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Harmony search (HS) algorithm is an emerging population-based metaheuristic algorithm, which is inspired by the music
improvisation process. The HS method has been developed rapidly and applied widely during the past decade. In this paper, an
improved global harmony search algorithm, named harmony search based on teaching-learning (HSTL), is presented for high
dimension complex optimization problems. InHSTL algorithm, four strategies (harmonymemory consideration, teaching-learning
strategy, local pitch adjusting, and random mutation) are employed to maintain the proper balance between convergence and
population diversity, and dynamic strategy is adopted to change the parameters. The proposed HSTL algorithm is investigated
and compared with three other state-of-the-art HS optimization algorithms. Furthermore, to demonstrate the robustness and
convergence, the success rate and convergence analysis is also studied.The experimental results of 31 complex benchmark functions
demonstrate that the HSTL method has strong convergence and robustness and has better balance capacity of space exploration
and local exploitation on high dimension complex optimization problems.

1. Introduction

With the development of scientific technology, many real-
life optimization problems are becoming more and more
complex and difficult. So how to resolve the complex prob-
lems in an exact manner within a reasonable time cost is
very important. The traditional optimization algorithms are
difficult to solve the nonlinear and nondifferential problems.
In recent years, most popular swarm intelligence optimiza-
tion algorithms, such as genetic algorithm (GA), particle
swarm optimization (PSO), and differential evolution (DE)
algorithm, have been successfully applied to large-scale com-
plicated problems of scientific and engineering computing.

Inspired by the process of themusicians’ improvisation of
the harmony, the harmony search (HS) algorithm is proposed
by Geem et al. [1, 2]. Similar to the GA and PSO, the HS algo-
rithm is a meta-heuristic random optimization algorithm. In
recent years, HS has been applied more broadly in the fields
of engineering optimization. Such as pipe network design [3],
structural optimization [4], clustering of text document [5],
combined heat and power economic dispatch problem [6],

and scheduling of multiple dam system [7]. The aforemen-
tioned applications show that HS algorithm has significant
in solving complex engineering application problems. It has
strong ability of exploration and has a cheap running cost.
However, the classical harmony search algorithm is not
efficient enough for solving large-scale problems, which has
a slow convergence speed and low-precision solution. So
some improved HS algorithms were proposed. Mahdavi et al.
proposed an improvedHS algorithm (IHS) [8] that employed
a novel method generating new solution vectors which
enhanced accuracy and convergence speed. Recently, Omran
and Mahdavi tried to improve the performance of HS by
incorporating some techniques from swarm intelligence. Tuo
and Yong presented an improved harmony search algorithm
with chaos (HSCH) [9].The new variant namedGHS (Global
Best Harmony Search) [10] reportedly outperformed the HS
and IHS algorithm over the benchmark problems.

HS algorithm has strong ability on exploring the regions
of the solution space in a reasonable time. However, it
has lower exploitation ability in later period. Therefore,
some improved HS algorithm is proposed to enhance the
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local search ability and solution precision, such as local-
best harmony search algorithmwith dynamic subpopulations
(DLHS) [11], harmony search algorithm with differential
mutation operator (HSDE) [12], and novel global harmony
search algorithm for unconstrained problems (NGHS) [13,
14]. In addition,Gao et al. proposedmodifiedharmony search
methods for unimodal and multimodal optimization [15].
Pan et al. proposed self-adaptive harmony search algorithm
for optimization (SGHS) [16]. Yadav et al. presented an
intelligent tuned HS algorithm [17].

Now some existing state-of-the-art harmony search algo-
rithms, such as NGHS, HSDE, and SGHS, have shown
exceptional problem-solving ability, but they have some
disadvantages over the multimodal and high dimensional
function. To enhance the performance of high dimensional
multimodal problem by HS method, this paper proposed
an improved large-scale HS algorithm with harmony search
teaching-learning (HSTL). In the HSTL algorithm, the HS
algorithm is improved by embedding teaching-learning-
based-optimization (TLBO) [17, 18] method which has a
strong searching capacity for high dimensional problem.

The rest of this paper is organized as follows. In Section 2,
the basic framework of the classical harmony search method
is summarized in a comprehensive style, and the two excellent
variants of HS (SGHS and NGHS) are briefly presented.
A novel teaching-learning-based-optimization algorithm is
provided, and the details of HSTL algorithm are presented in
Section 3. In Section 4, 31 different characteristic benchmark
problems, which consist of separable problems, nonseparable
problems, shifted problems, shifted rotated problems, and
hybrid composite problems, are considered, and the numeri-
cal results of HSTL method are demonstrated. Furthermore,
to investigate the robustness and convergent performance of
the HSTL algorithm, the comparison results of convergence
speed and success rate are presented, and convergence anal-
ysis is preliminary put out. Finally, the research findings and
contributions of the proposed HSTL algorithm are discussed
in Section 5.

2. HS Algorithm and Other Variants

In this section, we introduce the classical harmony search
(HS) algorithm and two excellent variants of HS algorithms:
self-adaptive global-best harmony search (SGHS) algorithm
and novel global harmony search (NGHS) algorithm.

