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1 Introduction

In this paper, we consider the polynomials

N\Sn(x) = I\/I\Sn(xla; A L) = I\/I\S,,(xml,...,a,;)q, s Ag MUy ey )
called Barnes-type Narumi of the second kind and Barnes-type Peters of the second kind
hybrid polynomials, whose generating function is given by

A+ -1 o @+p)h Y "
H<(1+t)ai1n(1+t))g<1+(1+t)Af) (+1)

i=1

o]

= ZNS,,(xlal,...,a,;)»l,...,)»s;m,...,;,Ls)
n=0

n

@)

E;

where ay,...,dp 1,00y Agy 1, .. ., s € C with ay,...,a4,, A1, ..., Ay #0. When x = 0, N\Sn =
l\/I\S,,(O) = I\/I\Sn(0|a;)»; u) = l\/I\S,,(O|u1,...,a,;)»1,...,AS;/LI,...,/LS) are called Barnes-type
Narumi of the second kind and Barnes-type Peters of the second kind hybrid numbers.

Recall that the Barnes-type Narumi polynomials of the second kind, denoted by
N,(xlay, ..., a,), are given by the generating function as

n

d (1+t)“i—1 x_ooA ;
H(m)(lﬂf) _ZN”(’CW"“’“’)E-

i=1 n=0

If x = 0, we write ﬁ,, (ai,...,a,) = ﬁn(Olal, ...,ar). Narumi polynomials were mentioned in
[1, p-127]. In addition, the Barnes-type Peters polynomials of the second kind, denoted by
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Su(x| A1, ...y Ass (1, -, Us), are given by the generating function as

s

1+8)% \Y > t"
H(ﬁ) (1+86)* = ;gn(ml,...,,\s;m,...,us);.
If s =1, then §,(x|A; 1) are the Peters polynomials of the second kind. Peters polynomials
were mentioned in [1, p.128] and have been investigated in e.g. [2].

In this paper, by considering Barnes-type Narumi polynomials of the second kind and
Barnes-type Peters polynomials of the second kind, we define and investigate the hybrid
polynomials of these polynomials. From the properties of Sheffer sequences of these poly-

nomials arising from umbral calculus, we derive new and interesting identities.

2 Umbral calculus

Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:
ad a
f::f(t)zkzzl!(tk‘ake@}. 2)
=0

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), {cL|p(x)) = c({L|p(x)),
where ¢ is a complex constant in C. For f(t) € F, let us define the linear functional on P
by setting

fOI") =a, (n>0). (3)
In particular,

(tk|x”> =8, (n,k>0), (4)
where §,,x is Kronecker’s symbol.

For fi.(t) = 332 <L'k’§k> t*, we have (f; (t)|x”) = (L|x”). That is, L = f; (£). The map L > f;(£)
is a vector space isomorphism from P* onto F. Henceforth, F denotes both the algebra

of formal power series in ¢t and the vector space of all linear functionals on P, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra and the umbral calculus is the study of umbral algebra. The
order O(f(t)) of a power series f(t) (#0) is the smallest integer k for which the coefficient
of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta series; if O(f(t)) = 0, then
f(¢) is called an invertible series. For f(t),g(t) € F with O(f(¢)) = 1 and O(g(¢)) = 0, there
exists a unique sequence s, (x) (degs, (x) = 7) such that (g(¢)f (£)¥|s,(x)) = n!8,.x, for n, k > 0.
Such a sequence s,(x) is called the Sheffer sequence for (g(t),f(¢)) which is denoted by
5.(8) ~ (@(8),£(2).
For f(t),g(t) € F, and p(x) € P, we have

(f(Og®)p&)) = {f(D)IgE)p)) = [g@)|f )p(x)) (5)
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and

x k
£ = Z(f(t)lxk)%,
k=0 ’

i~ (6)
plx) =Y (¢ |p(x
k=0
[1, Theorem 2.2.5]. Thus, by (6), we get
k (k) dp(x) ¢
px)=p"(x) = P and €'p(x) = p(x +y). (7)

Sheffer sequences are characterized by the generating function of [1, Theorem 2.3.4].
Lemma 1 The sequence s,(x) is Sheffer for (g(¢),f(¢)) if and only if

1§ %0
glf () — K

* (yeO),

where f(t) is the compositional inverse of f(t).

Fors,(x) ~ (g(¢),f(¢)), we have the following equations [1, Theorem 2.3.7, Theorem 2.3.5,
Theorem 2.3.9]:

f®)su(x) = ns,1(x)  (n>0), 8)
$a(x) = Z (g(f 1) @y Ix"), )
j= ()
a9 = Y (;’)sﬂx)pn_,-(y), (10)
j=0

where p,(x) = g(£)s,(x).

