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For the numerical solution of high order boundary value problems with special boundary conditions a general procedure to
determine collocation methods is derived and studied. Computation of the integrals which appear in the coefficients is generated
by a recurrence formula and no integrals are involved in the calculation. Several numerical examples are presented to demonstrate

the practical usefulness of the proposed method.

1. Introduction

Higher order differential equations arise in a variety of
different areas of science, engineering, and technology (see
1, 2]) since they model a wide spectrum of phenomena.

Particularly, the solutions of fifth-order BVPs model
viscoelastic flows [3] and the seventh-order BVPs model
induction motors with two rotor circuits [4, 5]. Ordinary
differential equations of sixth and eighth order arise in
modeling instability when an infinite horizontal layer of
fluid is heated from below and is subject to the action of
rotation [6]. Moreover, high order boundary value problems
arise in hydrodynamic, hydromagnetic stability [7], and other
branches of applied sciences.

In [8] the authors presented a class of collocation methods
for the numerical solution of high order boundary value
problems:

Y (x) = f(xy(x), xel=][ab], )

Blx,y] =g, xe€al, (2)

wheren > 1,y(x) = (y(x),y'(x), .. .,y(q)(x)), 0<g<mnand
Bis alinear operator on the boundary dI, g € R".

The idea in [8] is the following: the differential problem
(1)-(2) is written in the following equivalent integral form:

b
Y@ =P lnal+ [ G fey@)dn ©)

a

where P,_, [y, x] is the unique polynomial which satisfies the
boundary conditions

B [x’ Pnfl] =9 (4)

and G,_, (x, t) is a kernel (Green) function. G,,_; (x, t) is such
that B[x,G,_;] = 0 and it is differentiable under the integral
sign such that (3) satisfies (1).

Thus, from (3) and (4) we obtain a collocation polynomial
which approximates the solution of problem (1)-(2).

In the present work the authors use this technique to
derive collocation methods for the numerical solution of (1)
with the particular boundary conditions
O ) - y® (@) = By k=0,...,n-2

(5)

y (@) =B

with 8, k =0,...,n — 1, being real constants.

Conditions (5) are called the Bernoulli boundary condi-
tions, since they are related to the Bernoulli interpolation
problem [9]. They have physical and engineering interpreta-
tion [10], but to the authors’ knowledge, they have not been
considered previously in the literature.

In [9, 10] the BVP (1)-(5) is considered: in [10] a
nonconstructive proof of the existence and uniqueness of
solution is given, and in [9] Picard’s method is applied in
connection with Newton’s method for the numerical solution
of the problem.



The present paper is organized as follows: in Section 2
we summarize some theoretical results on the existence
and uniqueness of solution for problem (1)-(5). Then, in
Section 3, we present the method for the numerical solution
of this type of problems, which produces smooth, global
approximations in the form of polynomial functions. In
Section 4 we give an a priori estimation of error and, in
Section 5, we present some particular cases. In Section 6 we
propose an algorithm to compute the numerical solution of
(1)-(5) in the nodal points and then, in Section 7, we present
some numerical examples of both linear and nonlinear BVPs
which confirm the theoretical results.

2. Preliminaries

Let B, (x) be the Bernoulli polynomial of degree k [11] and let
us set

S (£) = By (£) = B (0) . (6)
Moreover, let
h=b-a,  AfP = O w®) - P ). )
The following theorems hold.
Theorem 1 (see [12]). Let f € C"*V[a,b]. Then

X—a

(x)=f@+)S
o= f@s Y%

hk—l (k-1)
)T R, ] ®)
where R, f, x] is the remainder term

Rolfix] = [ Gt (7 s ©)

a

with G, (x, t) being Peano’s kernel:
" n x—a hk71
eti- Y (%50) 5

x<kf 1>(b—t)"‘k“] .

Theorem 2 (see [12]). If f € C"V[a,b], then the polynomial

G, (x,t) =

1
nl
(10)

n _ hk—l ~
B Ifix]=f@+ Y S (2) 2—afsD
[fixl = F@+ Y (5) o

satisfies the Bernoulli interpolation problem

B, [fal = f(a),
apY = PP £b] - PP [fa] = 1O (0) - 1 @) = AfP,

a

k=0,...,n-1.

