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We consider the Cauchy problem for a family of Klein-Gordon equations with initial data in modulation spaces M, ;. We develop
the well-posedness, blowup criterion, stability of regularity, scattering theory, and stability theory.

1. Introduction

In this paper, we consider the Cauchy problem for the
following nonlinear Klein-Gordon equation in the space R x
R" =R, xR}:

Uy + (I =Du+ f(u)=0,
u (ty, x) = uy, (1)

uy (tg, ) =y,

where u(t, x) is a complex-valued function in I x R” for some
time interval I containing t,, the initial data (u,, ;) lies in

the product of modulation spaces M, X M;jll (I <p<

00, s > 0), and the nonlinear term f(u) = rWY) is any
(k + 1)-time product of u and u, k € N. To understand this
research problem and its historical developments, the reader
may see Ruzhansky et al. [1] for a brief survey of nonlinear
evolution equations on the modulation spaces. Concerning
the well-posedness of solution to the Schrédinger equation
in the modulation space, readers can refer to [2, 3].

We give some remarks about our results. The known
study of the Klein-Gordan equations (or other dispersive
equations) on modulation spaces must be based on the
assumption that the nonlinear term f (1) is a polynomial. This

assumption is also necessary in this paper; in fact, this is an
open problem that if

A A
sl < Clully, N, @)

holds for any positive real constant A.

We recall that s, = n/2 — 2/k is the critical index for
(1). Up to now, we cannot solve (1) in H® for the case that
s < s; (the sup-critical case). On the other hand, we notice
that the modulation space M, has low regularity property.
More precisely, for sufficiently large s, we have the following
embedding:

H® ¢ M, (3)

In other words, the modulation space M,, , has lower regu-
larity than H* for large s. So, for large s, (high dimension
for instance), one can solve (1) in M;)l which contains sup-
critical initial dates in H* for s < s;.

The local well-posedness of (1) in M;,1 (I <p < oo
s > 0) is a result of Bényi and Okoudjou [4]; see also
Wang [2] for a global result with small initial data. These
results say that, for (ug,u;) € M, x M;l, there exists
a positive T = T(IIuOIIM;’l, IIuIIIM;il) < 00 such that (1)
has a unique solution u(t,x) € C([0, T],M;,l). Moreover,
the lifetime of the solution can be proved to be bounded
below by a decreasing positive function g depending on
ol Bty g5 thatis, T ) = gClglyg ey g ) T



also asserts that if a strong M | solution keeps its M;’l norm
bounded in a bounded interval, it can be extended beyond
the endpoint. Hence, the following blowup criterion holds:

T < co implies tll_{rlT [lee(O|l M3, = OO (4)

In this paper, we will develop a stronger blowup criterion
which says that a blowup solution cannot blow up too slowly
(see Corollary 8 and Remark 9). We also study the regularity
of solutions and show that the regularity is stable along
the lifetime. As an application, the global existence of low
regularity ensures the global existence of high regularity.

Compared with C(I, M;,1) (used in [4]), the space
LI, M;,1) seems more suitable for applying continuity argu-
ment, which is the key point for obtaining the perturbation
theorem, especially the long-time version. So we choose
LI, M;’l) as our work space and establish the nonlinear
estimate associated with this work space in Section 2.

In Section 3, we will establish the local theory. We first use
the fixed point theorem to construct a local-in-time solution
u e Li(I, M;,1) to (1). Then, we verify that such solution is
a strong M, solution in the sense that u € C(I,M,;) N

cla, M;ll) and is unique in the category of strong solution.
Finally, we study the regularity of solutions and deduce a
stronger blowup criterion which implies the high rate of
blowup. We will develop the scattering results in Section 4.
In Section 5, we establish a stability theory for (1) and obtain
the continuous dependence as a corollary.

Denote the operator w = Id — A, and

9 =F p(1+[E)")F )

for any function ¢. Using this notation, we define

sin (twl/ 2)
= 6
K@= — ©)
and the Klein-Gordon semigroup:
G () = ™" )

We now state our main results. Unless otherwise speci-
fied, we assume that the letters k, n are integers such that
1/(k +2) + 1/n(k + 1) < 1/2 and (p,r) is k-admissible
(Definition 25). First, we have the following local theorem.

Theorem 1 (local well-posedness). Let I be a compact time
interval that contains to. Let (ug, u;) € M, ; X M;jll satisfy

||I<’(t —to)uy + K(t — to)u,

LZ(I'M;J) < ’1 (8)

for some 0 < 1 < 1y, where 1 is a small constant (depending
only on n, k). Then, there exists a unique solution u €
L', M;,l) to (1). Moreover, u is a M;,l strong solution to (1)

in the sense that u € C(I, M;,l) n C(I, M;ll), and one also
has

||u||L;(1,M;,l) <27n. 9)
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From Lemma 19, we can verify the condition (8) by
choosing I sufficiently small. So this theorem already gives
local existence for large [[utyll, 4 » 1141151 data. On the other

p.1 Pl
hand, by inequality (63), we have the following global result
as an application.

Corollary 2 (global well-posedness for small fine data). Let
20(p) = (n+2)(1/2—-1/p). Assume that (uy, u,) € MSJ,'ZIU(P) X

P>
Ms+20(p)f

1 .
o satisfies

o Mo + o Mo < %, (10)

for some small constant 8, > 0. Then, there exists a unique
global solution u € Ly(R, M, ,). Similarly, u is also a strong
solution; that is, u € C(IR,M;,I) NnC\(R, M;Tll). One also has
the bound

el g < Ptollagriewr + Btslagrzeos- - any
More precisely, we have the following global well-

posedness result which gives the decay rate of solutions.

Corollary 3 (another form of global well-posedness for small
fine data). Assume that (uy,u,) € M;J,rzlg(p) X M;Tzla(p)fl
satisfies

||u0| MWD + ||u1| M <8 (12)
Pl P
for some small constant § > 0. Then, there exists a unique

global solution u:

ueX:= {u - sup(1 + |t|)"(1/2_1/P)||u||M;1 < oo]» . 13)
teR ’

In the proof of Theorem 1, uniqueness is an immediate
conclusion by the fixed point theorem. But, in fact, we have
the following stronger result.

Theorem 4 (unconditional uniqueness in M;u)- Let I be a
time interval containing ty, p € [1,00], k € N, and let u,v €
C(, M;’l) be two strong solutions to (1) in the sense of (45)
with the same initial data u(t,) = v(t,), u,(t,) = v,(ty); then
u=vinM,, forallt €L

By combining the above uniqueness result with the local
theorem, one can define the maximal interval I of the
strong solution; thus, we have the following standard blowup
criterion.

