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ABSTRACT. A theorem for expansion of a class of functions into an integral involving
associated Legendre functions is obtained in this paper. This is a somewhat general integral
expansion formula for a function f(z) defined in (z),z5) where —1<z; <z4 <1, which is perhaps
useful in solving certain boundary value problems of mathematical physics and of elasticity

involving conical boundaries.
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1. INTRODUCTION.

Integral transforms are often used to solve the problems of mathematical physics involving
linear partial differential equations and also other problems. Integral expansions involving
spherical functions of a class of functions are known as Mehler-Fok type transforms. In these
transform formulae, the subscript of the Legendre functions appear as the integration variable
while its superscript is either zero or a fixed integer (see Sneddon [10]). There is another class of
integral transforms involving associated Legendre functions somewhat related to the Mehler-Fok
transforms, in which the superscript of the associated Legendre  function appears in the
integration formula while the subscript (complex) is kept fixed. Felsen [2] first developed this
type of transform formulae involving P:'l‘/2 4 ir(cos 0) as kernel where 0 <6 < r from a unique é-
function representation. Later Mandal ([6], [7]) obtained somewhat similar types of two
transform formulae from the solution of two appropriately designed boundary value problems. In
the first type, the argument z of P:‘l‘/2 +ir(z) ranges from -1 to 1 while in the second, the
argument z of PH 1/2 4 ir(2) ranges from 1 to co. Recently Mandal and Guha Roy (8] used a
similar technique to establish another Mehler-Fok type integral transform formula involving
P:fﬂ 4 ir(cos 6) as kernel (0 < 0 < @).

In the present paper, an integral expansion of a class of functions defined in (z},z,) where
-1<zy<zy<1, involving associated Legendre functions is obtained. =~ Based on direct
investigation of the properties of spherical functions, sufficient conditions which would establish

the validity of this expansion formula for a wide class of functions are obtained in a manner
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similar to the ideas used in ([3]-[5]). The main result is given in section 2 in the form of a
theorem. Recently, we have used a similar technique to establish another type of integral
representation [9] involving P~ f/2 4+ ir(cosh a) as kernel where 0 < a < ay.
2. INTEGRAL EXPANSION OF A FUNCTION IN (z,,z,) WHERE 1<z << 1.

We present the main result of this paper in the form of the following theorem.

THEOREM. Let f(z) be a given function defined on the interval (z,z,) where
—1<z; <z9 <1 and satisfies the following conditions:

(1) The function f(z) is piecewise continuous and has a bounded variation in the open
interval (z;,z,).

(2) The function f(z)(1-2%) " len(1-22) "€ L(z},2p), ~1 < 2; <2y < 1.
Then we have

o . M(z,z9;i0})
(=)= Z"k r (%*"""k) [(3-ir-iny) (3/6ak)M(32.zkl,wA) Flog)
M Al il
2L / +xr—w [(§-ir-ia)-ﬂr(:;’—?l;—'zr))- F(o) do (2.1)
where o 2
F(o)= / % M(z,zy;i0) do, (2.2)
%

—l1<z)<zp< lvM(”y?“')=Pi51/2+ir(’)Pifl/2+if(‘!’)‘Pifl/znr(")Pi51/2+ir(y)
and o,'s,0,7 are real. The equation (2.2) may be regarded as an integral transform of the
function f(z) defined in (z;,z,) and (2.1) is its inverse. (2.1) and (2.2) together give the integral
expansion of the function f(z).