Assume that p,(x) ~ (1,£(¢)) and g,(x) ~ (1,¢(¢)). Then the transfer formula [1, Corol-
lary 3.8.2] is given by

() = x(f 8) ¥ pux) (1= 1),

For s,,(x) ~ (g(2),f(¢)), and r,(x) ~ (h(¢t), [(t)), assume that

Sn(x) = Z Cn,mrm(x) (I’l > 0)
m=0
Then we have [1, p.132]

1 <h<f(t>)
M mi\ g(F (0))

1(f®)”

x”>. (1)

Page 3 of 23


http://www.journalofinequalitiesandapplications.com/content/2014/1/376

Kim et al. Journal of Inequalities and Applications 2014, 2014:376 Page 4 of 23
http://www.journalofinequalitiesandapplications.com/content/2014/1/376

3 Main results

For convenience, we introduce an Appell sequence of polynomials F,(as,...,a,) (ai,...,
ar 7 0), defined by

r

e’ -1 xt - t"
H( . )e =;Fn(x|a1,...,ar)a.

i=1

If x = 0, we write F,,(a3,...,a,) = F,(0lay,...,a,). By [1, Theorem 2.5.8] with y = 0, we have

Fn(x|dlr'~:ar) = Z (Z)Fn—m(ﬂlyno;ﬂr)xm'

m=0

More precisely, one can show that

i! n i+r L+l »
. i ﬂ11+ .._aiﬁ-lxn L,
G+r\i/J\h+1,...,0+1

F,(x|ay,...,a,) = Z Z

i=0 [y trtlyp=i

where

ero o et
Lh+l,..,L+1) (G +1-(+1D)

Remember that the generalized Barnes-type Euler polynomials E,,(x|A1, ..., Ag; 41, .- -5 hs)
are defined by the generating function

S n

2 Hj , > t
[1(550) = S Blstin s oy
n=0

1+é"

n!
j=1
If w1 =--- = us =1, then E,(x|Aq,...,A5) = E,(x|A1,..., A5 1,...,1) are called the Barnes-
type Euler polynomials. If further A; = --- = A; = 1, then Eﬁ,r)(x) = E,(x|1,...,151,...,1)

are called the Euler polynomials of order s. If x = 0, we write E,(A1,..., Ag 1,5 M) =
E, (0|A1,..., As; 15, ihs). By [1, Theorem 2.5.8] with y = 0, we have

n

n
En(le,u»,)\s;ﬂl;~~~yﬂs) = Z (m)En—m(Aly~~¢)¥s;/‘Llr~w/Ls)xm-

m=0

We note that

d
tFn(x|ﬂ1:~~rar) = %Fn(x“llrn-’ﬂr) = nFn—l(xlal;'u;ﬂr),

d
LE (X ALy s Ags U1y ooy s) = aEn(xl)\l, s A MLy e ey )
= ”En—l(ley .. -7)"8; Miseees I’LS)

From the definition (1), I\/T\Sn(xml, ey @p3 Ay ey Ass A1+, Ws) s the Sheffer sequence for
the pair

r

teai[ s 1 +e)ujt i
g(t)=]_[(eait_1) ( ”> and f(f)=¢ —1.

J
i=1 j=1 €
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So,

e

P teu,'t S 1+eA/t K
Nsn(x|aly~-7ﬂr;)\1;~~y)¥s;//‘1;~~wﬂs)N(H(eal _1> ( ¥ ) e —1). (12)
=1

3.1 Explicit expressions
Let (n)j=n(n-1)---
first kind S;(n, m) are defined by

i=1 j=

(n—j+1) (j > 1) with (n)o = 1. The (signed) Stirling numbers of the

@)=Y Si(mm)x".

Theorem 1

I\/I\S,,(xml, ...

1ar;)\'1w~

=2 Z/l”’/ZZ

m=0 [=0

x Fj(—x|ay

yee

)

’)‘s;ﬂl:u')ﬂs)

( )Sl 1, M)E_f(M, .. hss 15 ey hs)

= 2_2;:1 K Z Z ( l )Sl(nr m)EWI l()‘-ly Sl y M1 .. ;/'Ls)

m=0 [=0
S r
X F;(x+ Z)»,’;L/ - Zai ul,...,a,)
j=1 i=1
=27 Z/“"ZZ < )Slnm)Fm_l(al,...,a,)
m=0 [=0
X El(—xp‘-lr--n)‘-siﬂlﬁ"-,/jfs)

- (’l’) 11, j)NS_f

j=0 1=

Proof Since

and

r

I

i=1

(x)n ~

1+ eMt

teu,'t S
e&l,‘t _ 1 .

j=

I

(1e -1),

e)»l‘t

n
n\ . ~
= Z ( )sn_l(kl,...,kr;m,...,;L,)Nl(x|a1,...,ar),

n 7w\ .
N_i(ar,...,a.)S1(x| A, .oy Ass Uy e v vy ths)-
=0

W
) NS (a1, or @My b 1o ps) ~ (LeF =1)

(13)

(14)

(15)

(16)

17)

(18)

(19)

(20)
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we have

NS, (X|a1, ..., @My eey As; U1y e v vy [hs)

T ledit 1\ 4L et O\ M
= Py 1_[ 1+ e)‘l't (x)n
. i1

e 4t —1
—t

n

-2 5 S s )

m=0

i (™ L feait ;
X Z(—l) <1>Em_l()\.1,...,)\.s; Uiy-ees M) < " )x
1=0

i=1

n
=272 N (1) Sy (n, m)

m=0

“ m
X Z(—l)l EpctOy ey hsi oy - or is) (1) Fi(=x]ay, ..., ay).
=0 !

