarios where the
deterministic model predicts persistence. Recently, Xu and
Yuan [35] established a stochastic chemostat model in which
the maximal growth rate is influenced by the white noise in
environment as follows:
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They got an analogue break-even concentration involving the
white noise which can determine the exclusion and persis-
tence of the microorganism. And more stochastic chemostat
models can be found in [36-39].

Motivated by the papers mentioned above, in this paper,
we further consider a model of single-species growth in the
chemostat on two supplementary resources with Michaelis-
Menten-Monod functional response and environmental
noise. We assume that the maximal growth rater; (i = 1,2) is
perturbed by white noises so that

r,— 1+ aiB» 1), (4)
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where B;(t) is a standard Brownian motion with intensity o; >
0. Then the resultant model takes the following form:
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Our main objective in the rest of this paper is to investigate
the threshold dynamics of stochastic chemostat model (5)
and explore the conditions under which microorganisms will
die out or exist.
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2. Preliminaries

In this section, we will give some notations, definitions, and
lemmas which will be used for analyzing our main results. To
this end, throughout this paper, we let (Q, #, {F},5,, &) be a
complete probability space with a filtration {#},., satisfying
the usual conditions: it is increasing and right continuous
while &, contains all 2-null sets; we use B(t) to represent a
scalar Brownian motion defined on the complete probability
space Q; also let Ri = {x; > 0, i = 1,2}. If for an integrable
function f on [0, +00), define

L £(60)d0. ©)

~ | =

(f®) =
Then we have the following.

Definition 1. For system (5),
(i) the microorganism X(f) is said to be extinctive if
lim,_,,,X(t) =0,

(ii) the microorganism X(t) is said to be permanent in
mean if there exists a positive constant A such that
liminf, (X)) = A.

Then, one can show the following lemmas.

Lemma 2. The solution (S,(t), S,(t), X(t)) of model (2) or (5)
with the initial condition (S,(0), S,(0), X(0)) € Ri is ultimately
bounded; that is,

limsup $, (t) < S},

t—00

limsup S, (t) < SS, (7)

t—00

lim sup M (t) < S? + Sg,

where M(t) = S, () + S,(t) + X(¢).

Proof. Letting M(t) = S, (t) + S,(t) + X(t), from system (2) or
system (5), we have

dM (t)

dt

D(S]+85)-DM(t). (8)
This implies that

lim M (t) = S} + 5. )

t—+00

Thus, we have

limsup S, (¢) < 5(1)’

t—00

limsup S, (t) < S5, (10)
t—00

limsup M (t) = S(l) + SS.

t—00

This completes the proof of Lemma 2. O
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By Lemma 2 and the strong law of large numbers for
martingales [40], we can obtain the following lemma.

Lemma 3. Letting (S,(t),S,(t), X(t)) be a solution of system
(5) with initial value (S;(0), S,(0), X(0)) € Ri, then

1 Jt Mdg (1) =0
t—+o0o 0 Kl + Sl (T) ’ (11)
t
1 J M(ﬂg (1) = 0.
to+oot Jo K, + S, (1)

3. Dynamics of Deterministic System (2)

In this section, we will focus on the deterministic system (2).
It is easy to see that the equilibria point of (2) satisfy

D(S?_Sl(t))_w_
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and, obviously, model (2) has a microorganism extinction
equilibrium EO(S(I),S(Z),O). Let E*(S],S;,X") be the coexis-
tence equilibrium of model (2), which satisfies

F(S) =a(S,) +b(S,)" +cS, +d =0, (13)
where
a=(r,-D)(r,+r,- D),

b=rSID+ DS, - 2r,K,D — 128 + 1, Kyry — S3r3
- 12K, +2D’K, - $SD* - $2r,r, - 2r,DK,

+289r,D + DK, r, — 1,897,

(14)
¢ = 28D’K, + r,K, DK, - Kr,D + $%r,DK,
— K,S)r,r, + 2DS)K, 1, + D*KS = Siryr K,
+289r,DK,,
d=K.$)D(r, - D).
Then we have that
f(0) = K;8,D(r, - D),
0 0 02 200 [ 0)2 2 02
f (Sz) = DS, (Sz) —-1,8 (Sz) -nkK, (52)
2 2
= Siryry (83) + DKy, (S5) + 1K, DK,S;
(15)

+ 807, DK, 85 — 87,1, K, S)
=18 (D (8] +K,) (S +K,) = S0y (K, +S3)

~1,8) (S? + Kl)) .