PROOF OF THE EXPANSION THEOREM. To prove this expansion theorem, we first
note that the representation (cf. Erdélyi [1])

i 1 2 . . . — .
P10 = (2P (b i i -1 L52) i,
—1<z| <z<zy<1, where F(s,bic;z) denotes the hypergeometric series, implies Pio 1/2+ir(®) is
continuous in the region defined by —1<z; <z <z, <1, -0 <0 < oo and satisfies the inequality

|Pig 124 i@ VIR Py () (2.3)

where the Legendre function P _ /2+i ,(2) is positive.
Using (2.3) it follows from (2.2) that

z9
1
zo

Vshxa[xo /
7

and this shows that the conditions imposed on f(z) imply that the integral F(s) is absolutely and
uniformly convergent for ¢ €[-T,T] where T is a positive large number. Hence F(s) is

[ 2 4ir® Py pi(—2) = Py () Pi51/2+ir(’1)] dz

[f(=)|
_22 {P-1/2+ir(‘)P-1/2+ir("’1)"’-1/2+ir(")P—1/2+ir(’1)} dz,

continuous on [ - T,T] and the repeated integral
I

T
M i
J(&T):i-l;; / 6[(%+i'r—iv) [ (%-ir—ia) M((:2’Z21‘:’)) do - J lf( )2 M(y,z;i0) dy

-T
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is meaningful. Also, uniforin convergence allows us to change the order of integration and write

J(z,T) as

I
2
J(z,T) = / %"’—)2 K(z.y.T) dy. (2.4)
-y
F A
where T !
. . . . o\ M(z,z9:10)M(y,zy510)
h(z,y,T):# / o [(%+1r—w) f(%—zr—w) A;(zz,zl;ia)l do. (2.5)
=T
Now we shall show that the kernel K(z,y,T) is symmetric in the variables z and y. By definition,
we have
T
KeuT)-Kue ) =g [ ol(§ir-io)[(}-imio) grrbry
-T

-[M(:,z2;ia)M(y,zl;ia) - M(y, z2;ia)M(z.zl;ia)] do.

It follows from the properties of associated Legendre functions (cf. Erdélyi (1]) that the integrand
in the above integral is an odd function of o, hence the integral vanishes. Thus

K(y,z,T) = K(z,y,T). (2.6)
To investigate the behavior of K(z,y,T) as T—oo, by writing u = —io, we write (2.5) as
iT
M(I,I ;_#)M(yvz ;_l‘)
_1 1, 1. 2 1
K(z.y.T) =5 / n f(2+zr+u) [(2 :r+u) Mizyzg =1 du. (2.7)

—iT
Expression under the integral sign in (2.7) is analytic function fo the complex variable 4 and it
has no singularity in the semi-plane Reu>0, except for simple poles at u= —io, (k is positive

integer) (cf. Felsen [2]), where

M(zg,z5i0,) =0, 0 > 0. (2.8)

Completing the contour of integration on (2.7) with the arc [ of radius 7 situated in the

semi-plane Reyu >0 and applying the residue theorem, we obtain

M(z,zq;i0 )M (y,zq5i0;)
_ 1. . 1. .. ikl 1%
K(z,y,T)_Kl(z,y,T)—zk: o [(2+rr W],)r(g ir wk) @730 )M (e 27700, (2.9)
where
. , M(z,zq; — p)M(y,z1; — p)
Kl(z,y,T)zﬁ / p[(%+rr+ﬂ)[(%—rr+ﬂ) 13!(:2,11;_”1 du. (2.10)
by
Suppose that y < z. By virtue of the definition
- l+z\—p/2 1 -1
P-f/2+ir(’)=(1-:) w r(1+,,—)[1+°(|/‘| )}
_ 1—z\— 1 -
P2 pir (-0 =(152) 2 i [+ 001 1) (211)

Using (2.11) and asymptotic properties of the gamma function for large u, we conclude that

M(z,zq9; — p)M(y, 215 — 1)
1, 1 . 2 1
pl(g+ir ) ((3-irw) =
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14z 1-29 —#/2_ l—z L+zo\—#/? 14y -2, —#/2—. 1—y 142\~ #/2
I-z 1+z4 I+z I-z, -y T+z; I+y 1-1,
l+z9 1-12; -ﬂ/2_ I-z9 141 —p/2
l—zy 141z, T+zy 1-2

Lr+o(iul —h} (2.12)
Now introduce the new variables
1 1+ l+z 14z

1 1l 2
=z, andﬁ_—2¢nl_x2.