So, we get (13).
We can obtain an alternative expression (14)) for I\/@n(x) as follows:

n
NS, () = 27211 3 e 7

m=0

r a:t s Wi
et —1 2 o
Xl_[( t >H<1+ekjt) X
i=1

j=1

n
9 Xk ZSI(”Z: m)e(Z;:l hjj=Yi @)t

m=0

Lo edit 1
x ]‘[( . )Em(le,...,As;ul,...,us)
i=1

n
VRV Z Si(n, m)e(Z;:1 A= @it

m=0

r ait m
xl_[ ¢ 1 Z " Ep ity ey Ags ey oo fhog)&'
n t l m ’ 278y ’ IS

i= =0

)(_1)mEm(—x|x1,...,As;m,...,us)
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—9 Z 1”122( )Sl(n,m)Em 1Ay A U1y ey hs)

m=0 [=0

xeqiﬂam—ziﬂmtfj 1)
t

i=1

= 2_2;.:1“’1‘ ZZ < / )Sl(n’ m)Em l()‘-b s: > M1 . 'rﬂs)

m=0 [=0

S r
xF;<x+ij,u,»—Zai al,...,a,).

j=1 i=1

From the proof of (13),

I\’I\S,,(xlal,...,a,;kl,...,ks;ul,...,us)

=2 Xk ; S1(n, m) : ( ) ( e )x”’
'; ! EII l+e™
=2 Zﬂ"IZSln m)]‘[(1+ ) (~1)"Fp(~#las, .., a,)
2 M (m .
+ e’\ft) IZ=O: ( I )Fm—l(ﬂlr“war)(_x)

L : 2 M]
o Z/wz mnm)z( JEctan a2 )
j=1

—9 PSRV Z(—l)m&(”l’ m) 1_[ (1
j=1

m=0

n m
oY m m
RO W RV E (=1)"S1(n, m) ZEZO (l>Fm_;(al,...,oz,)El(—le,...,)»s;m,...,us)

m=0

s ‘ n m m
— 9Lk Z Z(_l)m< ; )Sl(n,m)le(tlb e @) Ef (=% A1, A ey M),

m=0 [=0

which is the identity (15).
By (12), we have

)@Y 1x")
(L+8)% -1 o A +8)
< ((1+t)“zln(1+t))[1[<1+(1+t)%)
( L+ -1 )S< (1+8)Y )
1+6)%In(1 +¢) i 1+@+8)%
. Tl Q=1 Nl @+ Y
=]!IZ/(l)sl(l'])<n<(1+t)“zln(1+t)>[1[<1+(1+t)*1>

"\ (n S\t "\ (n —
Y ( l)sl(z,j><2 5,5 x"-’> Y ()10
I=j i=0 : =

By (9), we get the identity (16).

/)
siepe)
o
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Next,

NS, (lay, .. s am X1, s hss 1y -5 hs)

x">
4 (L+2)% -1 S A+H M ;
l_[((1+t)“tln(1+t)>} <1+(1+t)*f> (1+t)yx>

. r (1 + t)ﬂl _ 1 )
il <m)(l +1Px >

[ee] P tl‘
ZNSi(y|ﬂlr~':ar;)\l)"'r)\s;llflwur//'«s)ﬁ

i=0

n\«~ d (1+t))tj Y n—l
i 1(0 ) )

- t
l>Nl(y|dl;~-:ar)<Zs ()“1: r;/’Llr r/fcr)i_! xn—l

n
n\ = A
= (l)Nl(y|dlr o @p)8p i1y o A5 s s ).
0

Thus, we obtain (17).
Finally, we obtain

IQ\Sn(ﬂﬂl,'~nar;)"lxnw)"s;/»‘Llwnnus)

|
(et i) () ool
(NG G ) )
St i wﬂ(’?)(fl(%)
—ZSz(YI/\b Asi s - ,us)( )<ZN(% ,ar,

00 . ti
ZNSi(y|a1,...,ar;kl,...,ks;ul,...,us)ﬁ x"

i=0

[ee]

tl
Zsl(yp"l; s; M1y ’,us)ﬁxn>
o :

)
<)

n

Z ( )SI(J/ML s; s M1 .. ;//«s)j\\[n—l(ﬂl:“ﬂar)'

1=0

Thus, we get the identity (18).
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3.2 Sheffer identity
Theorem 2

mn(x+y|a1,...,ar;kl,...,ks;ul,...,us)

l n\ —
= Z (1>N51(x|a1, s @i My A MLy ey ) (Yt (21)
1=0

Proof By (12) with

r

teait S 1+ekjt l’-jA
p,,(x):l_[(eﬂit_l) ( s ) NS, (X|@1, ..., @AMy eeey Ags U1y e vy fhs)

i=1 jo1 N €

=)~ (L€ -1),
using (10), we have (21). a

3.3 Difference relations
Theorem 3

NS, (x +1|a1, ... @3 Ayeeeshgs h1senns phs) = NS, (|15 s @rs ALy Agi o1y -+ -5 [hs)

= nI\’I\S,,_l(x|a1, Y7 )»1, veey )»5; M1yeees /LS). (22)
Proof By (8) with (12), we get

(¢ - l)ﬁn(xlal,...,a,;kl, vy Mg Ly e ey fhs)