Theorem 5 (blowup criterion). Let u, € M;,p u, € M;jll’
and let I = (T, Toax) be the maximal interval. If T, ,, <
oo (T

'nin > —00), then one has

||M||L;([t0,me],M;’1) =00 (”Ll"L’[([Tmin,tO],M;’l) = 00) . (14)

The above blowup criterion will be improved soon as an
application of Lemmas 31 and 32. For completeness, we also
give a proof for this weak version. Then, we give a regularity
result.
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Theorem 6 (persistence of regularity). Let 1 < p;, p, < 00,
0 < s;,8, <00, and k € N, and letu be a strong M;zzl solution

to (1) with its maximal existence interval I. If u(t,) € M;‘l Land

u,(t,) € M;ljll for some t, € 1, then u is also a strong M;pl
solution with the same maximal interval.

Remark 7. Combining the above theorem with global result
in M,; x M 1 in [2], one can easily get the global well-
posedness in M;,1 X M;jll with small initial data for p € [1,2]
and s > 0.

Thus, it is not possible to develop a singularity which

Sy s—1 s S,

causels the M) ; x M, | norm to blow up while the M’ ; x
M;i,_l norm remains bounded. We also see that the regularity
is stable, because if a solution lies in C(I, M;zz,l) and is not
in M;ll,l X M;‘l)_l at some initial time ¢, it never belongs to
My | x M;ll’_ll at any later (or earlier) time. As an application

(see also Lemmas 31 and 32), we have the following stronger
version of blowup criterion.

Corollary 8 (stronger blowup criterion). Let p € [1,00], k €
N, and a strong solution of Cauchy problem (1) blows up in a
Sfinite time T, < 00 (T, > —00) if and only if

in
ot oy 1, = 00 (1Ot iy = ).
(15)

Remark 9. From another point of view, the above blowup
criterion implies that [u(t)|| Mg, cannot blow up too slowly

when ¢ tends to a finite blowupy time T} that is,

— lu(®lag
fim —— "~ 400 (16)
[_>T|T _ tl +&

for every € > 0.

We also obtain a scattering theorem for these equations
provided a bounded L)(R, M;)l) norm.

Theorem 10 (L}(R, M;,1) bounds imply scattering). Let u, €

?1/1);’1’ ;tlhe M;ll, and let u be a global strong M, , solution to
sucn that

”u"L’[(R,M;’I) <M (17)

for some constant M > 0. Then, there exist vy, v; € M;l such

thatv* 2 G(t)v; +G(t)v; are solutions to the free Klein-Gordon
equation u,, + (I — A)u = 0, and

() - Vi”M;1 —0 (18)
ast — o00.

Finally, we will discuss the stability theory. The stability
theory for (1) means that given an approximate solution

,+{I-ANu=f@m+e (19)

to (1), with e and u — #, u, — #, small in a suitable space, is
it possible to show that the genuine solution u to (1) stays
very close to i in some sense (for instance, in the M, )?
Note that the question of continuous dependence of the data
corresponds to the case e = 0 and the uniqueness theory to
the case e = 0, u(t,) = #(t,). We have the following short-
time perturbations and long-time perturbations.

Theorem 11 (short-time perturbations). Let I be a compact
time interval, and let Ti be an approximate solution to (1) in the
sense of (19). Assume that #i has a uniform M;,1 bound:

”ﬁ"L?"(I,M;’l) <M, "ﬁt"L?O(I,M;jll) <M (20)

for some constant M, M > 0. Let t, € I and let u(t,) € M;,v

u,(t,) € M;jll be close to u(t,), u,(t,), respectively, in the sense
that

!

luteo) =ty < M, Jua(t) = Tlto)] s < M

(1)

forsome M', M > 0. Moreover, assume the following smallness
conditions:

"ﬁ"L;(I’M;,l) <é&,
|K" (¢ = to) (u (to) — i (t,))

(- 1) (i (1) - 7 (1) 22

<e
Ly(LM3)) >

||€||L;/<k+1>(I)M;,’1) <s

for some 0 < € < g, where ¢ is a small constant.
Then, there exists a solution u to (1) with initial values
u(ty), u,(t,) at time t,, satisfying

2 —~
“(at +I1-AN(u-u)+e Lrt/(k+1)(I’M;l,l) <& (23)
=@l g0 ) S & (24)
I = ez, < € (1T1) (M'+M +¢), (25

e - ﬁt“L‘;O(I,M;jll) < C(ID) (M, +M + 8) >, (26)
””t”Lt;O(I,M;J) < C (1) (M + M+ M + 8) , o (27)
"”t"D;O(I,M;jll) < C(I) (M +M + M + 8). (28)

Theorem 12 (long-time perturbations). Let I be a compact
time interval, and let 1 be an approximate solution to (1) in
the sense of (19) for some function e. Assume that

||ﬁ||L;(1,M;’1) <L, (29)

”ﬁ"L‘rX’(I,M;,I) <M, ||l7t||L?0(LM;11) <M (30)



for some constants M, M, and L. Let t, € I and let u(t,) €

M, 1 ug(ty) € M;jll be close to Ti(t,), 1, (t,), respectively, in the

sense that

’
<M
M;,l >

lacto) — ()]
(31)

Hut(to) - at(to)| M;’—ll < M

forsome M', M > 0. Moreover, assume the following smallness
conditions:

[K" (e = ) (u (1) = 1 (1))

+ K(t — t)(u,(ty) — 1, (25))

pam,) =& (32)

IIe"If/“””(I,M;,J) <eg

forsome 0 < € < g, wheree, = & (L) is a small constant. Then,
there exists a solution u to (1) with initial values u(t,), u,(t,) at
time t satisfying

“(8?+I—A)(u—ﬁ)+e

LA, ) <C)e (33)
Pl

o =@l ) < CL e (34)

lu =l < CULL) (M + M +e),  (35)
lote = el o pazy < C AT L) (M + M +e),  (36)
Il ) < C AL L) (M+M' +M +e),  (37)
ot ratzy < C UL L) (M + M+ M +e).  (38)

As applications of the above stability theorems, we have
the following corollaries.