Denote

1 1 1
R=——+—],
D(81+82> (16)

where §, = (K; + S?)/rlS?, 8, =(K, + Sg)/rzSg.

Obviously, If # > 1, wehave f(S3) < 0.Ifr; > D, we have
f(0) > 0. Thus, equation has one positive root S, at least, and
S, € (0,5)).

From the second equation of (12), one gets

INE K
X = (Sz Sz)( 2+Sz)‘ (17)
1S,

Substituting (17) into the first equation of (12), we have

18,81 + (11 (83 - 8) (Ky +8,) =1, (S - K1) 8,) S

(18)
-1,8,8°K, = 0.
Let
g(S)
= ”zszsf
0 0 (19)
+(r (S5 -8,) (Ky+8,) -1, (8] - K,) S,) S,
- 1,5,8K,.
It is easy to see that
9(0) = -1,8,8/K, <0,
(20)

g(8)) =nS(S3-5,) (K, +S,) > 0.

Thus, (18) has one positive root S, at least, and S; € (0, S(l)).
From the third equation of (12), we have 0 < X < S(l) + Sg.
Then we have the following theorem.

Theorem 4. Ifr; > D and R > 1, then system (2) has unique
positive equilibrium E”.

Regarding the stability of these equilibria, we have the
following theorem.

Theorem 5. Then for system (2), one has the following.
(i) If # < 1, microorganism extinction equilibrium E is
locally stable; if R > 1 it is unstable.
(ii) If r, > D and R > 1, the coexistence equilibrium E* is
locally stable.

Proof. Linearizing the system at the equilibrium E(S], S}, X*)
gives the Jacobian

-D-aq, 0 —ay
J = 0 -D -aq, —as , (21)
a, a, a;+ays—D
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where
Kr X
(/‘ll = Lez)
(Ky+87)
a, = —(Ifzrz;io)y
+
29 (22)
S5
a, = 22 -
K, +S;
nS
ay= ——-=.
K, + 5]
The characteristic equation gives
(A+D)(A*+ AL+ B) =0, (23)

where
A=2D+a; +a, —a; —ay,
B=D*+aD+a,D+a,a, —a;D-a,D—aa, (24)

- a,a,.

Obviously, we have, at E,,

a, =0,
a, =0,
0

o= 25 (25)
UK+ S

rls(l)
a, = .
4 K+

Then we have

A=2D-a;—a,,
(26)
B=D(D-(a;+a,)),

and thus if # < 1, all the eigenvalues of (23) have negative
real part; then, by the stability theory, E, is stable.
And, at E*, we have

A=2D+a, +a,-az—a,=D+a;+a, >0,
B=D’+a,D+a,D +aya, —a;D - a,D - a,a, (27)
-aa, = aia, +a, (D-a3) +a,(D-ay) > 0;

here a; + a, = D is used. Then all the eigenvalues of (23) have
negative real part; thus, by the stability theory, the diseases
equilibrium is stable as long as it exists. O

Mathematical Problems in Engineering

4. Dynamics of Stochastic System (5)

4.1. Extinction. In this section, we explore the conditions
leading to the extinction of the two infectious diseases.
Denote

R =R

VT ST I
D\ 2 \K; +8 2 \K+8) )’

where % is introduced in (16). Then we have the following.