(12)
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The proof of the existence and uniqueness of solution
of (1)-(5) is based on (3) [8], under the hypothesis that the
function f(x,y) satisfies the Lipschitz condition

q
1F Goyi () = F (oys @) = YLy [y () - 90 ()]
k=0

(13)
in a certain domain interval of [a, b] x R,
3. The Collocation Method
Let y(x) be the solution of (1)-(5). If x;, i = 1,...,m, are

m distinct points in [a,b] and y(x) € C™™ (g, b], using
Lagrange interpolation, we get

Y = D)y (x) + Ry (1nx), (14)

i=1

where

R, () = EB ) oo ) (o,
' (15)

and [;(¢) are the fundamental Lagrange polynomials on the m
points x;.
Inserting (14) into (3), in view of (1), we obtain

y(x) =P, [y.x]

o b
+ ;f (x5 (x:)) L G,_; (x,0) L (t) dt )

b
+ J G,_; (x,t)R,, (y,t) dt.

a

Hence the following identity holds:

Y (X) = Pn—l [y’x] + an,i (x) f (xi’Y(xi)) + Tn,m (y’ x) 4
i=1
(17)

where

b
P (x) = J Gn—l (x,1) Zi (t) dt,

a

i=1,...,m, (18)

b
Ty (9> x) = L G, (x,t)R,, (y,t)dt. (19)

This suggests defining the polynomials

yn,m (X) = Pn—l [y’ 'x] + an,i (X) f ('xi’ Yn,m ('xi)) > (20)

i=1

wherey,, . (x) = (yn,m(x),y;,m(x), . ,yf,?,)n(x)), 0<g<n-1.
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Theorem 3. The polynomial of degree n+ m implicitly defined
by (20) satisfies the relations

Yom @) = y(a), (21
yiiL (b) - ynm @) =By k=0,...,n-2, (22)
yilnr)n( i) = f (xi’Yn,m (xi)) >

that is, y, ,,(x) is a collocation polynomial for (1)-(5) on the
nodes x;, i =1,...,m.

i=1,....m  (23)

Proof. From (18), p, ;(a) = p,;(b) = 0,i = 0,...,m, and thus
relations (21) follow from direct computation. To prove (22)
we derive G,_,(x,t) k times, k = 1,...,n — 2, with respect to
x, and using the well-known relation [11] Bl(x) = sB,_;(x),
s> 0, we get

o

ﬁGn—l (x’ t)

B (x_t)n—k

gl(x’t)— (l”l—k)' L ~

c x—a\ W™ (b-t)"7"
‘J.Zka-k< n >(j—k)!(n—j—l)!
) x>t
x—a\ WY b-p)r it
o0 =2 (5)
x < t.

(24)

From the property of Bernoulli polynomials B(1) =
(=1)°B,(0), we have g, (a,t) = g,(b, t); thus

b
P (@) = J g1 (@)1 (t) dt

(25)
jwwmamnﬁWm
Hence
¥y ®) - y® (a)
D ®) -y (a)
(26)

+ Y (P ®) = pX @) f (x5 Yo (x1))

i=1

=7 ) -y (@.

From this, (22) follows. Next, by deriving y, ,,,(x) #n times, we
obtain

n-1
= Prgﬁ)l [y’ x] + szl]z ('x) f (xk’ Yn,m (xk))

k=1

Yo ()
. (27)
= Zlk (X) f (xk’ Yn,m (xk))
k=1

and this implies (23). O

3
4. The Error
In what follows forall y € C9[a, b] we define the norm || vyl =
MaXg., {max, ;.| y(s)(t)l} [14] and the constants
q
L=Y1L, R=max |R (nx)|. (28)
k=0 a<x<
Further, we define
Q= oo {;2352 [ <x>|}
!By (x —a) /h)|
D = Pres WX 7@ /UL 29
n 533322 (k—s)! (n—k)! (29)

n—s+1
A=max{-———
0ss<q | (m—s+1)!

—s—1
+h"° Dn’s} .

An a priori estimation of the global error is possible.

Theorem 4. With the previous notations, suppose that LQ,, <
1. Then

RA
”)’ - yn,m" < 1_ . (30)

LQ,,
Proof. By deriving (17) and (20) we get

¥ (x) = ¥ (x)

DY IRV CRTEN BECRANES)) R,

o b _
+ oxS Ja anl (x’ t) Rn,m (}’; t) dt.

Now, since

o b
e .
J (x_t)n S nm(y’t)dt

B (n=s)!Ja

G, ()R, (y,t)dt

hk—s—l (32)

_"ETB (x—a)
£ h ) (k=) (n-k+ 1)

b
X J (-t 'R, (1) dt,

we have

o [ =
" L G,_; (x,t) R, (y,t)dt

(33)
hn—s+1
<—R+K"'RD,..