2.1. Classical Harmony Search Algorithm (HS). The steps in
the procedure of classical harmony search algorithm are as
follows.

Step 1 (initialize the problem and algorithm parameters). In
this step, the optimization problem is specified as follows:

min 𝑓 (𝑥) ,

s.t. 𝑥 = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝐷
) ,

𝑥
𝑖
∈ [𝑥𝐿
𝑖
, 𝑥𝑈
𝑖
] , 𝑖 = 1, 2, . . . , 𝐷,

(1)

where 𝑓(𝑥) is an objective function, 𝐷 is the number of
decision variables.

The HS algorithm parameters are also specified in this
step.

HMS: the harmony memory size or the number of
solution vectors in the population;
HMCR: the harmony considering rate;
PAR: pitch adjusting rate;
BW: bandwidth;
maxFEs: the maximum number of improvisations.

Step 2 (initialize the harmonymemory). The harmonymem-
ory (HM) consists of HMS harmony vectors. Each harmony
vector is generated from a uniformdistribution in the feasible
space, as

𝑥
𝑗

𝑖
= 𝑥𝐿
𝑖
+ (𝑥𝑈
𝑖
− 𝑥𝐿
𝑖
) × rand () ,

𝑖 = 1, 2, . . . , 𝐷; 𝑗 = 1, 2, . . . ,HMS,
(2)

where rand() is a random between 0 and 1.

HM =
[
[
[
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...
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]
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𝐷

]
]
]
]

]

. (3)

Step 3 (improvise a new harmony). A new harmony vector
𝑥new = (𝑥new

1
, 𝑥new
2

, . . . , 𝑥new
𝐷

) is generated based on three
rules:

(a) Memory consideration;
(b) Pitch adjustment;
(c) Random generation.

The improvisation procedure of new harmony vector
works as Algorithm 1.

A new potential variation (or an offspring) is generated
in Step 3, which is equivalent to mutation and crossover
operator in standard evolution algorithms (EAs).

Step 4 (update harmony memory). Get the worst harmony
memory 𝑥worst from theHM. If 𝑥new is better than 𝑥worst then
𝑥worst := 𝑥new.

Step 5 (check stopping criterion). If the stopping criterion
(maxFEs) is satisfied, computation is terminated. Otherwise,
Steps 3 and 4 are repeated.

2.2. The SGHS Algorithm. In order to select the best parame-
ters automatically, a self-adaptive global-best harmony search
(SGHS) algorithm is proposed by Pan et al. [16]. The SGHS
dynamically changes BW according to

BW (𝑡) =
{
{
{

BWmax −
BWmax − BWmin

𝑇max
× 2𝑡, if 𝑡 < 𝑇max,

BWmin, if 𝑡 ≥ 𝑇max,

(4)
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For i = 1 to D do
If rand( )≤HMCR then

𝑥new
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ U{1, 2, . . . , HMS}

If rand( )≤PAR then
𝑥new
𝑖

= 𝑥new
𝑖

± rand( ) × BW(𝑖)

𝑥new
𝑖

= min(max(𝑥new
𝑖

, 𝑥𝐿
𝑖
), 𝑥𝑈
𝑖
)

End If
Else

𝑥new
𝑖

= 𝑥𝐿
𝑖
+ (𝑥𝑈
𝑖
− 𝑥𝐿
𝑖
) × rand( )

End If
End For

Algorithm 1:The improvisation procedure of new harmony vector
by HS.

For i = 1 to D do
𝑥𝑟
𝑖
= 2 × 𝑥best

𝑖
− 𝑥worst
𝑖

𝑥𝑟
𝑖
= min(max(𝑥𝑟

𝑖
, 𝑥𝐿
𝑖
), 𝑥𝑈
𝑖
)

𝑥new
𝑖

= 𝑥worst
𝑖

+ rand( ) × (𝑥𝑟
𝑖
− 𝑥worst
𝑖

).
If rand( )≤ 𝑝

𝑚
//random mutation

𝑥new
𝑖

= 𝑥𝐿
𝑖
+ (𝑥𝑈
𝑖
− 𝑥𝐿
𝑖
) × rand( )

End If
End For.

Algorithm 2: The NGHS modifies improvisation step.

where BWmax and BWmin are the maximum and minimum
distance bandwidths.

HMCR (PAR) is dynamically selected froma suitable nor-
mally distributionwithmeanHMCRm(PARm) and standard
deviation 0.01 (0.05). Initially, HMCRm (PARm) is set at
0.98 (0.9). After a specified number of generations, HMCRm
(PARm) is recalculated by averaging all the recorded HMCR
(PAR) values during the period of evolution.

2.3. The NGHS Algorithm. In the novel global harmony
search (NGHS) algorithm [13, 14], three significant parame-
ters, harmonymemory considering rate (HMCR), bandwidth
(BW), and pitch adjusting rate (PAR), are excluded from
NGHS, and a random select rate (𝑝

𝑚
) is included in the

NGHS. In Step 3, NGHS works as Algorithm 2.
Where 𝑥best and 𝑥worst, respectively, are the best harmony

and the worst harmony inHM, rand() is uniformly generated
random number in [0, 1].