Theorem 6. For system (5), if one of the following holds,
(i) 0 > 8, 05 > 8,, and 1} /207 +15/205 < D,
(ii) 07 > 8y, 05 < 8y, and —D + 1} /207 + 1,85 /(K, + S) —
(03/2)(S3/(K; + )" < 0,
(ili) 07 < 8, 07 > &y, and —D + 12205 + 1,8 /(K +S)) -
(07/2)(S1/ (K, + )" <0,
(iv) 07 < 8, 02 < 8y, and R* < 1,

then the microorganism X(t) of system (5) goes to extinction
almost surely. Moreover,

. o
tl{inoosl &) =5y,
. (29)
0=

almost surely.

Proof. Let (S,(t),S,(t), X(t)) be a solution of system (5) with
initial value (S,(0), S,(0), X(0)) € Ri. Applying It6’s formula
to system (5) results in

dIn X (¢)

2 2
= (r1¢1 () + 1y, (t) —D - %(Pf (t) - (%2([5; (t)) dt (30)

LS OdBO) 0,8, () dB W
Ky +8; (f) K, +8,(¢)
where ¢, (t) = S, () X (£)/ (K, +S,(t)), ¢,(t) = S,(1) X(t) (K, +

5,(1).
Integrating both sides of (30) from 0 to t gives

>

In X ()

! 0? 2 ‘7§ 2
= J (”1‘/’1 (1) + 129, (7) - 7‘/51 (1) - ?(/52 (T)) dr (31

0

—Dt+ M, (t)+ M, (t) +In X (0),

where
_(f 0, (t)dB(7)
Ml(t)_L K, +S,(t)
i) (32)
(TS, () T
M0 | S
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known as the local continuous martingale, and M(0) =
0. Obviously, we need to estimate the maximum value of

1@ (1) + 1,8, (1) — (07 /2)$7 (1) — (03 /2)¢5 (D).

Let us consider quadratic function

o? 5 b
g(Z)=aZ—?z, ze€ 0,m ,b>0. (33)

It is easy to verify that when o> > 8 = (K+b)/ab, g(z) reaches
its maximum value g,,,, = a*/20” at z = a/o*; and when
0’ < &, g(2) achieve its maximum value g,,,,, = 8; = ab/(K +
b)—(0?/2)(b/(K +b))* at z = b/(K +b). Then, in (31), we have
four cases to be discussed, depending on whether 7 > &, or
0; > §,, which are as follows: Case 1: af > 6, cr; > §,; Case
2:07 > 8,05 < 8,;Case3: 0, < 8,05 > &,; and Case 4:
02 < 8),05 <8,

For Case 1, since af > 4, af > §,, then ri¢,(t) +
1,$,(t)=(07/2)$7 (t)- (03 /2)$5 (t) achieve the maximum value
rf / 20? + rg / 20%. Then we can easily see from (31) that

2 2
r r
In X (t) < (—1 + —2>t—Dt+M (t) + M, (t)
202 " 207 ' ’ 34)
+1n X (0).
Dividing both sides of (34) by t > 0, we have
2 2
In X (t) o D_r_lz_r_zz . M (t) . In X (0) (35)
t 207 20% t t
and, by Lemma 3, we have
lim 2O _ g (36)
t—+oo f

Then, taking the limit superior on both sides of (35) leads to

In X (¢ noon
lim sup 22 ®) —(D— L _ —22> <0, (37
t—+00 t 207 2035

which implies lim,_, ,, X(¢) = 0, and here r}/207 + 12 /207 <
D is used.

Case2.07 > 8, = (K+8)/r,8%, 07 < 8, = (K +83)/r,S).
In this case, we can easily see from (31) that

2 0 2 0 2
S S
lnX(t)s(r—lz+ r220 02< 2 0) )t
200 Ky, +S, 2 \K,;+S; (38)

- Dt + M, (t) + M, (t) +In X (0).

Dividing both sides of (38) by t > 0, we have

2 0 2 0 2
§—<D—r—12— 1’2820_'_2( SZ 0>> (39)
207 K, +S; 2 \K,+§;

M (t InX (0
e
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and, by Lemma 3, we have
M
lim M®) =0. (40)
t—+oc0

Then, taking the limit superior on both sides of (38) leads to

. In X (t)
lim sup
t—+00
2
c(p-i_ % o S V) @
- 200 K, +8) 2 \K,+$S)
<0

which implies lim,_,,  X(¢) = 0.