= n@n_l(xlal,...,a,;)q,...,)Ls;m,...,,us).
By (7), we have (22). (I

3.4 Recurrence
Theorem 4

NS, (x|t .o os@rs Ay ooy Ags 1y ey [hs)

s r
= <x+ Z,LL]')\]' - Zai)NSn(x—1|a1,...,ar;)\l,...,As;ul,,..,us)

j=1 i=1

S ( 1)m+1( )
+ 27 &=l IZZ Sl(l’l, m)Em [()\'1; s’ M1, .. ’l’LS)

m=0 [=0

r
X (Z aFi(1-xlay,...,a;i1,a51,...,4,) — rF (1 —x|ay, . ..,a,))

i=1

o —-1- Z/ 1/’-/22( 1)m+1( >Sl(l’l m)E,_i(ay,...,a,)

m=0 [=0

S
X Z WwiMiE(L—x|A; 1+ €;). (23)
i-1
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Proof By applying

B g
Spe1 (%) = <x_ g(t )f/(l') S$n()

[1, Corollary 3.7.2] with (12), we get

I\’I\SVI+1 (x) = xﬂ]\sn(x _ 1) _ e_tgg((tt)) An
Observe that

ge _ /

g(t) - (hlg(t))

a;t S Mt s
—+E a; E %ie’ +E MJ}L]eI—E 157y
i eul —-1 . )th . 7]

J j=1

- l+e

ro ate®it r s it s
=i Pz Hjdje’
B t +Z“l’+21 1t = 2 i
i=1 o - te j=1

a;te®t
r_Zeut :__<Za’)t+
1
has the order at least one. Since from the proofs of (13) and (15)

NS, (x) = 27214 > (-1)"S,(n, m)
m=0

r

m —ait _ 1
X Z(_l)l(l> m— l()‘b an«b :Ms)H(e _t
1=0

i=1
n

= 275 N (1)"8, (1, m)

m=0

X ;(1>Fm_[(ﬂ1,...,ﬂr)(—l) !:[(1+e_k/t) X

we have

gt =~
g(®)

NS, (x)

(Za, Zu, )NS )

<rlnt + <Z ui> t— Z In(e —1) + Z wiln(1+e"’) - (Z ,u,k,) t)
i=1 i=1 j=1 j=1

(24)

Page 10 of 23
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+2 2l Z( l)mSl(n,m)Z( 1)1( ) Epi(y s g -

m=0 1=0
r —a;t — E roo_ait
e 4t —1\r i=1 T_—a;t
Xl | =1 1-e% xl
; —t t
i=1

F 275 NS m) Y (m>le(a1, coa)(-1)
m=0 1=0

[

S

s "

ik 2 =

X x.
;He‘“t H(ue*ﬂ)

The third term is equal to

2 Ty 3 1)’”( )slm iy a) (1)’

m=0 [=0

S
Wik
x>y —’2 (1 Ef(~x|hs i + &)
i=1

:2‘1-2121#122( l)m( >Sl(n,m)Fm ... ar)

m=0 [=0

S
X Z wikiEy(—x|2; 0 + e;),
i1

where A = (Ay,...,Ag), = (U1,..., us), and e; = (0,...,0,1,0,...,0). The second term is
—— S —

i-1 s—i

s - " (=) (m
2 21k Z(_I)W’Sl(n, m)Z%(l)Em_l()q,...,)»S;Ml,...,/ts)
m=0 =0

TS

i=1

) Is)

i
— o Tk Z( 1)"S:(n, m)Z( - < ) Epi(Alyee s Agi 1y e ey M)

et -1 I+1
X — X

—2 X Z( 1>msl<n,m>z(—1< ) Epihy o b iy .

m=0

a1 )

i=1

s Ms)

NS - " —1)1 m
=r2 Z]:l 1 Z(_l)msl(n, m) Z (l? < / )Eml()‘-l, cees )‘-s; H1seees /vLs)
m=0 =0

x ()" (~xlay, ..., a,)

n

_2” Z/S':I Hj Z(—l)msl(l’l, m)

m=0 /

(-1)!

NE

Il
(=]

m
Epci(Ay ey Ags 15 - e
l+1<l> 1M M1

s Ms)
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r
X Zﬂi(—l)mﬂﬂ(—xmhm,di—hﬂiﬂw.,ﬂr)
i-1

Z u ( 1)m+1 )
=2 /ZZ ———=S1m,m)E (M A s s )

m=0 [=0

.
x (rFm(—xlal, ) =Y aiFia(xlay,..., a1, i, ,ar)>.

i=1

Therefore, we obtain
I\/I\Sr&l (x)
S r
= (x + Z Wikj — Za,»)NS,,(x -1)
j=1 i=1

1m+1
+27 25 1“122( ) )Sl (1, M)E, ;i i(A1y e vy Agi 1y .- -5 Ms)

m=0 [=0

i=1

r
X (Z aiFi(1-xlay,...,a;1,ai1,...,4,) — rFi (1 —x|ay, . ..,a,))

42 ZZ( 1) m+1( )Sl(n m)Epi(a, ..., a)

m=0 [=0

S
X Z wikiEy(1 = x| 25 0 + e;),
i=1

which is the identity (23). g

3.5 Differentiation
Theorem 5

d ~
—NS, (X|a1, ..., @M,y As; Uy e v vy hs)
dx

n-1 (_l)n—l—l

=-ny) ~—~ _N8§ ey @i Ay ey s fhL ey f)- 25
n;l!(n—l) (&l i ha Htsees hs) (25)