3. HSTL Algorithm

In this section, we proposed a novel harmony search method
with teaching-learning (HSTL) strategy which was derived
from teaching-learning-based optimization (TLBO) algo-
rithm. Above all, the TLBO algorithm is introduced and
analyzed, and then we focus on the details of HSTL algorithm
and the strategies of dynamically adjusting the parameters.

3.1. The TLBO Algorithm. Teaching-learning-based Opti-
mization (TLBO) algorithm [18–20] is a new nature-inspired

For each learner 𝑥𝑗 (𝑗 = 1, 2, . . . ,NP)
Randomly select another learner 𝑥𝑘 (𝑗 ̸= 𝑘)

If 𝑥𝑗 is superior to 𝑥𝑘 then
𝑥𝑗,new = 𝑥𝑗,old + rand( ) × (𝑥𝑗 − 𝑥𝑘)

Else
𝑥𝑗,new = 𝑥𝑗,old + rand( ) × (𝑥𝑘 − 𝑥𝑗)

End
End for
If 𝑥𝑗,new is superior to 𝑥𝑗,old then

𝑥𝑗 = 𝑥𝑗,new

End If

Algorithm 3: The procedure of learner phase.

algorithm; it mimics the teaching process of teacher and
learning process among learners in a class. TLBO shows a
better performance with less computational effort for large
scale problems [19], that is, problems of a high dimensionality.
In addition, TLBO needs very few parameters.

In the TLBO method, it is the task of teacher to try
to increase mean knowledge of all learners of the class in
the subject taught by him or her depending on his or her
capability. Learners make efforts to increase their knowledge
by interaction among themselves. A learner is considered as
a solution or a vector, and different design variables of vector
will be analogous to different subjects offered to learners
and the learners’ result is analogous to the “fitness” as in
other population-based optimization techniques.The teacher
is considered as the best solution obtained so far.The process
of working of TLBO is divided into two phases, teacher phase
and learner phase.
(1) Teacher Phase. Assume there are 𝐷 number of subjects
(i.e., design variables), “NP” number of learners (i.e., pop-
ulation size,), then 𝑥best

𝑖
is the best learner (i.e., teacher) in

subject 𝑖 (𝑖 = 1, 2, . . . , 𝐷).Theworks of teaching are as follows:

𝑥
𝑗,new
𝑖

= 𝑥
𝑗,old
𝑖

+ rand () × (𝑥best
𝑖

− 𝑇
𝐹
×Mean

𝑖
) ,

Mean
𝑖
=

1

NP

NP
∑
𝑗=1

𝑥
𝑗

𝑖
, 𝑗 = 1, 2, . . . ,NP, 𝑖 = 1, 2, . . . , 𝐷,

(5)

where 𝑥
𝑗,old
𝑖

denotes the result of the 𝑗th (𝑗 = 1, 2, . . . ,NP)
learner before learning the 𝑖th (𝑖 = 1, 2, . . . , 𝐷) subject, and
𝑥
𝑗,new
𝑖

is the result of the 𝑗th learner after learning the 𝑖th
subject. 𝑇

𝐹
is the teaching factor which decides the value of

Mean
𝑖
to be changed. The value of 𝑇

𝐹
is generated randomly

with probability as 𝑇
𝐹
= round[1 + rand()].

When the leaner 𝑥𝑗 finished his or her learning from the
teacher, update the 𝑥𝑗 by 𝑥𝑗,new if 𝑥𝑗,new is better than 𝑥𝑗,old.
(2) Learner Phase. Another important approach to increase
knowledge for a learner is to interact with other learners.
Learning method is expressed in Algorithm 3.

Even since the TLBO algorithm proposed in 2011 by Rao
et al. [18], it has been applied in the fields of engineering opti-
mization, such as mechanical design optimization [18, 21],
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heat exchangers [22], thermoelectric cooler [23], and uncon-
strained and constrained real parameter optimization prob-
lems [24].

In the TLBO method, teacher phase relying on the best
solution found so far usually has the fast convergence speed
and the best ability of exploitation; it is more suitable for
improving accuracy of the global optimal solution. Learner
phase relying on other learners usually has the slow conver-
gence speed; however, it bears stronger exploration capability
for solving multimodal problems. Therefore, we use the
TLBO method to improve the performance and efficiency of
HS algorithm in the HSTL method.

3.2. The HSTL Algorithm. In order to achieve the most
satisfactory optimization performance by applying the HS
algorithm to a given problem, we develop a novel harmony
search algorithm combined with teaching-learning strategy,
in which both new harmony generation strategies and asso-
ciated control parameter values can be dynamically changed
according to the process of evolution.