Corollary 13 (continuous dependence). Assume that 1/(k +
2) < 1/p < 1/2 = 1/n(k + 1), and u(t) is a strong solution to
. o ey _1

(1) with initial data u(t,) = u, € M;ll u,(ty) = u; € M;’l f
(Ug s thy ) — (Ugo 1) in M;,l X M;’l , then

h_m Tmax (uo,n’ ul,n) = Tmax (uO’ ul) >

n— 00

o (39)

nli_,r%OTmin (uO,n’ ul,n) < Tmin (MO’ ul) .
For every compact interval I C (T, (thg, U;), Tipax (g t17)), let
u,, be the solution to (1) on I with initial u, ,,, u, ,, and then we
have

"”n - u"L‘t”(I,M;)l)

< C (I = ol + ot = )

M;,
(40)

e = ”t"v;o(I,M;,l)

< C(ton =l + 1 =101 )

s
Mp,
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with C = C(I|,|| u ||L§+1(LM;’1)); that is, u, — u, in
C(I, M;,) N c', M;jf).

Also, one can deduce continuous dependence for p ¢
[1,00], k € N directly without using perturbation theorem,
and the proof is not difficult, so we omit the details.

Corollary14. Assume that (p, ) is a k-admissible pair. Denote

A by the subset ofM:,rzlo(p) X M:,rzla(p)_l, such that, for every
(ug,u,) € A, the Cauchy problem (1) with initial data u,, u,
has a global sl‘rongM;1 solutionu on R and "u”L’t(I’Miz,l) < 0.

Then, the set A is open in Msfzo(p) X Msfzg(p)_l.
Pl Pl

2. Preliminaries

If X and Y are two quantities (typically nonnegative), we will
often use the notation X < Y to denote the statement that
X < CY for some absolute constant C > 0, where C can
depend on n, k, p, r, but it might be different from line to
line. Given k = (k,ky,...,k,) € Z", we write |k| = |k,| +
L’ (R") denote the Banach spac’e)of functions f : R" — C
whose norm

If

The norm | f]| Loo®n) 1S defined with the usual modification.
We also abbreviate || - |- gn) for [ - [[, or || - [|,, when there is

L ®R" T <JR" If(x)rdx)l/r <oo, l<r<oo. (41)

no confusion. We use L,(1, X) to denote the space-time norm:

1/r
leell s ) = <L ||u||;dt> (42)

with the usual modifications when p, g, or r is infinite. For
the operator w = Id — A, the operator

sin (twl/ 2)
— 43
K(t):= e (43)
and the Klein-Gordon semigroup
G(t) =" (44)

have been defined in Section 1. Thus, we may recall Duhamel’s
formula:

u(t) =K' (t—to)uy + K (t —ty) uy

t (45)
- L K(t-1)f(u(r))dr.

Also, we recall the integral form of Gronwall’s inequality.

Lemma 15 (Gronwall inequality and integral form [5]). Let
A : [te.t;] — R be continuous and nonnegative, and
suppose that A obeys the integral inequality

At)<C+ Jt B(s)A(s)ds (46)

to
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forallt € [ty,t,], where C > 0 and B : [ty,t,] — R is
continuous and nonnegative. Then, we have

A(t) <Cexp (It B(s) ds) (47)
forallt e [ty,t,].

Let & := S(R") be the Schwartz spaceand 8’ = §'(R")
the tempered distribution space. We introduce the definition
of modulation space, which was introduced by Feichtinger [6]
in 1983 by short-time Fourier transform. We will also display
some basic properties of this function space.

Applying the frequency-uniform localization techniques,
one can get an equivalent definition of modulation spaces (see
[7] for details) as follows. Let Q; be the unit cube with the
center at k, so {Q;}cz» constitutes a decomposition of R”.
First, we construct a smooth cut-off function. Let p € S(R")
and let p : R” — [0,1] be a smooth function satisfying
p&) = 1for [&|, < 1/2and p(&) = 0 for |¢] > 1. Let p,
be a translation of p,

&) =p&-Fk), keZ" (48)

We see that p(§) = 1in Qy, 80 Y iezm pe(§) > 1forall & € R™.
Denote

-1
0% (§) = pr (§) ( > pz(f)) . keZ" (49)

lez"

Then, {04.(§)}c» satisfies the following properties:
lox @] 2c, VEeq
supp (03) € {&: [§ - K|, < 1},
Yo®=1 VEeR"

kez"

(50)
IDaO'k (g)l < C|“|’ VE € Rn, @ € (Z+ U {0})n

In fact, {0}.(§)};c,» constitutes a smooth decomposition of R”
and 04.(§) = 0(€ - k), in which

-1
0@=p@<2m@>- (51)

lez"

The frequency-uniform decomposition operators can be
exactly defined by

Dk = 9_10',{97 (52)
fork € 7".

Definition 16 (modulation space). Let s € R,0 < p,q < 0o,
and one defines the modulation space

M (R") = «lfe s

I/1

ez

1/q
M, ( Z <k>sq"kf”f;> < OO]’ .
K

(53)

Below, we list some basic properties for the space
S n
M, (RY).
Lemma 17 (embedding). Let s;,s, € R and 0 <
P> P2 91,92 < 00.

() If sy < s, py < par and qy < qy, then M) . C M

(2) Ifq, < q, and s, ~s, > n/q,—n/qy, then My, < M, .

Proposition 18 (isomorphism). Let 0 < p,q < 00, 5,0 €

2 -0 . )

R. 771@, J, = (I- A% M;’q — M;); is an isomorphic
mapping.

The proof of Proposition 18 can be found in [6] for the

cases 1 < p,q < co and [7, 8] for the cases 0 < p,q < 1. We
denote J = J;.

Lemma 19 (for uniform boundedness of G(t) in M;)q, see
[9]). Lets € R, 1 < p <00, and 0 < q < 0o. One has

|6 1]

g, < CL L

M;,q) (54)
where the constant C depends only on p, q, s, and n.

One can also find these estimates in [10] and a more
general estimate on Gt THAD™ ieh m#0,t > 1in Chen
and Fan [11]. Chen and Fan also showed that the exponent
|1/p—1/2]is the best possible in the factor e =12l ey equals
1[11].

Lemma 20 (for truncated decay estimate of G(t), see

Proposition 4.2in [2]). Lets € R,2 < p < 0o, 1/p+1/p' =1,
and 0 < q < 00, 0 € [0,1];

20(p)=(n+2)<%—%>. (55)
One has
G f]

~n6(1/2-1/p)
a, < CA+ED) [F s (56)
where the constant C depends only on p, q, s, and n.