Then, for large p, from (2.10) - (2.12) we obtain for y < z

K@) =g [ [eop{— u(e— )} +eop{~ u(20 - 2a - €+ m)
F
—ezp{— (€ +n—2a)} —ezp{ ~ p(28 - £ —n)}] dp
/2

+0(1) / exp{ — p(€ —n)cos ¢} + ezp{ — p(28 — 2 — £ + n)cos p}]
[+]

—ezp{ — p(€ + n—2a)cos ¢} —exp{ — (28 — £ — n)cos ¢} d,

fora<n<é<p.
Using the identity x/2

% /ezp{-—ATcos v} dwsl_—ew, A>0,
0

we obtain for y < z,

1 [sin T(E—n)  sin T(2B—2a—E+n) sin T(E+1n—2a)
Kl(z,y,T)—f[ €~n T 2F-2a-E+n  E+n-2a

sin T28-€—1n) l—ezp{-T(-m} , 1—exp{-T(28-2a—-€+1)}
T 2p-&-n *0(”[ TE-n T T@F-2a—E+n

1—ezp{-T({+n—20)} 1-ezp{-T(28-£—n)}
- T(§+n—2a) B T(28—-€—n) } a<n<E<p, (2.13)

where the factor O(1) is independent of y.

Again for y>z, we use the symmetry property (2.6) and the representation (2.10) of
K(z,y,T) with the variables z,y replaced by y,z.
Now we write (2.4) as
z Z.
1em= [ L keun ds [ L ke 8
z 1-y » 1Y

z

. 2
1, 1. . M(z,z9ii0}) /() )
- zk oL I'(i+xr—wk) f(i—xr—wk) (@700 ) M(z9y2,5307) 1—y2 M(y,z;io) dy
%1

o o Mgy
=Ji(z,T)+Jy(2,T) - Xk:ak f(%+rr—wk) [(%-tr—-wk) (6/3"k)M(22’z,cl;i"k) x

z
2
fv) )
X - zmM(y,zl;wk)dy. (2.14)
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Using (2.13) in J,, we obtain

28-2a—-€+1

Ji(=T)= [/I(tanh ) ’;Z'_T(_f__ dn+ /mmh n) S0 T(28-2—&+1) dn

3
+0(1)[/ | f(tanh q)|_e%_ﬂl
a

1 —ezp{—T(28 —2a - { +1)}
+Zlf(!anhn)l .

4
—ezp{ - T({+n-20)} ,
- [ | f(tanh )|~ CEAT

¢
—ezp{ - T(25 - ¢~ n)}
- [ | f(tanh )| RS }
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(2.15)

The conditions satisfied by f(z) imply that f(tank 5)€ L(a,B); hence, by virtue of Dirichlet’s

theorem, for T—oo

sin T(f 1)

L [ fctanh n) dq—lf(tanhf 0)+o(1)

RS~™

= % f(z—o0)+0(1),

4
b [ sotanh oy SEEZR D) 4y o,

R

Ca3

b [ sttan my Z2EERZ20) gy )

[~)

and

Ca.3

/ f(tanh n) ﬂ'—%@%Lﬂ—"—) dn = of1).
a

Moreover, if the integral of integration is divided into the subintervals (¢ - 6,¢) and (a,£ - 6) and if

a sufficiently small positive § (implying a sufficiently large T) is chosen, then we have

14
—ezp{ ~T(-n)} ,
17 ) ==
§-6 €
Sﬁ /lf(ianhn)ldw/ | f(tanh n) | dn
€-6

R

=O(T ~ 1)+ 0(1) = o(1) for T—o0,

¢ ¢
[ 1 staanh my 2RO =R Lt D) 4y < e [ ) 0t vy
a a
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=0(T ™ 1) = o(1) for T—o0,