It is of a high importance between the convergence and
the diversity in order to improve the search efficiency. In
the classical HS algorithm, a new harmony is generated in
Step 3. After the selecting operation in Step 4, the population
variance may increase or decrease. With a high population
variance, the diversity and exploration power will increase,
in the same time the convergence and the exploitation power
will decrease accordingly. Conversely, with a low population
variance, the convergence and the exploitation power will
increase [25]; the diversity and the exploration power will
decrease. So it is significant how to keep balance between
the convergence and the diversity. Classical HS algorithm
loses its ability easily at later evolution process [26], because
of improvising new harmony from HM with a high HMCR
and local adjusting with PAR. And HM diversity decreases
gradually from the early iteration to the last. However, in
HS algorithm, a low HMCR employed will increase the
probability (1-HMCR) of random selection in search space;
the exploration power will enhance, but the local search
ability and the exploitation accuracy cannot be improved by
single pitch adjusting strategy.

To overcome the inherent weaknesses of HS, in this
section, we propose HSTL method. An improved teaching-
learning strategy is employed to improve the search ability of
optimal solution in the HSTL method. The HSTL algorithm
works as follows.

(1) Optimization target vector preparation: 𝑥new = 𝑥𝑟,
where 𝑥𝑟 (𝑟 = 1, 2, . . . ,HMS) is a harmony vector
selected randomly in HM. Next, four strategies are
employed to improve the target vector.

(2) Improve the target vector 𝑥new with the following 4
strategies.

(a) Harmony Memory Consideration. The 𝑖th design value of
the target vector 𝑥new

𝑖
, (𝑖 = 1, 2, . . . , 𝐷) is chosen randomly

from harmony memory (HM) with a probability of HMCR
as

𝑥new
𝑖

= 𝑥
𝑗

𝑖
, 𝑗 ∈ U {1, 2, . . . ,HMS} , 𝑖 = 1, 2, . . . , 𝐷. (6)

The HMCR is the rate of choosing one value from the
historical values stored in the HM, which varies between 0
and 1.
(b) Teaching-Learning Strategy. If the ith (𝑖 = 1, 2, . . . , 𝐷)
design variable of the target vector 𝑥new

𝑗
has not been

considered in HM, it will learn from the best harmony (i.e.,
teacher) with probability TLP in the teacher phase or from
other harmony (i.e., learner) in the learner phase. The TLP is
the probability of performing teaching-learning operator on
design variables that have not been considered in (a). It works
as follows.
Teacher Phase. In this phase, learner will learn from the
best learner (i.e., teacher) in class. Learner modification is
expressed as

𝑥new
𝑖

= 𝑥new
𝑖

+ rand () × [𝑥best
𝑖

− 𝑇
𝐹
× 𝑀
𝑖
] ,

𝑀
𝑖
=

(𝑥worst
𝑖

+ 𝑥new
𝑖

)

2
, 𝑖 = 1, 2, . . . , 𝐷,

(7)

where 𝑥best is the best harmony in HM, 𝑥worst is the worst
harmony in HM, and rand() is a uniformly distributed
random number between 0 and 1.

The contribution in this section is that the mean value of
population is replaced with 𝑀

𝑖
= (𝑥worst
𝑖

+ 𝑥new
𝑖

)/2. There
are two aspects to this apparent superiority. First, there are
cheap to running cost because it do not need to compute the
mean value of population in every iteration. Second, diversity
of populationwill be enhancedmore than the standardTLBO
algorithm, that is because the new mean value 𝑀

𝑖
will be

different for each individual, but theMean
𝑖
in standard TLBO

method is the same for every individual.
Learner Phase. In this phase, through comparing the advan-
tages and disadvantages between the other two learners, the
learner 𝑥new will learn from their advantages, which draw on
the idea of differential evolution algorithm. The process is as
follows.

Randomly select two differential integer 𝑟
1
and 𝑟
2
from

1, 2, . . . ,HMS.

If 𝑥𝑟1 is better than 𝑥𝑟2

𝑥new
𝑖

= 𝑥new
𝑖

+ rand() × (𝑥
𝑟
1

𝑖
− 𝑥
𝑟
2

𝑖
)

Else
𝑥new
𝑖

= 𝑥new
𝑖

+ rand() × (𝑥
𝑟
2

𝑖
− 𝑥
𝑟
1

𝑖
)

End If

(c) Local Pitch Adjusting Strategy. To achieve better solutions
in the search space, it will carry out the local pitch adjusting
strategy with probability PAR when the 𝑖th design variable
has not performed Harmony memory consideration and
Teaching-Learning Strategy as

𝑥new
𝑖

= 𝑥new
𝑖

± rand () × BW (𝑖) , (8)
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𝑥new = 𝑥𝑟 (𝑟 = 1, 2,. . ., HMS); // randomly select 𝑥𝑟 as optimization target vector
For i = 1 to D do

If rand( )≤HMCR //(a)Harmony memory consideration
𝑥new
𝑖

= 𝑥
𝑗

𝑖
(𝑗 = 1, 2, . . . ,HMS)