Proof We shall use

n-1

s = 3 ()01 oo
=0

(¢f [1, Theorem 2.3.12]). Since

(F®)lx"") = (In(1 + £)|x")

o (_l)m—ltm
e

m=1

xn—l>
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n-1
(_l)m_l my . n
. o)
m=1 m
n-1
-1 m-1
S G s
m=1

= ()" (n-1-1)
with (12), we have

d —~
d_NSn(x|alﬁ---1“;";)\'1:“'7)\5;//411“"“8)

n-1

n
=Z< ) "“ -1-1 )‘NS;(x|a1,...,a,;)q,...,As;m,...,us)
1=0
n-1 )n -1
n'; l‘( —l) Nsl x|ﬂ1, ;ﬂr;)‘-lrn-;)‘-s;ﬂl)“';/jvs))
which is the identity (25). 0

3.6 One more relation
The classical Cauchy numbers of the first kind ¢, are defined by

[e¢]

e
= Cy —
In(1 +¢) — " n!

(see e.g. [3,4]).

Theorem 6

NS, (xla; 45 1)

r s
= (x - Z(ll’) NSn,l(x - 1|LZ;)\.; ,U.) + Z)\jﬂstn,l(x - )L]* - 1|(l;)\;ﬂ + ej)

i=1 j=1

1< (n 4 —~
+ — C a;NS,_1(x =1|ai,...,qi_1, 01415 ., Gr; A;
H;(Z) Z(ZL nl( |1 -1 %j+1 r M)

i=1

—NS,_i(x — 1|a; A; /L)). (26)

Proof For n>1, we have

NS, (|1, .- @rs Ay hss 15 e s Ihs)

o0 e tl
ZNSI(ylﬂl,--.,ﬂr;)q,...,As;m,...,,us)—

/!
1=0

r (L+5)% -1 - PL+0)% \M n
i <g(m> ] (m) (1+2)|x

]

|
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xn—1>

: A+t)% -1 S @+ \M
< (l—[<(1+tﬂzln(1+t) (1 1+t))\/) (1+t)y>

1
_ T @+pi-1 S el Y o
_<<8t1i_1[((1+t)“tln(l+t) i 1+ 1+M1> (L+ 2P\ >

j=1
a; _ S A/ i
+< d+o® -1 0 L+ )M>(1+t)y x”_1>

1_[ 1+t)“tln1+t) 1+ L+l
+ <1_[ x"‘1>.
i=1

( j=1
Q+p)%-1 5 1+ t))‘l Hj
((1 +0%In(l + t)) l_[<1+ L+ t)%> (0:1+27)
The third term is
O T S R A P ARG e
y<li_1[<(1 +)% In(l + t)) j1 <1 +(1+ t)%f> Lo >

j=1
=yNS,.1(y = 1ag, ..., A,y Agi U1y -5 Us)-

Since

5 ﬁ 1+p)% -1
LI+ eI+ )
ayt(1+)* t )

1 r( Q+1)% -1 )Zv A A+0™ -1 ~ Tn(1+f)

T+t @ pame t

1 1 +8)% -
T1ecd <(1+t)“z 1n(1+t))<2“’>’

with

" apt(l+ )™ t
§<(1+ o -1 In(l+ t))
having order > 1, the first term is
I R N A P A B I
<1:1[<(1+t)“"1n(1+t)>!__1[<1+(1+t)’\/) A+2y t *
. Ll @40 -1\ (L+)
_<;a1)<n<(l+t)‘ﬁln(l+t)) <1+ 1+t)*/> >
= Ui/ Q+0)%-1 \ix/ @+t)% ¥
_<§611)N8n—1(y_ 1) + Z<ll:1[<(l + t)“i ln(l + t)) i (1 + (1 + t)kj>
" (a1 + )™ ¢ .,
;((u a1 In(+ t))" >

= —(Z al) NS,_1(y—1)

=1

x (1+¢)
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1[< A+ 6™ In(l+1) A+8)% -1 @+l N\
+;(Zdv< 1+ -1 l—[<(1+t)‘liln(1+t)>, <1+(1+t)*/>

v=1 i=1 j=1
t o
In(1 +¢)

x 1+t

t v
In(1 + t)x

(A% -1 Ny e\ =
_r<n<m> (m) (1+2)

i=1 j=1

=- (Z ﬂl) I<I\Sn—l(y - 1)

I=1
1< 1+8)™1In(+¢) — 1L+8)4 -1 S Y N
+;<;au< Q+8)* -1 l;[<(1+t)“iln(1+t)>j=1<1+(1+t)li)
o0 tl .