4
[ 1 5tan gy Lol TR 12200 g L / (tanh 1) | dn
@ a

=0(T ~ 1) = o(1) for T—o0,

and ¢

—ezp{ - T(28

[ 11ttt Pl =) gy < 11tk e
=O(T ~ 1) = o(1) for T—co. (2.17)

Thus (2.15) to (2.17) leads to

lim J) (tanh €T) =1 f(tanh £—0) =1 f(z - o). (2.18)
Similarly,

lim Jo(tanh §,T) = 1 f(tanh +0) =3 f(z+0). (2.19)
Hence,

lim J(2,T)=§f(z+0)+ f(z - o)]—z  [(+ir—iog ) 1(3-ir—ioy)

M(z,zq;i0))

"@JooMsgzyiog) | k) (2:20)

Thus, at the points of continuity of f(z) we obtain (2.1). We note that (2.1) becomes a
result in [5] when z; = -1 and z, =1.
It follows from the foregoing theorem that, at points of continuity of f(z), we have

_ 1 i l—i _ R(z,:Q;iak)
0= e b o) G =) G g "
o2 R(z,zq;i0)
1 il

+2—— / +!T—30 r(f—"_'a)md—) F(a)da, (221)

~ 00
where
f(=) )

F(o)= ! l—_::2 R(z,zq3i0) dz, —1 <z <z9<]1, (2.22)

Rz, y5i0) = Py | i(2) a% Py girl =)= Py gy (= 2) %Pif 1/2 +ir®)

and ak's,a,‘r are real.
The integrand in (2.21) has singularities at o =0} (k is positive integers) which are simple

poles along the positive o-axis, where

3_?:; R(z,zy3i0,) =0, (0, > 0). (2.23)

To prove (2.21) we use the following asymptotic formulas for large u:

1 2 -
9z —l/2+:r(”)‘ r(1+#) (1_,,)1(1.,_,)( +I) H2 1o u) ~ 1),

5 Poipanl-0= iy mraan (5372 urodu 7y @29
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The proof of (2.21) is similar to the proof in the section 2, and we do not reproduce it. We note

that (2.21) becomes a result in [5] when z; = —1 and z, = .

3.

EXAMPLES.

We now give examples of expansions of some functions.

M(z,z9;i0))

—22p/2 ir—i 1
1) a-z% 'Z; k(5 +ir—iog) 1(3-ir wk)(@/@ak)M(z?,::l,wk)

V)
ZHCED (4 4 ioy) [P ey My (2 gsiog) - Py (ag) My (g piioy)]

A +op)
2”[(1+u 7 0(u+w) 1 . .\ M(z,zgiio)
o / B §+ar—w) f(f_"_w)—M(:?:l;ia)
~o0

[P,,— "(zl)Ml(zl,zl;ia) - Py Y(zy) Ml(z2,zl;ia)] do,

(-l<zy<z<zg<])

where

M(z,yi0) = P (2) P (—9) - P (- 2) P (),
M (z,y;io) = Pw 1(®) Pi%(—y) - PV_ 1(—2) Pf,"(y) and v = —1/2 +ir.

M(z,zg;i0) 1

(2) Plz)= Zak ( +"'“’k) f(“”'"”lc) (0/00 )M (29,2 3i0)) (2 +"k)

-[(v + 1) P _ ((29)M(zg,213i0)) + (v + i0}) {Ph(z))M (2}, 293i0))
o @)
- Pi‘(z2)M1(zz,z2, wk)}]+ T / ;ﬁaé [(% +ir— ia) [(% —ir— ia\)
~00
M(z,zq;i
'F((;f}]% [(v +u) PL_ 1(z9)M(zg,z5i0) + (v + i) {P,",‘(zl)

M(zq,z95i0) - P,/',‘(:.'?)Ml(z?, Ty io)}] do.

In all these results the conditions under which the expansion theorem hold are satisfied.
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