Else If rand( )≤TLP //(b) Teaching-Learning strategy
If rand( )≤ 0.5

// Teaching
𝑥new
𝑖

= 𝑥new
𝑖

+ rand( ) × [𝑥best
𝑖

− 0.5𝑇
𝐹
× (𝑥worst
𝑖

+ 𝑥new
𝑖

)]
Else

// Learning
Randomly select 𝑟

1
and 𝑟
2
from {1, 2, . . . ,HMS}

If 𝑥𝑟1 is better than 𝑥𝑟2

𝑥new
𝑖

= 𝑥new
𝑖

+ rand( ) × (𝑥
𝑟1

𝑖
− 𝑥
𝑟2

𝑖
)

Else
𝑥new
𝑖

= 𝑥new
𝑖

+ rand( ) × (𝑥
𝑟2

𝑖
− 𝑥
𝑟1

𝑖
)

End
End

𝑥new
𝑖

= min(max(𝑥new
𝑖

, 𝑥𝐿
𝑖
), 𝑥𝑈
𝑙
)

Else If rand(0, 1)≤PAR // (c) Local pitch adjusting strategy
𝑥new
𝑖

= 𝑥new
𝑖

± rand( ) × BW(𝑖)

𝑥new
𝑖

= min(max(𝑥new
𝑖

, 𝑥𝐿
𝑖
), 𝑥𝑈
𝑙
)

Else If rand(0, 1)≤ 𝑃
𝑚

// (d) Randommutation operator
𝑥new
𝑖

= 𝑥𝐿
𝑖
+ (𝑥𝑈
𝑖
− 𝑥𝐿
𝑖
) × rand( )

End If
End For

Algorithm 4: The improvisation process of new harmony in HSTL algorithm.

where rand() is a uniformly distributed random number
between 0 and 1, and BW(𝑖) is an arbitrary distance band-
width.
(d) Random Mutation Operator. As with the HS algorithm, if
design variable did not perform previous actions (harmony
memory consideration, teaching-learning strategy, and local
pitch adjusting strategy), the HSTL method will carry out
random mutation operator in feasible space with probability
𝑃
𝑚
on 𝑖th design variable of 𝑥new as follows:

𝑥new
𝑖

= 𝑥𝐿
𝑖
+ (𝑥𝑈
𝑖
− 𝑥𝐿
𝑖
) × rand () . (9)

The improvisation of new target harmony in HSTL
algorithm is shown in Algorithm 4.

The flow chart of HSTL algorithm is shown in Figure 1.

Parameters Dynamically Changed. To efficiently balance the
exploration and exploitation power of the HSTL algorithm,
HMCR, PAR, BW, and TLP parameters are dynamically
adapted to a suitable range with the increase of generations.
Equation (10) shows the dynamic change of HMCR, PAR,
BW, and TLP, respectively.

Consider the following [8]:

HMCR = HMCRmin + (HMCRmax −HMCRmin)

× (
𝑡

𝑇max
)
2

,

TLP = TLPmin + (TLPmax − TLPmin) × (
𝑡

𝑇max
)
𝑘

,

𝑘 = 5,

PAR = PARmax −
(PARmax − PARmin) × 𝑡

𝑇max
,

BW = BWmax + exp[ln(
BWmin
BWmax

) × √
𝑡

𝑇max
] .

(10)

4. Numerical Experiments and Results

4.1. Test Functions. The test functions 𝐹
1
–𝐹
23

[27–29] are
shown in Table 1, and 𝐹

24
–𝐹
31

are demonstrated. Table 2 in
Functions 𝐹

24
–𝐹
31

[30] are hybrid composition functions.
The hybrid composition functions are built combining a non-
separable (NS) functionwith other functions.The considered
functions are as folows.

(i) Nonseparable functions:

(a) 𝐹
15
: shifted Rosenbrock’s function,

(b) 𝐹
17
: shifted Griewank’s function,

(c) NS-𝐹
21
: nonshifted Extended 𝐹

10
,

(d) NS-𝐹
22
: nonshifted Bohachevsky.

(ii) Other component functions:

(a) 𝐹
13
: shifted sphere function,

(b) 𝐹
16
: shifted Rastrigin function,

(c) 𝐹
20
: Schwefel2.22 function.
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Memory consideration

Local pitch adjustment 

Random mutation operator

Initialize parameters, termination criterion

Begin

Initialize harmony memory (HM)

Learning

Teaching

Output result

Y

Y

Y

Y

Y
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N

N
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N

N

Y

N

N
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Rand() ≤ HMCR

Rand() ≤ PAR

Rand() ≤ 𝑃𝑚
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Rand() ≤ TLP Rand() ≤ 0.5

𝑡 = 1

𝑡 = 𝑡 + 1

𝑥
newis better than
HM (id 𝑥worst, :)

HM (id 𝑥worst, :) = 𝑥new;

𝑖 = 1

𝑥
new

= HM(𝑟, :), 𝑟 is selected randomly from {1, 2, . . ., HMS}

Figure 1: The flowchart of HSTL algorithm.