Lemma 21 (algebra property [4]). Let m € Z', s > 0.
Assume that 1/p, +---+1/p,, =1/py, 1/q; +---+1/q,, =
m—-1+1/q, with0 < p; < 00,1 < g; <ooforl <i<m.
One has

My (57)

m
<[ luf
=1 Mi’o»’io =1

where C is independent of u;.

Lemma 22 (Leibniz rule for modulation space [3]). Let m €
Z', s>0and1/p, +---+1/p, =1/py ,1/q, +---+1/q,, =
m—-1+1/q,,and0 < p; < 00,1 < g; <ooforl <i<m.
One has

m

[

i=1

< CZ H“ui|lM§i;j_)s, (58)
j=1i=1 o

s
MPO »90



where C is independent of u;, and 8(i,j) = 1ifi = j and
vanishes otherwise. Particularly, if we choose u; to be u or u,
p;=ocoandg; =1fori=0,1,...,m. Wehave

e ()

Lemma 23 (for Bernstein multiplier theorem, see Proposition
Ll in [10]). Let L € Z,L > n/2, &p € L[ i =
L,2,...,n, 0 < a < L. Then, p is a multiplier on L, 1 <
p < 00. Moreover, there exists a constant C such that

n/2L
LZ) NGV

Lemma 24. Lets € R, 0 < p,q < 00, and let Q be a compact
subset of R". Then, S = {f : f € & and Suppf < Q}is
dense in M, ..

k
e S Clilyg (59)

lel, < cupn;”’“( SJot p
i=1

Definition 25 (k-admissible pair). One calls the exponent
(p,7) k-admissible if there exists another exponent y such
that

1 k
~—+-=1,
Y r
! <l< e /\n(l—l> (61)
k+1 7y n+2 2 p)’
1 1 1 1
<—<=--—.
k+2 p 2 nk+1)

Remark 26. From Definition 25, if (p, ) is k-admissible, we
can easily verify that

k+1<r<oo, rn(%—%>>1. (62)

Moreover, we have the following inequality:

|Gt = £o)uq L(RM;,)
< (1 J = o) 2P ””o“Msr ll (63)
Pl ®)
S "”ollMS, :
Pl

Remark 27 If 1/(k + 2) + 1/n(k + 1) < 1/2, there exist k-
admissible pairs. The condition 1/(k +2) + 1/n(k + 1) < 1/2
can ensure that 2 < kn.

Definition 28. One defines the strong M;,1 solution to (1)
as follows: the distribution u € C(I, M;)l) n Cl(i, M;jll) is
the solution to (1) in the sense of (45) with the initial data
(ulto) (1)) = (g 14y) € M,y X M 1.

We establish the following nonlinear estimate.

Abstract and Applied Analysis

Proposition 29 (nonlinear estimate). Let t, € I, F(u) =
Hf:ll u;. For any k-admissible pair (p,r), one has

r K(t-1)F(u(r)dr

Ly(LMS )
< |F(u) ||L;/<k+”(1,M; D (64)

k+1

< H””i
i=1

Ly(LMS,,)°

Proof. Observe that K(t)wl/2 = (G(t) - G(-t))/2i. For
any k-admissible pair (p,r), using the general Minkowski
inequality, Proposition 18, and Lemma 20, we have

Jt K(t - 7)F(u(r))dr

to

Ly(LMS,)

t
<|] WK F @l dr
to ' L)
! 0
< j (1 + 1t =) YD IR proroir dT
to ' L'(R)
< j (1 + 1t = 7)Y PR ooty (1)dT
R ' Li(R)
(65)

for any 0 € [0, 1].
If1/y =n/(n+2)An(1/2 - 1/p), then 1/y < 1 and there
exists 8 € (0, 1] such that

1 1 1 n 1 1
;—GH(E—;>—H+2/\1’1<E—;>. (66)

With this 0, we have 620(p) — 1 < 0. Observing Definition 25
and Remark 27, we have

l:k+1_1—n6(1/2—1/p) (67)

r r 1

and r/(k + 1) > 1. So in this case we choose 0 satistying (66)
and exploit Lemma 17 and the Hardy-Littlewood-Sobolev
inequality to have

Jt K(t - 7)F(u(r))dr

ty

LM )

<[] iemapoemyp
R

x ||F(U)||M;, A1 (T)dT”U(R)

= |(1F @, 1 ®)
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*(1 + |t|)—n9(1/2—1/p)

Il w)

< JiF@e, 1)

Lrt/(kﬂ)
= |F (u)"L'/(k*”(I,M;,J)'
(68)

If (1/y) < n/(n+2) An(1/2 — 1/p), then there exists 0 €
[0, 1] such that

1 (1 1> n (l l)
—<Onl=--—)< Anl=-—]. (69)
Y 2 p n+2 2 p

With this 0, we have yOn(1/2 — 1/p) > 1 and 020(p) —

1 < 0. Taking advantage of Young’s inequality and Hélder’s
inequality, we obtain

r K(t - 1) F(u(x)dr
f

Ly(LM;,))

<la t)—n9(1/2—1/p)
<fos I 0

it ).,

< ”F(u)”Lr/(kﬂ)(IMs )
t M

In general, we get the first result. Now, by Lemma 21 and
Holder’s inequality, we have

Jt K(t - 1)F(u(r))dr
t

Ly(LMs,))

< ||F(u)||L;/(k+l)(I,M;,1)
Kt r/(k+1) (kt1)/r
< u; (1) dr
L g ' (71)

s
Pl

Kl (k+1)/r
J' H“ r/ k+1) dr
Iz keb)p' 1
k+1

S Hllu ®)

By the fact p < k + 2 and the embedding theorem
(Lemma 17), we obtain

N

T S
LM

A

k+1 k+1
L[”ui (t) LA, ) < g"ui(t) L,y (72)
O

From Proposition 29, we have an immediate corollary as
follows.

Corollary 30. Letk € N, f(u) = w(**Y), and then one has

Jt K(t - 1) f(u(r))dr

to

Ly(LMS,,)

(73)

<|f ()

k+1
< ”“"Lr(IMS L

/(k+1)
L (LM;)

3. Local Well-Posedness

In this section, we establish the local theory for the Cauchy
problem (1). In the rest of this paper, we assume that k, n
satisty 1/(k+2)+1/n(k+1) < 1/2, so there exist k-admissible
exponents by Remark 27.