(n-s+1)! s



4
Thus
[y () =y, (x)]
Pfi) (x)| ZLk [y () = 7 (%)
B (34)
hnfs+1 e
EEE—— H'™'RD
" (n-s+1)! " s
<Lly-y.[Q.+RA

and inequality (30) follows. O

5. Particular Cases

Now we present explicitly the formulas for some values of n.
For the computation of p, ;(x) we need _[: t*1,(t)dt and

[ #41,(t)dt. Letting

x b
F, (x)=J LOd, M, (%) =j L) dt,

x b
Fy (%) =[ Fu,®dt, My (x>=j My () dt,

a

k=2,
(35)
and integrating by parts k times, we obtain
x k R
L 1, (¢) dt = ]ZO(_I)]Wx TE, 0 (3),
(36)

k

b kl .
k k
L 1 (1) dt = ,Zo(k—j)!x TM; 4y ().

5.1. The Fifth-Order Case. Now we consider the case of the
fifth-order BVP

Y () = f(xy(x), xelo1],
¥ (0) = By, (37)
D)= yP©0) = Bur, k=0,...,3.
In this case Green’s function is
G4 (x’ t)

1
m [t4 1-x)+¢ (2x2 - Zx)
+1 (—Zx3 + 3x7 —x)
+t(x4—2x3 +x2)]
t<x

% [t*x + £ (207 + 2x)

. t* (2x3 +3x% + x)
+t (x4 +2x° + xz) - x4]

x <t
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4lps; (x) = (x4 —2x° xz) [Ey (x) = M, (x)]
-2x (2x2 -3x+ 1) [Fi3 (x) + M5 (x)]
+12x (x — 1) [Fy (x) = My ()]

+24 (1 —x) Fi5 (x) — 24xM;5 (x) .

(38)

Hence

Vs (%) = Py [y, x] + ZPs,i () f (X5 ¥5,m (1)) (39)

i=1

By deriving (44) we get

yon, () = P [y, x] + Y p& (x) f (x5 Y5, (1)
i=1

(40)
s=1,...,5,

where p;; “)(x) can be easily computed using the same tech-
nique as for Dsi(x).

5.2. The Seventh-Order Case. Consider

Y (%) = f(xny(x), xelo1],
(0) = By (41)

1) - yP0) = By k=0,...,5.
In this case Green’s function is

Gy (x, 1)

(1 -x)+3¢t° (x2
+5¢° (5x4 —2x° + xz)
15
+t (—3x5 +—xt—5x7 + f)

2 2

5
Y T P
2 2

<
3
61 | —¢0x + 3¢° (x2 + x) +5t* <—x3 - Exz - —>

+5¢ (5x4 +2x° 4+ xz)

x)+5t4 x>+ Exz—f
2 2

15 x
+t (—3x5 +—xt—5x° + —>
2 N
5 X
wt x® =37+ Zxt - ) = x°
2 2
x<t

(42)
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Hence
6 5 54 X
6lp,;(x) = x —3x +Ex - [Fj, (x) = M, (x)]

- X (6x4 —15x° + 10x” — 1) [Fi5 (x) + M3 (x)]

+30(x — 1) [Fy (%) = My, (x)]

— 60x (2x% = 3x + 1) [F5 (x) + M5 ()]

+360x (x — 1) [Fjg (x) — Mg (x)]
+6! (1 - x) Fj; (x) — 6!xM;; (x),
(43)
Yim (x) P6 Y, X th(x)f xz’Y7m(x )) (44)

i=1
5.3. Ordern = 8,9,10. For n = 8, we have
7 pg; (x)

s 2
X 7 7 6 7 4 X
:<——x teX m X +?)[Fil(x)+Mi1(x)]

g) [Fiz (x) = My, (x)]

(77 7 3
+{x" - =x"+Zx" - Zx7 +
2 2 6

7% <x5 iy §x3 - g) [Fs (x) + My ()]

- 7x (6x" = 15x° + 10x* = 1) [F (x) = My (x)]
+210x%(x = 1)* [F; (x) + M5 (x)]

— 420x (2x% = 3x + 1) [F (x) — M (%)]
+2520x (x — 1) [E;, (x) + Mj; (x)]

+71(1 = x) Fig (x) + 7!xM;g (x) .
(45)

Forn =9, we get

8!py; (x)
14 7 2
= <x8 —4x + ?xé - §x4 + 5x2> [Fzz (x) - M, (x)]

2

7
+4x <—2x6 +7x —7xt + 35" 5) [F;5 (x) + M5 (x)]

+28x° (2x4 —6x> + 5x* - 1) [Fiy (x) = My (x)]

+56x (=5x" +15x° = 10x” + 1) [E;5 (x) + M;5 ()]

+1680x%(x — 1) [Fi (x) — M (x)]

+3360x (~2x" + 3x - 1) [F;7 (%) + My; (%)]

+20160x (x — 1) [Fig (x) — Mg ()]

+ 8! (1 — x) Fg (x) — 8!xM;q (x) .