The same discussion can be used in Case 3; here we omit
it.

Next, we consider Case 4: 07 < 8; = (K +8%)/r,S?, 07 <
8, =(K+ Sg)/rzsg. From (31), we have

0 2 0 2 0
lnX(t)S< NSy 5 —0—1< 51 0) + 72820
Ki+S8 2 \K;+§] K, +S,
2 0 2
S (42)
(22 ) ) o Der M, () + M, (1)
2 \K, +S5,
+1n X (0).
Dividing both sides of (42) by t > 0, we have
2
nX®) _ (. nS o 8
t Ki+8) 2 \K +8
2
o nS N gl S L M@ (43)
K,+8) 2 \K,+8 t
N In X (0)
t
and, by Lemma 3, we have
lim M®) =0. (44)
t—+oco0 f

Then, taking the limit superior on both sides of (43) leads to

In X (¢t S
limsupn—()g— D—l—l0
t—+00 K1+Sl
2 2
RSV 2 s\ @)
2 \K; +8 K, +8) 2 \K,+$)
<0

which implies lim,_,,  X(¢) = 0.



Next, we prove the last conclusion. Given 0 < ¢ <« 1, since
lim, , . X(t) = 0, we have 0 < X(t) < & for t large enough.
By the first equation of system (5), we have

Sy (f) € )dt

0
ds, (t) = (D(s1 -5 1) - K50

_ 0,5, (1) edB(¥)

i 46

K+ 8, (8) (0
B

M 2DS?—<D+E+M>SI(0.
dt K, K,
Then when € — 0 we have

.. 0

I%IlerlOIéf S () =S]. (47)

On the other hand from the proof of Lemma 2, we have
. 0
tEI-i-noo S;(t)<S§) +e (48)

Let ¢ — 0. Then one has

limsup S, (t) < S?. (49)

t—+00

From (47) and (49), we have
. _ O
Jim 5, () = (50
almost surely.

By employing the method similar above, it then follows
that

. _ O
tlgrnoosz (1) =S, (51)
almost surely. This completes the proof of Theorem 6. O

4.2. Permanence in Mean

Theorem 7. If & > 1, then the microorganism X(t) is
permanent in mean; moreover, X(t) satisfies

liminf (X (1)) > DA (%" - 1), (52)

where A = min{(K; + S(l))D/rl, (K, + Sg)D/rz}.

Proof. Integrating from 0 to ¢ and dividing by t on both sides
of system (5) yield

s S, () =, (0) + S, () =S, (0)

(1) : t
X () - X (0)
" t (53)
=D (80 +83) ~D((S, (1) + (S, ()
- D (X (t)).
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Then one can get

D(X(£)) = D (S} +53) = D((S, (1)) + (S, (1))

—0().

Applying Itd’s formula gives

2
dln X (t) = (7’1‘/’1 () + 1y, (1) =D — %‘/’f ()

0,8, (t)dB (¢)

% 2t | dt
BEA A TN

, 925 () dB()
K, + 8, (1)

pod( S Y
> (11, (8) + 126, (1) = D

2 \K; +8
2 2
_2 5 dt +
2 \K,+8

0,8, (t) dB (t)
K, +8,(t)

(55)

0,8, (t)dB (t)
Ky + 8, (¥)

Integrating from 0 to t and dividing by ¢ on both sides of (55)
yields

In X (t) — In X (0)
t

> rI% L 6, (0)d6 + rZ% L ¢, (0)do

pia( Sy, e sy
2 \K; +8 2 \K,+8

M (t) M,(t

. lt()+ 2t()’

(56)

where M, (t) = _[Ot(alSl(T)/(K1 + §,(1))dB(1), M,(t) =
.[Ot(ozSz(T)/(Kz + S,(1)))dB(7). Noticing that