3.1. Proof of Existence Part of Theorem 1. We use the fixed
point argument to construct a local solution. Let B, = {u :
||”||L;(I,M;1) < a}, and define a map _# on B,:
F ) =K' (t—to) uy + K (t —to)u,
t (74)
—J K{-1)f(vdr.

ty

We want to choose suitable a and # so that . : B, — B, isa
contraction. By corollary of Proposition 29, we have

k+1

||j(V)||L;(1,M;’1) <n+Ca (75)

Let , satisfy C(21,)¥ = 1/2 and choose 7 < 7, and then we
have 7 : B,, — B,,.Indeed,

17Ol < 1+ CN™
(76)
<5 +C@ny)* (2n) < 2n.
We also have
17 @) = F Dl )
< C“f(u) - f) Lz/<k+1)(I’M;’ ) (77)

k
< Ck+1) 27 llu = Vil )

if "“"L;(I,M;J)) ”V”LZ(LM;,J € By,

So we can shrink 7, to 7, so that C(k + 1)275 < 1/2
and find a possible smaller constant 7, < #,. Then, when

i(t—to)A

[t u0||L;(I»M;1) < n <y, we have 7 : By, — B,, and
it is nothing but a contraction map. We now obtain u € B,
which is the fixed point of 7 that solves Cauchy problem (1)
in the sense of integral form. Of course, [|u]| LM, < 2.

3.2. Proof of Strong Solution Part of Theorem 1. In this sub-
section, we will verify that the local solution u € L}(I, M; 1)

isa M p,1 Strong solution in the sense that u € C(I, M ,1) n
1 s—1
C' (L, M.



3.2.1. To Prove u € C(1 ,M;’l). It is equivalent to prove that
"u(tn) ) - u(t> )"1\/[13)l —0 (78)

ast, — t. We may assume without loss of generality that
t, =0,

Jutt,s ) - u(t, )|

M,

< |K' )y - K (O)u

M,
+ ||K(tn)u1 - K(t)Ltl"M;)l

(79)
+

Jt" K (t,-7) f (u(r))dr
0

- Lt Kt - 7) fu(e)dr

M

ST+ 11+ II1

Recall that u,, ] 'u, € M, ;. For I, II, by density Lemma 24,
Lemma 19, triangle inequality, and the definition of G(t), we
only need to prove that G(t)v € C(I, M;)l) for v e &

Using Hausdorff-Young inequality, we have

lon (Gt )v - Gew),

o ( oitn1+ER)

12
<

B eit<1+|slz>”2)v(€)|lp, (80)

- (eitn(1+|£|2>”2 _ eit<1+|:|2)”2>;(5)" :
p

Since 7 € &, so [|(emHEN" _ eit(l+|§|2)1/2)§(f)"P — 0as
t, — t, by Lebesgue’s dominated convergence theorem.

Since v € &, there exists only the finite number of k such
that O, (G(¢t,,)v — G(t)v) # 0, so we have

n

"G(tn)v - G(t)V| M — 0 as tn — f. (81)
p,1
Thus,
I = ”K’(tn)llo - K'(t)u0|M5 —0 ast, —t,
" (82)
1= ”K(tn)ul - K(t)u1|Ms — 0 ast, —t.
p.1
For III,
tYl
ir= j K(t,—7) f (u(r)dr
0

- Lt K(t - 1) f(u(r))dr

M

<

j K(t,-7) f (u(z)dr

_ Lt” K(t - 7) f(u(r))dr

M;’l
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tYl
+ J Kt-1) fu(r)dr
0
t
—j K(t-1) f(u(r)dr
0 M,
2T+11
(83)
First, by the Minkowski inequality, we have that
_ tn
I= HJ (K(t,-7)-K({t-1) f(u(r)dr
0 M,
"84

tn
< L (K (2, =) = K(t =) ()], d.

For [I(K(t, = 7) = K(t = 1)) fu(t)lpg, <
||u||’;;;11 and k + 1 <

so [(K(t, - 1) =K@t =) f)llys, € L'
IK(E, - ) = KE =) f@@lly — 0 ast, — 1

If @@y, <
Pl

r, we have ||u||11(\j[21 e LY

Pl

Since

therefore, T — 0, as t, — t.
Secondly, as in the proof of Proposition 29,we get that

t
I < J (L+ |ty 2 1P
t

n

x|Lf @ (@)

we, A (85)

< | lrwm

e AT

'

Since [l f()ll < ||u||’;;;11, ||u||’;;;11 € L'. We have
Pl ’ ’

II —0, as t, — t. (86)

Because III < T + II, it leads to

III — 0, ast,—t. (87)

Accordingly, (78) holds; that is, u € C(I, M;)l).
3.2.2. u,(t) Exists and Is Continuous in M;ll Sense. First of

all, we consider the existence of derivative in M;ll sense.
Recall that

u(t) =K' (t—to)ug + K (t —ty)u,
t (88)
- J K{t-1) f(u(r)dr.
to
For u,, ]_lu1 € M;)l, and the definition of G(t), we should
only deal with the derivatives of G(t)y(x) for y € M;,1 and

J, K(t =) fu(x)dr.
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By the density Lemma 24, for every ¢ > 0, there exists
v e Pn M |, such that lv —vll,s < e. For the derivative
p1 Mp,l

of G(t)y(x) att =t; fory € M;,l, we have

G@t)y - G(t;)y i Gt
II t—1t3 ey M

_1GWy -Gy .

) II oY e,

< | EOY —v) - Gta)(y — v)
(t —t;)0'/? e, (89)

Gty -G(t;)v .

H 7y )w1/32 —iG(t;)v i,
+ [[iG(t;)(y = v)| M

£2IV+V+VI

For V, by the Hausdorft-Young inequality and the Lebesgue
dominated convergence theorem, we have

G(t)v—-G(t;)v
o [ — 2 =33 Gt
( -rywr GO
(eit<s>_eit3<5> » <£>>A (90)
< og | ——— —ie™ v
(t=t5) (&) I
— 0 ast—t;.

Asve Sn M;’l, so there is only the finite number of k such
that O ((G(t)v — G(t;)v)/(t — t3)w'? — iG(t;)v) # 0. Thus, we
getV — 0ast — t;;thatis, (G(f)v(x)), = iw?G(t)v(x) in
M; 11, forve $%n MS

For IV, by the Bernstem multiplier theorem, we have

HD Gty —v) = G(t3)(y - v)
! (t—ty)w'?