(46)

For n = 10, we obtain

9Py, (%)

X [Fy (x) + M;, (x)]

9
—x<x8 —Zx +6x° - 2—1x4+2x2— i)
2 5 10
X [Fyp (x) = My (x)]
+3x7 (3x° - 12x° + 14x" - 7x% + 2) [E; (x) + M ()]

+12x (-6x° +21x° = 21x* + 747 = 1) [Fy (x) - My (%)]

+252x" (2" - 6x” + 5% = 1) [F;5 (x) + M;5 (x)]
+ 504 (—6x" + 15x° = 10x” + 1) [F (x) — M4 (x)]
+15120x (x — 1) [y (x) + My ()]

+30240x (—2x% + 3x — 1) [Fg (x) — Mg (%)]

1) [Fyg (x) + Myg ()]
0 () + 91X M1 (x) .

+ 181440x (x —
+9!(1-x)F.

6. Algorithms

To calculate the approximate solution of problem (1)-(5) by
(20) at x € [a,b], we need the values y; = ym)n(x ) j =
1,...,m,and k = 0,...,q. These values can be calculated by
solving the following system:

k < k
7= PO [yxl + Y ply) () f (xp0y;)
j=1 (48)

i=1....,m k=0,...,9
withy: = (v, ' @Dy o<g<n—1
Vi=pyp-y;)0sg<sn—L

To solve it, if we put
T k k
Y = (Yp....Y,) = (W),
F(Y)=(E,....E,)" e R,

Fm:(fl""’fm)> fz:f(xi’Yi)’
T
C=(By....B,) ,

k k)
B = (BY [y.xi], o P [ %]
Ay 0 0
k k
. pif ~pi,31
A= 5 Ak: N
-0 ®) ®
0 0 Aq pml pmm

(49)



with p}) pn](x ),k =0,...,q, we write (48) as
Y-AF(Y)=C (50)
or, equivalently, Y = G(Y), where
G(Z)=AF(Z)+C. (51)

For the existence and the uniqueness of the solution of
(50) the following result holds.

Proposition 5. Let L be defined as in (28). If T = L||All, < 1
the system (50) has a unique solution which can be calculated
by an iterative method

YO =G(Y"), v=12... (52)
with a fixed Y € R%, s = m(q + 1), and G defined as in (51).
Moreover, if Y is the exact solution of the system,
T‘V
T R MR
(o] 1-T (o]
Proof. £ V. = (V,,... ,Vq)T, Vi = (v(lk), R vis)) and
W= W W', W = @, wl), then

IGV) -GW)llo < IAloLIV — W]l ; hence G is contrac-
tive. Thus the result follows from the well-known contraction
mapping theorem. O

To calculate the elements A, ..., A, of the matrix A we
need the values Fi(x;) and Mi(x;), s = 1,...,n, i,j =
1,...m, where F;(x) and M;,(x) are defined in (35).

Since [;(t) = [Tty x2:((t = x)/(x; — x;)), it suffices to

compute
ij:tk J’tkfl J't1
c c c

where ¢ = a or ¢ = b,r(t) = 1, and

Tong () = (£ = x1) - (E = %) (E = x341) -+ (E = x,)
(55)

ro (O dtdt, -dty_,  (54)

i=12,...,m.
Let us define

D () =x-c (56)

and,fors=1,...,m—-1,

94 (%)

e @

c

where

j=1,...,m-1. (58)
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We can easily compute

(x— C)J

a0 () = (59)

For the computation of (57) we use the recursive algorithm
(15]

90 ()= (x-2") g% ()= jg?) 1 (). (60)

Thus, if W; = [TiL, (% — x), we get

(@)
gm ,a x
Fik (.x]) MT“)
kgf:q) lkb( 1)
—w

1

(61)
My (xj) =(-1)

7. Numerical Examples

Now we present some numerical results obtained by applying
method (20) to find numerical approximations of the solu-
tions of some test problems. As the true solutions are known,
we considered the error function E(x) = [y(x) — y,,,,(x)I.
To solve the nonlinear system (48) we used the so-called
modified Newton method [16] (the same Jacobian matrix is
used for more than one iteration) and algorithm (60) for the
computation of the entries of the matrix. Equidistant points
are used as nodal points. Analogous results are obtained
in the considered examples by using as nodes the zeros of
Chebyshev polynomials of first and second kind.