! ) L8,(0)
L $1(0)d0 = L K, +S, (e)de = L K, +s<;d6’ -
57
' A )
L ¢ (6)d6 = L K, +S,(6) 10 = Jo K, +9 40,
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then we have

In X (£) - In X (0)

t
S NN
2 \K; +8 2 \K,+8)
M, (t
" S 0) 4 g (5:0) ¢ O
+M2(t)
t

2 Sg) (5,0)

n 0@® M@
K,+$) D t

Ifr /(Ky +89) <1y/(K, +S3), we can get

In X (t) -
t

2 0 2 2 0 2
S
> |p+ 2L S - ) .
2 \ Ky +§] 2 \K, +S5,

(s7+5))

In X (0)

(K, s°>

Jr(Kris0 _Kriso)s?_K
1 1 2 2
rn 0@  M(®) M@
- + +
K,+$) D t t

2 2 0 2
D+ﬁ S(l) +U_2 S—2
2 \K, +8 2 \K, +$§

0 0
S, S,

K,+8) K +8)

)
50 (X (1)
(59)

1§
TR+ (X ()

__n W M® _ M
K,+$) D t t

7
By inequality (59), we have
0 0 0
(X)) > K, +S, S i S, i
1, Ki+S8 K,+S5
or S ? 02 S5 :
-1 -D
2 \ K, +8° 2 \K,+8
(60)
K +89 (InX () - In X (0) L 8w
T t K,+S) D
. Mlt(t) . Mzt(t) )

By Lemma 3, we get that lim,_ ,,  (M(t)/t) = 0. Accord-
ing to Lemma 2, one sees that limsup, , S;(t) < S,
limsup,_,,..S,(t) < 89, and limsup,_,, ., X(t) < C, + SJ, and
then one has lim,_,, ., (In X(#)/t) = 0 and lim,_,, . ©(¢) = 0.
Thus taking the inferior limit of both sides of (60) yields

(K, +$3)D

liminf (X (£)) >
t—+00 )

(#°-1). (6D

Andifr /(K + S(l)) >r,/(K, + Sg), we can get

mX@®-nx© [, o( s Y
t - 2 \K +8

2 0 2
o S
+ = : 0 ] 0<(S?+Sg)
2 \K,+S5; Ky +§

o (1)

~(S0) - X0 - 52 )+ g (5.0)
LM M0 =_[D+a_f< ! )2 (62)
t t 2 \K; +8

2
+a_§ S N 1S . S5
2 \K,+8 Ki+8 K,+8
r, O M(t)
K,+S8) D t

. M, (t),

where M,(t) = [ (0,8,(0)/(K; + 8,(0))dB(r), My(t) =

[1(0,8,(0)/(K, + $,(1)))dB(x).



Inequality (62) can be rewritten as

K, +$5 0 0
iy B8 (oS S
7 Ki+8) K, +S)

(S N a8\
2 \K; +8 2 \K,+8

(63)
(Kt 8) (X ()= In X (0) 10
r t K, +S D

+Mm+%m)

t t

Taking the inferior limit of both sides of (63) yields
(K, +8})D
litm+inf (X@®) 2 —— (%" -1). (64)

Let A = min{(K, + S))D/r,, (K, + 83)D/r,}, and we get from
(61) and (64)

litm+inf (X)) 2DA(Z" -1). (65)
This completes the proof of Theorem 7. O

Remark 8. Theorems 6 and 7 show that the condition for the
microorganism to go to extinction or permanence depends
on the intensity of the noise disturbances completely. And
small noise disturbances will be beneficial to the cultivation of
the microorganism; conversely, large white noise disturbance
is harmful to the cultivation of the microorganism.