: Q+8)% -1 S @+ A\ )
_r<l_[((1+t)“iln(l+t)>, <1+(1+t)*f> ety

i=1 J=1

=— (Z ﬂz) NS,1(y-1)

=1

1 T .
+ ; (ZZ <l)ﬂvclNSn—l(y_ lay,...,@v_1,8p415. .., 075 A; /»L)

v=l [=0

-r Z (7) NS, i(y - 1|a; 25 M))
=0
= —(Zau>ﬁ‘sn_1@— 1)

v=1

1 (n - —
+ . ;}: <l>c1 (Z ayNS,_(y—1|ay,...,av_1,0p11,-- -, Ar; As L)

v=1

x (1+tpt

c—x"
— )

— 1NS,i(y - 1|as 1; u))-

Since

j=1 j

the second term is
r

s 1+8)% -1 1+ t))"l s 1+ t)lj Hj -1
;MM<H<(1 +)%In(1 + t)) (1 +(1+ t)M) i <1 + {1+ tV”) e

i=1 J

S
= Z MNS, 1 (y = Ay = La; A; o + ).
-1

St NS G QDM NS @t Y
atl_[<71+(l+t))‘f) —;Mul(lﬂf) <1+(1+t)’\1),_1<41+(1+t)*1’> ,
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Therefore, we obtain

NS, (xla; 2; 1)

r s
= (.?C - Z(ll’) NSn,l(x - 1|ﬂ;)\.; ,U.) + Z)»jujNSn,l(x - )L]* - 1|61;)\;/,L + ej)

i=1 j=1

1< (i z ~
+ ;}: (l)Cl (Z aiNS,_1(x = 1|ay, ..., a1, a1, .., 43 25 L)

i=1

—1NS,i(x = 1|a; A; M)),

which is the identity (26). 0

3.7 Arelation involving the Stirling numbers of the first kind
Theorem 7 Forn—1>m > 1, we have

3 (’Z)Sl(n — 1,m)NSi (a5 45 p0)
1=0
r n-m-1 n—1
= —(Z ﬂi) > ( ) )Sl(”l — 11, m)NS;(~1]a; ; )
i=1 1=0
1 n—m n—m l
+ - Z Z (7) <k>51(n — L, m)ci_i
k=0 i=k
X (Z aiNS(=1lay, ..., @1, @i, ..., i As ) — PINSg(=1]a; 4 u))
i=1
s n-m-1 n—1
+ ;)\//Lj ; < / )Sl(n —I-1,mNS;(=X; = 1|a; ;0 + &)
" (n-1 —
> ( )Sl(n —1-1,m - 1)NS;(~1]@; A; j1). 27)
1=0 J
Proof We shall compute

(In(1 + t))mx”>

- (L+1)% -1 S @+ \Y m
<11:1[((1 +2)%In(1 + t)) L[<1 +(1+ t)’\i) (In1 + )

in two different ways. On the one hand, it is equal to

S A+pi-1 @+ A\
<H<(1 +t)% In(1 + t)) E(l + (1+t)’\1’)

i=1

i Q-1 N\ @+nY O\
_<H((1+t)“iln(l+t)>L_l[<1+(1+t)’\i>

i=1

'" n - 1L+8)4 -1 S Y N
:m'z(l)sl(l’m)<n<(l+t)“iln(1+t))!:1[(1+(1+t))‘/>

I=m i=1

e} tl
m! ZSl(l,m)Ex”>
l=m

xn—l>
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n 00 4
n o i
=m! ( )Sl(l,m)<zNSi(m,...,ar;kl,...,ks;m,“,,MS)T' -
1A

i=0

n —
( )Sl(l'm)NS”"(“l""’“r;h,...,ks;m,‘..,us)

=m! N (”)Sl(n—l,m)I\/@z(al,...,a,;)q,...,As;ul,...,us),
On the other hand, it is equal to
- L+ -1 : @L+0)% \M m\| n-1
<at(1_1[<m> H(m) (In(1 + 1)) ) x >
: (L+5% - Q-+t
:<(3t1_[<(1+t)a,ln1+t) )]1 1+(1+t)’\) ln(1+t)
g (i (1+t)A
+<1_[<(1+t,‘)"tln1+t) (8 1+(1+t)*)

Y- T ED Y "
+<H((l+t)a,ln1+t)) <1+(1+t)’\> (8:(In@ + 1))™)

Jj=1

) (In(1 + t)

xn1>‘ (28)

The third term of (28) is equal to
. A+t)% -1 @+ \M
m<1;[<(1+t)at1n(1+t))g(u(ut)*/) a+9”
(At =1\ ppf @\
a m<l;[<(1 + )% In(1 + t)) [1[(1 +(1+ t))‘/>
00 !
Nom-1r' Y S m - 1)%x”"1>

l=m-1

1

- Z( )Sllm 1)

L0 -1 Nyl Q0 N9
x<i_1<(1+t)ailn(1+t)>j_1<1+(1+t),\,> 1+ |

n-1 n—1
=m! ( ! )Sl(l,m—l)
1

l

(In@ +9)" x - 1>

X (1+1¢)

I
3

X NS, _1oi(=1]a1, ..., @M,y Agi A5+ v vy fhs)

n-m ;/[_1
- ! S _l_lx -1
m;( ! ) 1(n m—1)

x IQ\SI(_1|“1"'"ar;)\'l’"'})"S;l’lflyu.;l\’l‘s).
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Since

ﬁ (L+2)% -1
N+ D)% In(L+£)
ayt(l+)» t

_ 1 1+2)% -1 P @1 ln(1+t))
1+t i 1+8)%In(1+1¢) t

1 @+9
“ill(doma ) (Z“”)’

the first term of (28) is equal to
L A+0%-1 NS/ @+nh \W
Z<1;[<(1 + )% In(1 + t)) [1[(1 +(1+ t)'\i>
a,t(1+ )% z
< (+2) §:(u+n%-1 u+n)
L Q=1 N\ Ay Y
(Zﬂv) <H<m) H(m)
“H(In(1 + t))mx”1>
IR YA VAN ST WY o AR A
N Z<lt=_1[((1 +£)% In(1 + t)) E(l +(1+ t)k’) o
" ant(l+ )™
x;<(1+t)av_1 ln(l )‘ 251(1 m)— x>
- (@t Y
(Zﬂv><n<m> H(m)