Hybrid function𝐹ns⊕𝐹
(𝑆) is composed of a nonseparable

function 𝐹ns and other function 𝐹. The hybrid procedure is
shown as follows. (1) 𝑆 is divided into two parts (part

1
and

part
2
) as follows

If 𝑚ns ≤ 0.5 then

part
1
is composed by the first 𝐷 ⋅ 𝑚ns even

variables. (length (part
1
) =𝐷 ⋅ 𝑚ns)

part
2
is composed by the remaining variables.

(length (part
2
) =𝐷 − length (part

1
))

Else

part
2
is composed by the first𝐷 ⋅ (1 − 𝑚ns) odd

variables. (length (part
2
) =𝐷 ⋅ (1 − 𝑚ns))

part
1
is composed by the remaining variables. (length

(part
1
) =𝐷 − length (part

2
))

End If

(2) Return 𝐹ns (part
1
) ⊕ 𝐹(part

2
).

We have used 31 well-known unconstrained benchmark
functions [27–30] as a testbed to evaluate the performance

of the HSTL algorithm presented in this paper. These test
functions are considered as particularly challenging for
many existingmeta-heuristic optimization algorithms except
for 𝐹
10
. The composition of these test functions contains

some characteristics, such as separable design variables,
nonseparable design variables, strong unimodality, strong
multimodality, and hybrid. Many of them blend different
characteristics together. Table 3 shows the characteristics of
all test functions.

4.2. Experimental Setup. Simulation experiments are carried
out to compare the optimization (minimization) capabilities
of the presented method (HSTL) with respect to (a) classical
HS [1, 2], (b) SGHS [16], and (c) NGHS [13, 14]. All the
experiments were performed onWindows XP 32 systemwith
Intel(R) Core(TM) i3-2120 CPU@3.30GHz and 2GB RAM,
and all the program codes were written in MATLAB R2009a.

In the experiments, the parameters settings for the com-
pared HS algorithms are shown in Table 4; the dimensions
of the benchmark problems are set as 50, 100, and 200,
respectively. To make the comparison fair, the populations
for all the competitor algorithms (for all problems tested)
were initialized using the same random seeds. The variants
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Table 2: The hybrid functions (𝐹
24
–𝐹
31
).

Function 𝐹ns 𝐹 𝑚ns Range Fitness optimum
𝐹
24

NS-𝐹
21

𝐹
13

0.25 [−100, 100]𝐷 −450
𝐹
25

NS-𝐹
22

𝐹
15

0.25 [−100, 100]𝐷 390
𝐹
26

NS-𝐹
23

𝐹
16

0.25 [−5, 5]𝐷 −330
𝐹
27

NS-𝐹
22

NS-𝐹
20

0.25 [−10, 10]𝐷 0
𝐹
28

NS-𝐹
21

𝐹
13

0.5 [−100, 100]𝐷 −450
𝐹
29

NS-𝐹
21

𝐹
15

0.75 [−100, 100]𝐷 390
𝐹
30

NS-𝐹
21

𝐹
16

0.75 [−5, 5]𝐷 −330
𝐹
31

NS-𝐹
22

NS-𝐹
20

0.75 [−10, 10]𝐷 0

Table 3: The characteristics of all test functions.

Function 𝐹
1

𝐹
2

𝐹
3

𝐹
4

𝐹
5

𝐹
6

𝐹
7

𝐹
8

𝐹
9

𝐹
10

𝐹
11

𝐹
12

𝐹
13

𝐹
14

𝐹
15

𝐹
16

Unimodal (U)/multimodal
(M) M M M M M M M M M U U U U U M M

Shifted (Y/N) N N N N N N N N N N N N Y Y Y Y

Separable (Y/N) Y N N Y Y N Y N Y Y Y Y Y N N Y

Hybrid (Y/N) N N N N N N N N N N N N N N N N
Function 𝐹

17
𝐹
18

𝐹
19

𝐹
20

𝐹
21

𝐹
22

𝐹
23

𝐹
24

𝐹
25

𝐹
26

𝐹
27

𝐹
28

𝐹
29

𝐹
30

𝐹
31

Unimodal (U)/multimodal
(M) M M M U U U U U M M M U M M N

Shifted (Y/N) Y Y Y Y Y Y Y Y Y Y Y Y Y Y N

Separable (Y/N) N N N N N N N N N N N N N N N

Hybrid (Y/N) N N N N N N Y Y Y Y Y Y Y Y Y

Table 4: Parameter settings for the compared HS algorithms (HS, SGHS, NGHS, HSTL).

Algorithm HMS HMCR PAR BW Others
HS 35 0.98 0.33 BW = (UB − LB)/1000

SGHS 35 HMCR
𝑚
= 0.9 PARmax = 0.99,

PARmin = 0.01
BWmax = (UB − LB)/10

BWmin = 0.0005 LP = 100

NGHS 35 / / / 𝑃
𝑚
= 0.01

HSTL 35
HMCRmax = 0.99 PARmax = 0.8 BWmax = (UB − LB)/20 TLPmax = 0.5,

TLPmin = 0.15
HMCRmin = 0.75 PARmin = 0.2 BWmin = (UB − LB)/3500 𝑃

𝑚
= 0.15, 𝑘 = 5

of HS algorithmwere set at the same termination criteria: the
number of improvisations (function evaluation times: FEs)
FEs = 500D, respectively.