<ly-vl,. (91)
P

Using the almost orthogonality of modulation space, we
obtain IV <y — Vap <&
P

For VI, by Lemma 19, we have VI = [iG(t3)(y — V)|l 1 S
P,
ly — vl My, <E
Accordingly, for y € M}, ,,
G®yy), =iw'?’GOy  in M, (92)

For the nonlinear part,

1) f (u()dr - j;j K (t
t—t,

-7) f(u(r)dr

_ Jj K'(ts - 1) f(u(x))dr

My}
[0 (K(t-7) - K (t;-7)) f (w(x) dr
t—t,

_ La K'(t; - 7) f(u(x))dr

M
Lz K(t - 7) f(u(r))dr
" t—t,

s—1
M

st((K(t—T)—K(t3—T))

t—t,

(93)

- K' (¢, —r))

x f(u(r))dr

M;jll
7) f(u(r))dr
t—t,

s—1
M3

((K(t—T)—K(t3_T))

t—t,

i3
S J
)

- K' (t, —T))

dr

s—1
M o

+ [K(t = 7) f(u(2))|

TE(t, t3]or[t3 t]

x f(u(1))

Msl

If wit,x) € C, M;’l), then we have K(t)w(t,x) €
CI,M ;?11 ). In fact, taking advantage of (92) and the Lebesgue
dominated convergence theorem, we can get

||K(t)w(t, x) — K(t;)w(ts, x)|

s—1
M

< ||(K(8) = K(t3))w(ts, x)|

M
" (94)
+[|K®)(w(t, x) - w(ts, x))|

Msl

— 0 ast—t;.

Recall that f(u) € C(I, M;,1) and apply (92) and the Lebesgue

dominated convergence theorem to the first term of (93); we
have

!

(J; K(t-1) f(u(r) d‘l’)

t t=t3

(95)
ty
= J K'(t;—7) f(u(r))dr in M;f-

to
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Consequently,
u, (t) = = JPK(t —to)ug + K' (t —ty) u,

t (96)
_ I K'(t-7) f (u(0)dr in M.

0

Next, the proof of time continuity of v, is similar to u.
It only needs to take care of the difference of smoothness
and the action of the Bessel potential. Finally, we obtain u €
C(I, M;,l) nCii, M;Tll); that is, it is the strong M;’l solution.

3.3. Global Well-Posedness for Small Fine Data. Let us con-
struct a time decaying norm as

I'(u) = ilelug(l + |t|)n(l/2—1/P)"u”M;’l' 97)

This idea for the NLS can be traced back to the work of Strauss
[12] and Wang and Hudzik [2]. We consider the following

mapping:
T :u(t) — K ()uy + K () u,
¢ (98)
- L K(t-1)f(u(r))dr

in the metric space @ = {u : I'(u) < M} with d(u,v) = T'(u -
v). For any u € 9, in view of Lemma 20, we get that

I'(Tu) < ||u(,|

M;J;zla(p) + "”1 ” M;J;Z;r(p)—l

: (99)

+F<J K(t—‘l’)f(u(‘[))d‘[)
0

and (recall the notation that (t) = 1 + [t])

F(J(:K(t—‘r)f(u(‘r))d‘r>

S Sup<t>n(1/2_l/P)

teR

t
XJ’ (t — 7y "A2-1p)
0

<l e (100

S (F (u))k+1sup <t>n(1/2—1/p)
teR

« J’t (t — 7y"2-1p)
0
« (z) A2 PKED) g
Owing to n(1/2 — 1/p)(k + 1) > 1, it follows that

e
J (t — 7y 2P (2D g
0

< <t>—n(1/2—1/p) Lt/z <T>,;1(1/271/1;)(1@1)611, (101)

< <t>—ﬂ(1/2—1/P)

Abstract and Applied Analysis

and that

t
J/ (t — 7y V21D gy =021 P g
t/2

t/2
_ j / (ry 2P ¢ _ /21 P D) g
0 (102)

< (¢ "A2-1P) (py~kn(1/2-1/p) Jt/z
0

<T>*(1/2*1/P)d,r
< <t>—"(1/2—1/P).
Combining the above four inequalities, we have

T(Tu) < ||u ke

M) + “Ull M2 + F(M) (103)
Pl '

Hence, if we choose 6 < M/2 and M small enough,
then using the standard contraction mapping argument the
Cauchy problem (1) has a unique solution satisfying (13).

3.4. Uniqueness. In order to prove the uniqueness in a
category of strong solution, we only need to verify it locally;
that is, to prove that the set { € I : u = v} is open. If
u(t;) = v(t;) fort, € I, we can choose an interval I, sufficient
small so thatt, € I, ¢ I and

flue V"L‘;O(II,M;,I)
< C(|1,|, k) max {||M||L<;°(11,M;,l)’

||V||L$°(11,M;,1)} (104)

X M =Vl )

1
< Sl =Ylliea, g )-

So u = v on I}, which concludes that ¢, is an interior point.
So I is open.

3.5. Blowup Criterion. We assume that ”u”L’t([to,T],M;’l) < 00,

write the integral equation on [t,,,T], and use nonlinear
estimate to deduce that

”K’(t - tm)u(tm) +K (t - tm) U (tm)

Ly ([t TLM;, 1)
(105)

k+1
< "u"L’t([tm,T],M;,l) + "u”Ut([th],Mj,,l)'

Then, let t,, close to T sufficiently enough so that
"K,(t - tm)u(tm) +K(t - tm)ut(tm)”L’r([tm,T],M;1) < (1/2)7](),
where # is the one we chose in Theorem 1. Theh, 38 > 0, such
that |K'(t - t,,)u(t,,) + K(t — tm)ut(tm)IIL;([%TM])M;1) < Hos
so we can extend u on [t,,T + 8] by local existence and
uniqueness, a contradiction.

3.6. Persistence of Regularity. We want the norm which can
hold the continuation of solution to be as low regularity
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as possible. It is interesting to make an assertion that the
boundedness of low regularity norm [u(t)| M2, suffices to
P2

ensure the boundedness of high regularity norm [[u(t)[l )
P1>
and thus ensure the continuation of strong M! | solution. By
the improved version of product lemma (Lemma 22) and the
embedding theorems of modulation spaces, we can establish

Lemmas 31 and 32 to achieve our goal.
Firstly, we “reduce” the regularity index from p to co.