Example 1. Consider the following

¥ (x) = y(x) - 15+ 10x) e*, x€[0,1],
y(0) =0, y(1) =0,
! ' " " (62)
J’(l)—y(O):—(e+1), y (1)—}/ (0) = —4e,
y" (1) = y" (0) = 3 -9,

with solution y(x) = x(1 — x)e”*. Figure 1 shows the graph of
the error function E(x) for two different values of 1.

Example 2. Consider the following

—24¢™

7 (x) = x€[0,1],

b
+ x°

y(0) =0, =log2,

y(1)
(63)
Y-y O =3 Y-y 0=3

ylll (1) _ yIH (0) __Z

with solution y(x) = log(x + 1). The graph of E(x), for two
different numbers of nodes, is plotted in Figure 2.
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x107° x10710
1.2 7
1} 6r
5 -
08 r
4 L
0.6
3 -
0.4
2 -
02 r 1F
0 : : : : 0 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)
FIGURE 1: Error function of problem (62) for m = 4 (a) and for m = 6 (b).
x107° x1077
8
7 -
6 -
5 -
4 L
3 -
2 L
1 -
. . . . 0 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)
FIGURE 2: Error function of problem (63) for m = 4 (a) and for m = 7 (b).
Example 3. Consider Example 4. Consider
.. (ix) _ _ 0%
y(v”)(x)=—y—ex(2x2+12x+35), x €[0,1], y )=y ) -9e, xel01],
(0) =1, (1) =0,
y(0) =y (1) =0, 4 4
! ! 1 "
1) - 0) = —e, 1) - 0)=1-2e,
R O A O Wy or=re =70
64 " mn
1) - 0) =2 - 3e,
y'"(l)—y”' 0) = 3(1-3e), y ()-y (0 e )

y(iv) 1) - y(iv) (0) =8(1-2e),
3y (1) = y¥ (0) = 5(3 - 5e),

with solution y(x) = x(1 — x)e”. Figure 3 shows the graph of
E(x).

Note that the equation in (64) is the same as that in
Example 2 of [1], but the boundary conditions are different.

Y1) =y (0) = 3 - 4e,
Y )=y (0) =4 -5,
@) -y (0) = 5 - 6e,
y(m‘) 1) - y(vii) 0) = 6 - 7e,

with solution y(x) = (1 — x)e*. Figure 4 shows the graph of
E(x).
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x10 x10
3.5 2.5
3 -
2 -
2.5
51 15t
1.5t L
1 -
051
05
0 ' ' ' ' 0 ' ' ' '
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)
FIGURE 3: Error function of problem (64) for m = 4 (a) and for m = 8 (b).
x1071° x10716
1 T T T T 3.5 T "
3 L
0.8 | 1
25}
0.6} 1,1
oal | 15t
1 -
0.2 1
0.5
0 . . . . 0 .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) (b)
FIGURE 4: Error function of problem (65) for m = 4 (a) and for m = 8 (b).
x10712 x10716
1.4 T T T T 9
12} 81
7 -
1 - 4
6 -
08 7 5
0.6 {1 47
3 -
04 r J
2 -
02t 1.1
0 : : : : 0 : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
() (b)

FIGURE 5: Error function of problem (66) for m = 3 (a) and for m = 6 (b).



Journal of Applied Mathematics

The equation in (65) is the same as that in [1, 2], but the
boundary conditions are different.

Example 5. Consider
y(x) (x) = e_"y2 (x), x€][0,1],
y(0) =1, (66)
Yy 1) -y*® )y =e-1, k=o0,...,8

with solution y(x) = e*. Figure 5 shows the graph of E(x).

Note that the equation in (66) is the same as that in [2], but
the boundary conditions are different. The conditions in [2]
are the so-called Lidstone-type conditions. Problems of this
type have been analyzed in [13] using a similar technique.

8. Conclusions

This paper presents a class of collocation methods for
nth order differential equations with Bernoulli boundary
conditions. For two positive integers #,m a polynomial of
degree n + m approximating the exact solution is given
explicitly. Numerical experiments support theoretical results.
Further developments can be done, concerning particularly
numerical estimates of the error.
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