The best and worst fitness values of each benchmark
problem are recorded for 30 independent runs; the mean
fitness, standard deviation (STD), and mean runtime of each
function are calculated for 30 independent runs, and the
Mean fitness, Standard Deviation (STD) and mean runtime
of each function are calculated for 30 independent runs.

4.3. The Results Comparison between HSTL, HS, SGHS, and
NGHS Algorithm. From Table 5, it can be found that the
mean optimal fitness values of HSTL are always less than
those of other 3HS algorithms for all test functions except
for 𝐹
12
, 𝐹
14
, 𝐹
16
, and 𝐹

29
when dimension are equal to 50 and

maxFEs = 25000, and all these mean optimal fitness values
are slightly larger than the NGHS algorithm for 𝐹

12
, 𝐹
14
,

𝐹
16
, and 𝐹

29
. According to criterions (best, mean, worst, and

STD), the over performance of HSTL method outperforms
the other three HS algorithms for 31 benchmark problems
except 𝐹

12
, 𝐹
14
, and 𝐹

29
. Taken together, the beast, mean, and

STD obtained by the HSTL method are better than those of
other three methods for most test functions. In addition, the
runtime is less than SGHS for all problems.

In Tables 6 and 7, the results are shown for 100D and 200D
problems, respectively. According to the results (best, mean,
worst, and STD) of HSTL algorithm outperforms the other
three harmony search algorithm. And it can be seen from
Tables 6 and 7 that, compared with 50D problems, the HSTL
method has more obvious advantages than other three HS
algorithms (HS, SGHS, and NSGH).
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The convergence of HSTL method is compared with
three other HS algorithms: HS, SGHS, and NGHS on 50-
D functions 𝐹

3
, 𝐹
10
, and 𝐹

27
, where the HSTL algorithm

demonstrates an evident superiority on efficiency and sta-
bility, which can be observed from the convergence graphs
(Figures 2(a) and 4(a)) and boxplots (Figures 2(b) and 4(b)).

For 50-D problems, the convergence graphs and the
boxplots are shown in Figures 2, 3, and 4 on 50-D for sphere
unimodal function, griewank multimodal inseparable func-
tion, and hybrid function, Hybrid5, which is composed of
Bohachevsky and Schwefel2.22 function, where Figures 2(b)
and 4(b) plot the boxplots of best results in 30 independent
runs. Figures 2(a) and 4(a) portray the convergence curves. It
is evident from the convergence graphs that strongly uniform
convergence can be maintained throughout the procedure
of evolution. From the boxplots we can see that the HSTL
algorithm has better convergence, stability, and robustness in
most cases than HS, SGHS, and NGHS algorithms.

Figures 5 and 6 show the boxplots and convergence
graphs of 3 different problems for dimensions equal to 100
and 200, respectively, where HSTL algorithm demonstrates
obvious superiority on efficiency and stability.

4.4. Comparison of the Convergence Speed and Success Rate.
In order to give a fair chance to 4HS algorithm (HS, SGHS,
NGHS, and HSTL) compared. We run each algorithm on
each benchmark test function and stop as soon as the
minimum error value acquired by the algorithm falls below
the predefined threshold or a maximum number of FEs is
exceeded. For all test functions, the algorithms carry out 30
independent runs.

The respective thresholds values of the error for 30
benchmark problems are in Table 11.

Table 8 displays the statistics results about the success rate,
average runtime, and average FEs of 𝐹

1
–𝐹
30
.

As Table 8 shows, for a high-dimensional problem (𝐷 =
100), the HS, SGHS, and NGHS have great difficulty in
finding the global optima on all problems. The HSTL yields
100% success rate for 𝐹

1
, 𝐹
2
, 𝐹
4
–𝐹
11
, 𝐹
14
, 𝐹
15
, 𝐹
18
, 𝐹
20
, 𝐹
21
, 𝐹
24
,

𝐹
26
, 𝐹
29
, 𝐹
30
.TheHSTL algorithm performsmuch better with

success rates of 100% on most problems, and over 50% on 𝐹
3
,

𝐹
13
, 𝐹
16
, 𝐹
17
, 𝐹
19
, 𝐹
22
, and 𝐹

28
where other algorithms fail in

finding the global optima.
Table 9 illustrates the costing run of 4HS algorithm for

𝐹
1
–𝐹
31
. The runtime is equal to the average value of all func-

tions mean runtime; the FEs is equal to the average value of
all functions mean FEs; the Success Rate is equal to the mean
value of the success rate of all functions. In Table 9, we intend
to show how well the presented HSTL algorithm performs
when compared to HS, SGHS and NGHS algorithm. From
the statistics shown in Table 9 can be seen that HSTL uses
the least runtime and FEs, and acquires the best success rate
among these algorithms on over performances.