Lemma 31. Let I be a bounded time interval containing t, let
p € [1,00], and letu € C(I, My, ) be a strong M, , solution to
(1). If the quantity ||u||L;§(I)M;O,1) is finite, then one has

flae(t) ”L‘;"(I,M;)l)

< C () (flu (k)]

s, @) (106)

xexp (| CUID Il dr).

where C(|I]) is some positive constant associated with the
length of I.

Proof. Without loss of generality, we may assume ¢, = inf I
and I = [t,, T] for some T > t,,. Writing the integral equation,
using Lemma 19, and embedding, we have

IOl = € ) )

M;)l

M, d‘[)

+ [lue (2)] M) + J; |f (u ()]

s (1D <||u (to)| M, t s, (£ Mt

t
| I g )
0 (107)

for ¢ € [, ). Let A(t) = [u(t)lsy and B(e) = (eI

and both A and B are continuous and nonnegative on [, T].
Using Gronwall inequality, we have

lua(®)lagy, < C (D (s (to)]

M, T e (20))] M) )
(108)

<exp (| Cam o, )

for t € [t,, T] and obtain the conclusion immediately. O

Secondly, we reduce another regularity index from s to 0.
By the Leibniz rules for modulation space Lemma 22, we can
deduce the following lemma. The proof of this lemma is very
similar to the proof of Lemma 31, so we omit the details.

1

Lemma 32. Let I be a bounded time interval containing t,
s >0, and letu € C(I, M, ) be a strong M | solution to (1).
If the quantity |ul| L, ) B8 finite, then one has

lle Ol ne, )

< C 01D ([ (o), + e (50 (109)

)

<exp (| CAI Il dr),

where C(|I]) is some positive constant associated with the
length of 1.

So, for any strong M;)l solution u in a bounded interval
I, if it keeps LIE(I, Mgo’l) norm bounded, it will keep M;,l
norm bounded in the same interval. Conversely, if [|u(t)] M,
is bounded in a bounded time interval I, by embedding
M;)l C Mgo’l, u(t) will be in L’f(I, Mgo)l). Thus, one can
extend a strong solution in M;,1 if and only if the quantity
[lell LMY, ) remains bounded. This implies that the blowup
phenomenon is independent of exact p and s, so if an initial
P s s—1 S 5,1
data (u(t,), u,(t,)) lies in both Mp11,1 ><MP‘1’1 and Mpzz)1 ><Mpzz’1
(1 € ppy £ 00,0 < 51,8, < 00), they have the same
maximal existence interval.

4. Scattering Theorems

The goal of this section is to derive scattering results.

4.1. Proof of Scattering Theorem. Without loss of generality,
we assume f, = 0, and let

tGo(—
2v) (t) = uy + i:II/Z _ L ( Tl)wjlc/(zu (T))dr,
(110)
'G
For0<s<t,
nOmn =" J %dt 1)

By the fact we used in Section 3.2.1 that is from Definition 25
for k-admissible pair (p, r), there exists § > 1 such that

+ =1, )7;1(———>>1. (112)

=l
<
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Take advantage of the nonlinear estimate and Holder inequal-
ity:

lvs &) = w, (5)”1\/1;l

t
< J (1 + [y /2 =P

N

x| f (o)

e AT
[
t
< J (1 + [z VP
N

k+1
X ||u||M;,ldT

(113)
-n(1/2 - 1
< a2,
t
k+1
X 1] vrs
|||| "MPJ L;”k”)([s,t])
_5 _ 1/y
< 1+t )/ﬂ(l/Z I/P)
Ja+ien luy
k+1
X el )
k+1
< “u"Lrt([S,t],M;)l)'
Since ||u||Ut(R)M;)1) < M, we have
vy O = vy Oy < Il —0 (14
1 1 M, Ut([s’t]’Mi,,l) (114)

ast,s — o0o0. This implies that v(t) is Cauchy in M;,1 ast —
00. Denote v| to be the limit:

21/1r = tErPOOZVI ()

U J*"O G(—T)f(u(r))d

=y + ,
O w2 )y iw!/?
) (115)
2v] = tErPOOZVI (t)
PR GV ACTC) P
IR VR iw!/? '
In a similar way, we obtain
+ . - ;
v, = tEIPooVZ ), v, = tkrpoovz (t). (116)

Recall that v = G(t)v] + G(~t)vs; so taking advantage of the
nonlinear estimates, we get

.
)~ vl

[ "k

M;,l
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< ”(1 + |t|)—)7n(l/2—1/p)||;<)7
¢

X ||U"Lft([t,oo],M;,1) -0

117)

ast — +00. So is v, respectively. In fact, in our proof, we
also have v} € M, .

One may ask whether there exists a global M;’l solution
to Cauchy problem (1) which is scattering associated with
v, v, € M;,r The following remark gives us a partial answer.

Remark 33. Let v{,v, ¢ M;)l and G(t)v] + G(-t)v, €
L',([T}, 00), M;,1)> and then there exists a solution u of (1) on
I = [T, 00) for some T > T; such that

[u(t) = (G () vy + G (-t)v,)|

v, =0 (18)

ast — +o0o0.

To construct u, we only need to solve the Cauchy problem
from t = +00 to some finite time ¢ = T > T, with initial data
att = +00, that is, to solve the following equation:

u(t) = G() vf + G (-t) v;
(119)

+J“’°G(t—r)+G(r—t
t 2iw1/2

) £ (wydr

on I = [T,00). In fact, we have
IG(t)v] + G(-t)v, IIL;([T)OO),M;J) < 7. If we choose T > T,

large enough, where 7, is as in Theorem 1, then we can solve
this equation by the same technique used in the proof of
Theorem 1 and deduce that there exists a solution to (1) on
I = [T,00) and ”u(t)”L’t([Tl,oo),M;’l) < 00. So, if t is large

enough, we have

[u® = (GO +G vy,

LOOK(t _1) f (@) dr

i, (120)

< ”u"L’,([t,OO],M;’I) — 0

ast — 00. A similar argument applies in the situation t —
—00.