;w}:&dn1 >

(In(1 + t))mx”>

x (1+1¢)

aQ+1)°

_ml (n S Q+p)ti-1 T(_Q+t)
= 7 gﬂ: <Z>Sl(l,m)<li_1[<(1+t)ai ln(1+t)> !_1[(1 + (1 + t))“j

e @t 4
X (1+t) ;((1+t)a” -1 B ]n(1+t)>

(5

(-1 NPy et N
X <lz:1[<(1+t)ailn(1+t))[1[<1+(1+t),\/.> 1+t

- _ml(Zav> Z( )Sl(l m Nsn - 1( )

I=m

xn—l>

xn—l—1>

Page 18 of 23


http://www.journalofinequalitiesandapplications.com/content/2014/1/376

Kim et al. Journal of Inequalities and Applications 2014, 2014:376 Page 19 of 23
http://www.journalofinequalitiesandapplications.com/content/2014/1/376

m! < (n ’ A+ In(+8) 1=/ A+)% -1
+712:<Z)SI(LW1)<<Z%>< L+)w -1 1_[((1+1,‘)“iln(1+t)>

v=1 i=1

2 (L+6)% \M a1
yargr) 0

t xnl>
ph In(1+¢)

o @+%-1 N\l @k \Y o
_’<H<(1+t)ai1n(1+t))g<1+(1+tw> 1+

i=1

r n-1
= —m! (Z av) > (" J 1)51(1, m)NS,_-1(-1)
v=1

I=m
+Ei " S(lm)nz_l n-l C
n l=m ! w k=0 k ‘

r
X ((Z a],)I\/I\Sn_l_k(—lml, ey @1y Byl e e ey G A L) — rI\/I\Sy,_l_k(—lm; A ,u))

v=1

L n—1
In(1 + t)x

r n-1-m
- —m!(z a\,) > (" J 1)51(;4 —1-1,m)NS/(-1)
v=1

1=0
m'%% n\ (1 01— L, m)
+ — n—1,m)_
p i) Ik
k=0 I=k
X ((Zav)l\/@k(—llal,...,ai_l,am,...,a,;k; ) —rl\%k(—lla;k; ,u)).
v=1

The second term of (28) is equal to

r

; L+ -1 (L+ o)
;MMV@_{((I +2)% In(1 + t)) (1 1+ )

i=1

S

L+y M Zhp-1
M) o

Jj=1

- . (1 + t)ai -1 (1 + t))»u
= VZI:MM\;<H((1 + )% In(1 + t)> (1 +(1+ t)h)

i=1

(In(1 + t))mx”‘1>

S

@+t)y \Y a1
vargr) 000

Jj=1

s n-1 n-1 r T+p)% -1 (1+t))w
:m!vzzl)»uuv2< ; )Sl(l'm)<n<(1+t)ai1n(1+t))<1+(1+t)“)

I=m i=1

xn—l—1>

s n-1
-1 o
=m! Z)\vﬂ/v Z (71 I )Sl(l, m)NS,__1(=A, = la; A 1+ e,)
v=1

I=m

[ee}

tl
m! ZSI(I, m)l—!x”1>

l=m

S

@L+8% \M A1
x l_[<1+ (1+t)’\/> A+12)

j=1

n-m-1

-1 —
Z (nl )Sl(n—l—l,m)NS;(—)w —1la; A 1 +ey).
1=0

s
= m! Z )"UI’LV
v=1
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Therefore, we get, forn —1>m > 1,

m! Z <7)Sl(”l — 1, m)NS(a; s )
=0
r n-m-1 n-1
= —m!(z ai> ( ) )51(;4 —1-1,m)NS;(~1|a; A; 1)
1=0

! n-m n—m l
+Z (7) (k)Sl(n —Lm)c_g
"o T

r
X (Z aiNSi(=1|ay,...,ai_1, @1, ..., ar; Ms )1) — FINSp(=1]a; A; M))
i=1

n-m-1

-1 —
Z (nl )Sl(n—l—1,m)NS;(—k/—l|a;)»;u+e;)

1=0

s
+ m! Z )\/‘[Lj
j=1

n—m
n-1 —
+ m! Si(n—=1-1,m—-1)NS;(-1|a; x; ).
120(1)1( NS/ (—1]a; A; w)