5. Conclusion and Numerical Simulation

This paper proposes and investigates a new stochastic
chemostat model with two substitutable nutrients and one
microorganism. Then main objective in this paper is to
investigate the threshold dynamics of stochastic chemostat
model (5) and explore the conditions which can determine
the extinction and permanence of the microorganism using
two substitutable nutrients. Firstly, for the corresponding
deterministic model, the threshold for extinction or existence
of the microorganism is obtained by analyzing the stability of
the equilibria. Then the threshold of the stochastic chemostat
for the extinction and the permanence in mean of the
microorganism is explored. The results show that there exists
a significant difference between the threshold of the deter-
ministic system and the stochastic system, which makes the
persistent microorganism of a deterministic system become
extinct due to large stochastic disturbance. That is, large
stochastic disturbance is harmful to the cultivation of the
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0 5 10 15 20 25 30 35 40 45 50
t

—— §;(t) of deterministic system
—— §,(t) of deterministic system
— X(t) of deterministic system

FIGURE 1: Time series for the paths S,(¢), S,(t), X(¢) for the
deterministic system with D = 3.8,8” = 1,8 = 2,1, = 2.5, 1, = 4,
K, =1,K,=1,% =1.0307 > 1.

microorganism. It is worth mentioning that this paper is a
promotion of the work of Xu and Yuan [35].

Next, using the Euler Maruyama (EM) method [40], we
give some numerical simulation to illustrate the extinction
and persistence of the microorganism in stochastic system
and corresponding deterministic system for comparison.

Firstly, we begin from a deterministic system; the basic
parameters are set as D = 3.8, S(l) = 1, Sg = 2,
rp, = 25 r, = 4 K, = 1,and K, = 1. Direct
calculation shows that §; = 0.8, 8, = 0.375, and £ =
1.0307 > 1. Then according to Theorems 4 and 5, the
deterministic system has a unique stable positive equilib-
rium E*(0.9295785859, 1.848231322,0.2221900926), which
is locally stable and the deterministic system is permanent
(see Figure 1).

Next, we consider the influence of stochastic disturbance
on the above deterministic system. According to Theorem 6,
different parameters are chosen to give insights into the
reasonability of the results stated in Theorem 6.

We choose different value of parameters ¢, and o, and
discuss below five different cases.

Case 1. Choose 0, = 1.6, 0, = 1.8, by direct calculation;
we have 77/207 + 12/205 = 3.6898 < D = 3.8. Then, by
Theorem 6, the microorganism eventually tends to be extinct
(see Figure 2(a)).

Case 2. Choose o, = 1,0, = 0.5, by direct calculation; we have
121207 + 1,85 /(Ky + 89) — (02/2)(SY/(K, + $9))* = 0.5139 <
D = 3.8. Then, by Theorem 6, the microorganism eventually
tends to be extinct (see Figure 2(b)).
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—— §(t) of stochastic system —— S, (t) of stochastic system
—— S,(t) of stochastic system —— §,(t) of stochastic system
— X(t) of stochastic system — X(t) of stochastic system
(@) 0, =1.6,0, =18 (b) 0,=07,0,=13
2.5 2 T T T r r TN
1.8 |
2r 1.6
1.4
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1 P— 0.8 |
0.6
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0.2 F
0 0 — )»M\A’\s‘

—— §;(t) of stochastic system
—— S, (t) of stochastic system
— X(t) of stochastic system

(¢) 0y =07,0, =13

—— §;(t) of stochastic system
— S, (t) of stochastic system
— X(t) of stochastic system

(d) 0y =0.7,0, = 0.6, %' =0.9935 < 1

FIGURE 2: Time series for the paths S, (t), S,(¢), X(¢) for the stochastic system.

Case 3. Choose 0, = 0.7, 0, = 1.3, by direct calculation; we
have 3 /205 +1,SV/(K;+S))—(07/2)(SY /(K +8)))* = 3.5450 <
D = 3.8. Then, by Theorem 6, the microorganism eventually
tends to be extinct (see Figure 2(c)).

Case 4. Choose 0, = 0.7, 0, = 0.6, by direct calculation; we
have %' = 0.9935 < 1. Then, by Theorem 6, the microorgan-
ism eventually tends to be extinct (see Figure 2(d)).

Case 5. Choose g, = 0.2, g, = 0.3, by direct calculation;
we have %' = 1.0241 > 1. Then, by Theorem 7, the
microorganism is persistent (see Figure 3).
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