5. Stability Theory

In this section, we will derive the stability theory including
short-time result and long-time result and deduce some
corollaries.
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5.1. Proof of Short-Time Perturbations. By time symmetry, we
may assume that f, = inf I. Let v = u — %i. Then, v satisfies the
following initial value problem:

(O +I-A)v=f(u+v)—f(@)-e
v(te,x) =u(ty,x) -ty x), (121)
vy (t> x) = uy (to, x) = 7y (£, x) -
The integral equation is

v(t) = K' (t—to)v(ty) + K (t —to) v, (o)

t (122)
-J K(t-1) (f@+v) - f @) -e)dr.
to
For T € I, define
S(T) = "(att +I-Ayv+e L/ ([t TLME, ) (123)
1

By nonlinear estimate and the smallness condition, for every
Tel,

IOy 005,

<e+

J.t(K(t—T)(att+I—A)v

+e)dr

Ly ([t TIM; )

(124)
+

t
J K(t-1)edr
to

L[t T)MS, )

<e+|(@+I-A)v+e

L0 (oM, )
el g, )
<e+S(T).
By Product Lemma 21, we deduce

S(T) = || f@@+v) - f(@)

L/ (oM, )

k+1 k
< ”V(t)"Ut([to,T],M;,l) + ”V(t)"L’t([tU,T],M;’l)

XN ey 7105, (125)
+o0+ "V(t)”L't([tO,T],M;,I)
X WO (1, 10, )
Noticing that |Iﬁ(t)IIL;([t0,T])M;J) < &, we have
S(T) < (e + S(T)™ + (e + S(T))¥e,

126
+ot (e+S(T)) " (126

forevery T € I.
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A standard continuity argument then shows that if we
shrink ¢, sufficiently small, then

S(T)<e (127)

for any T' € I, which implies (23). Using (124) and (127), one
can easily obtain (24). By Lemma 19, we have

|K" ¢ = to)vity) + Kt - to)vt(to)”w )

scamwmw—ammmJ

+ "”t (to) - ﬁt (to)| Mf{f)

(128)
scn (M +M),

|72 - to)v(te) + K' (- to)vt(to)“L?o v

<C() (M +M).

By Lemma 20 and Hoélder inequality, we have that for every
tel

L K(t-1)(f @ +v) - f@)dr

M,

< j (1+ |t — )" 2HP
1

x| f @+v) - f (@)

. odr
My (129)

<[lr@en-sa@
I

dr
M,

<P|f @+v) - f (@)

(k1)
L} (I,M;,’l)

<C()e.

Similarly, we have

sCWD)e,

L K'(t=1)(f @ +v) - f @)dr

s—1
MP:l

sCe,

J K(t-1)edr (130)

ty

LP(LMS,))

sC()e,
L @My

t
J K'(t-1)edr
t

0

and then we use the integral equation to conclude (25) and
(26). Finally, (27) and (28) are easy conclusions from (25),
(26), and (20).

After proof of short-time perturbations, we will derive
long-time perturbations by an iterative procedure. In long-
time perturbations, the smallness condition |l ;, M) S &

will be replaced by a bound condition [[i] 1 ;, M) S L.Inour

proof, we need to divide interval I into several subintervals I,
to gain a small size of ||l 1, M) The k-admissible condition
M,

which ensures r < 0o allows us to do so.
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5.2. Proof of Long-Time Perturbations. For convenience, we
also assume that t, = infl. We subdivide I into N
subintervals I; = [t;,¢;,;], j=0,...,N — 1 such that

"ﬁ”L;(Ij,M;’l) <ég, (131)

where ¢, is as in Theorem 11. Choose ¢; < ¢, in Theorem 12

and apply short-time perturbations on I, to obtain

@y +I-A)u-1)+e

<
er/(kﬂ)(Io’M;/,l) S 6

B (132)
ot =@l ns ) < &
Using the integral equation on I;, we have
!
||K (t - tl) v (tl) +K (t - tl) Vi (tl) Lrt(IhM;J)
!
< [K' = t)vt) - Kt = to)vi(ty) )
+ ”(att +1- A)V +e Lrt/(kn)([to)tl]’M;,’l) (133)
+ ”e||L'/(k”)([to,tlLM;,’l)
<et+ete
So we can shrink ¢, such that
!
|K' @t = tv(t) + Kt = ), (t) Luagy S (134)
We also have
||6||L;/(k+1)(II,M;,’l) < ||e||L:/(k+1)(I’M;,,l) Se<eE. (135)
So we can use the short-time perturbations to obtain
“(aﬁ +I-A)(u-1u)+e LD (1, 0 ) <C(1)e,
P (136)

[lee — ””LZ(IDM;,I) <C()e.

For I,, repeat the process above to shrink ¢, to continue
the inductive argument. Accordingly, after a finite number of
“shrinks” of &, we have, for all m € [1,N — 1],

||1<’(t —t, )v(t,) + Kt —t,)v,(t,)

LM, <E (137)
and then, for some 0 < € < ¢, and 0 < j < J, we have

||(a” +I-AN)(u-1u)+e

LY@, ) <C(j)e

B _ (138)
et =@l ) < € (j)e
where C(j) only depends on j. So we have
||(Btt +1 - A)(u - ﬁ) +e L;/(kﬂ)(l,M;, 1)
N-1 (139)
< Y C(j)esCle.
=0
By smallness assumption, we also have
flu - 17||L;(1,M;,1) <C(L)e. (140)

Abstract and Applied Analysis

Using integral equation

v(t) = K'(t—t) v(to) + K (t—to) v, (t,)

t (141)
—L Kt-1)(f@+v)- f(@)-e)dr

and Hoélder inequality, we conclude that

[lv(t) "L(;O(I’M;),l)

< C (1) (”V(to)llz\/qh1 + ”Vt(to)l M;jll)

e (I @+ - @

L’,/("“’(I,M;,’l) (142)

+ "e”Li/‘k”)(I,M;,’l)>
<C(I,L) (M + M +e).
In the same way, we have
el s CUILL) (M +M' +e).  (143)
Finally, we can use (29) to deduce (37) and (38).

5.3. Proof of Continuous Dependence. Since 1/(k+2) < 1/p <
1/2 - 1/n(k + 1), (p, k + 1) is a k-admissible pair. For every
compact interval I € (T,;,(¢4)> Trnax (449)), noticing that

“K’ (t = to) (uop = thg) + K (t =) (11, = “1)|

Mg,
< €0 (1t = ol * Pt =10y ),
(144)
we apply long-time perturbations with r = k + 1 and

e = 0 to conclude that there exists a small constant ¢, =
82(|I|’ ”u"L’;H(I,M;’I)) such that if

"”o,n - ”ol M, + "”Ln - ”1| M} <&, (145)

then (1) has a strong solution u,, on I with the initial data
u,(ty) = ug, and

”un - u”L‘;"(I,M;,l) <C <|I| > II”"L’;“(I,M;,I)) & (146)

Sois | u, — uIIL?O(LM;ll).
The proof of Corollary 14 is similar, and we omit it here.
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