Dividing both sides by m!, we obtain, forn —1>m > 1,

52 (1) -

=0

r n-m-1
= —(Z ﬂi) > (” ; 1)51(14 — 11, m)NS;(~1]a; 2; 11)
i=1

1=0

+ % i _Z (7) (;{)Sl(n —L,m)ci_k

r
x <Z aiNS(=1lay, ..., @1, @ity ..., @i As 1) — PINSg(=1]a; 4 M))
i=1

s n-m-1

n-1 o

+ZK/M;‘ Z < ; )Sl(n—l—l,m)NSZ(—)\/—lla;k;u+ej)
j=1 1=0

n-m }’l—l .
+Z( } >51(n—1—1,m—1)Ns,(_1|a;)\;,,L).
=0

Thus, we get (27). O

3.8 Arelation with the falling factorials
Theorem 8

I\/I\S,,(xlal,...,ar;kl,...,ks;ul,...,us)

n a\
= Z (m)NSnm(dl,...,ﬂr;)\l,...,)\s;ul,...,[LS)(x)m. (29)
m=0
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Proof For (12) and (20), assume that

n
yks;ﬂl; .. .,/Ls) = Z Cn,m(x)m-

I\/I\Sn(x|a1,...,ar;kl,...
m=0
By (11), we have
1 1
Cn,m - %< r o In(Lt)e® m0+) s 1eey 04D o xn>
[T ( AT )H/=1 LD )"
1 l_[ 1+)% -1 1_[ 1+ thmn
= — L Ty x
m! (1 +8)%1In(1 +¢) 1+(1+t)%
n 1_[ (L+8)% -1 l_[ a+o% \"| .
= x
m)\ . I+ In(1+1¢) il 1+@+8)M
n o~
= < )NSn_m.
m
Thus, we get the identity (29). O

3.9 Arelation with higher-order Frobenius-Euler polynomials

For « € C with « #1, the Frobenius-Euler polynomials of order r, HY(x|e) are defined by

the generating function

1—
et —

(see e.g. [5]).

a)r t i ) :
e’ =% H](x|la)

1
o oy n!

Theorem 9

NS,,(x|a1,... As;ﬂl)'urﬂs)

n  [n—mn-m-j .
5 (Z > () (") -arsion-- z,m)h?sz)Hﬁ,;”(xm (30)
m=0 \ j=0 =0

1ar;)"l)~~,

Proof For (12) and

H (x|a) ~ ((et_“)a,t), (31)
l-«

assume that NS, (X|a1, ..., @y Aoy As; 41 - or i) = o C,,,mH,(,‘,T)(xloc). By (11), similarly
to the proof of (27), we have
In(1+t)
1 (%)U m| ,
Cum = —< A L (In(1 +£))"|x
Hl l( o In(L+2) _ )l_L 1 A/In (1+2) ) /

B 1
T oml(l-a)°
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x”>

T A+t -1 Ny (0T \Y " o
X<H(m) (m) (In(1+1)"(-a+2)

i=1 j

B 1 4 A+1)% -1 @+l M
T om(1-a)° <15_1[<(1 + )% In(1 + t)) !_1[(1 +(1+ t)xl')
min{o,n} o
Z (v>(1 _ a)avtvxn>

v=0

x (In(1 +2))"

n-m

1 o o-v
= m Z (v)(l —a)’ " (n),

v=0
S @Hn%-1 N\ @k O\ m
X<l,;[<(1+t)ﬂf1n(1+t)>E(u(m)%‘) (n+5)

xnv>
1 n-m o o n—-m—v he—v .
= m!(l_a)o‘ Z (V)(I—Ol) (n)v Z Wl!( I )Sl(l’l—\)—l,m)Nsl

v=0 1=0
= Z <0) <n;v)(n)v(1—oz)‘”51(n— V-1, m)I\/f:Q.l.
v=0 [=0 v
Thus, we get the identity (30). O

3.10 A relation with higher-order Bernoulli polynomials

Bernoulli polynomials %ff) (x) of order r are defined by

o0 (r)
t rext _ Z %"r (x) £
et -1 n!

n=0

(see e.g. [1, Section 2.2]). In addition, the Cauchy numbers of the first kind €£,r) of order r

are defined by
o\ ey
- — t"
(ln(l + t)) HX:(; n!

(see e.g. [6, equation (2.1)], [7, equation (6)]).

Theorem 10

mn(xlal,...,a,;kl,...,ks;ul,...,us)

) Z( 33 (IZ) (n ' i) &St =i= ”’)ﬁsl> B ). (32)
=0 [=0

m=0 \ i 1

Proof For (12) and

B x) ~ ((et;l)n,t) (33)
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assume that I\/I\Sy,(xml, e @i Ay A ey ) = D o C,,,m%gﬁ,)(x). By (11), similarly to
the proof of (27), we have

eln1+t _I\o
( In(1+t) )

C}’l m

5

s (I +9) " [

In(1+£)e% n0+0) 1+e’/ Wi
i= 1( o In(L+2) _ )l_[j 1 A/ln (1+2) ) /

) 1+8)% —1 S @+h \M m t\ .,
- <l1 (1+t)ﬂ:1n(1+t))H(1+(1+t)li) (In(1-+) (ln(l t)>

et —-1 \pq( A+07 \" | g0
(1+t)“t1n(1+t))H(l+(1+t)ki) (In(1-+) ZQ:" i

i=0

i=

_ 150 F(_ Q+pi-1 \pp( @40y )M m| i
‘m!;Q <l) 1:1[((1+t)”iln(1+t)>!,__1[<1+(1+t))\f (InC+0)
=$ ¢ () 3 m'( ) Sin—i— 1, mNS,

©i=0 =0

L

Z (n> (n l_ l) Qﬁa)Sl(n —i—1,mNS,.
i

i=0  [=0

Thus, we get the identity (32). O
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