4.5. Convergence Analysis. To investigate the convergence of
proposedHSTL algorithm,we record the population variance
of each algorithm. As Figure 7 shows, for each type function,
the fluctuation of population variance in HSTL is smaller

than the fluctuation of population variance in SGHS and
NGHS algorithm, and the population variance graphs fall
steadily throughout the search process. As a consequence,
the proposed HSTL algorithm has stronger robustness and
convergence than other variants of HS.

4.6. Parameter HMS Study. In this section, the effect of HMS
value on the performance of theHSTLmethod is investigated.
The experimental results generated by using different HMS
values (5, 10, 15, 20, 25, 30, 35, and 40) for dimensions equal
to 50 are demonstrated in Table 10, respectively.

We can see from Table 10, in which there are some
unimodal functions (i.e., 𝐹

10
–𝐹
14
, 𝐹
23
), a small value of

HMS (i.e., 5 or 10) is superior to a large value. For other
benchmark functions, there is no obvious indication that
one setting value of HMS is superior to the other setting
values. Therefore, we can think that, a small HMS is suitable
for a simple problem. However, for some complex problems,
we can set slightly more HMS that is not exceeding 50.
It is reasonable and logical, for it is similar to the quickly
memory ofmusician for a simple harmony improvisation and
the depth memory of musician for an outstanding harmony
improvisation.

5. Conclusion

In this paper, a novel harmony search combined teaching-
learning (HSTL) algorithm is presented to improve the
performance and efficiency of the harmony search algorithm.
The proposed HSTL algorithm employs the idea of teaching
and learning. Four strategies (harmony memory consider-
ation, teaching-learning strategy, local pitch adjusting, and
random mutation) are employed to maintain the proper
balance between convergence and population diversity. With
the process of evolution, the dynamic strategy is adopted
to change the parameters HMCR, TLP, BW, and PAR.
Numerical experiments show that the dynamic changes of
parameters are especially effective in balance between the
exploration power and the exploitation power. The popu-
lation variance analysis indicated that the HSTL algorithm
has strong convergence throughout evolution progresses.The
sensitivity analysis of HMS parameter showed that it does not
have significant influence on complex multimodal problems.

We have compared the performance of proposed HSTL
algorithm with the classical HS algorithm and two excellent
variant algorithms over a suite of 31 unconstrained numerical
optimization functions and evidently concluded that HSTL
algorithm is more effective and stable in obtaining high
quality solutions and has less FEs, less runtime, and higher
success rates under the same conditions.
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Figure 2: Convergence graph and boxplot for sphere function (𝐹
10
) on𝐷 = 50.
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Figure 3: Convergence graph and boxplot for Griewank function (𝐹
4
) on𝐷 = 50.
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Figure 4: Convergence graph and boxplot for hybrid 15 function (𝐹
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) on𝐷 = 50.
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Figure 5: Convergence graphs and boxplots for functions Rastrigin, Schwefel, and hybrid 19 new on 𝐷 = 100.
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Table 8: The success rate, mean runtime, and FEs for function 𝐹
1
–𝐹
19
, 𝐹
21
–𝐹
31
.

Function Algorithm 𝐹
1

𝐹
2

𝐹
3

𝐹
4

𝐹
5

𝐹
6

𝐹
7

𝐹
8

𝐹
9

𝐹
10

Success rate
(SR)

HS 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
SGHS 0% 0% 0% 0% 60% 0% 0% 0% 0% 0%
NGHS 0% 0% 0% 0% 0% 0% 0% 45% 15% 0%
HSTL 100% 100% 95% 100% 100% 100% 100% 100% 100% 100%

Mean
runtime (s)

HS 19 14 21 50 31 48 15 14 17 16
SGHS 39 34 41 73 40 72 36 35 39 37
NGHS 18 13 20 49 30 48 14 11 16 16
HSTL 20 10 21 48 26 46 18 4 14 19

Mean FEs

HS 500000 500000 500000 500000 500000 500000 500000 500000 500000 500000
SGHS 500000 500000 500000 500000 397181 500000 500000 500000 500000 500000
NGHS 500000 500000 500000 500000 500000 500000 500000 425302 497089 500000
HSTL 475167 291492 452830 450158 386120 443818 482502 105551 332693 483873

Function Algorithm 𝐹
11

𝐹
12

𝐹
13

𝐹
14

𝐹
15

𝐹
16

𝐹
17

𝐹
18

𝐹
19

𝐹
21

Success rate
(SR)

HS 70% 45% 0% 0% 0% 0% 0% 0% 0% 0%
SGHS 0% 0% 0% 0% 65% 0% 0% 0% 0% 0%
NGHS 75% 100% 0% 0% 90% 15% 0% 0% 0% 0%
HSTL 100% 100% 90% 100% 100% 85% 90% 100% 80% 100%

Mean
runtime (s)

HS 8 13 32 32 38 34 55 38 88 527
SGHS 35 34 55 54 39 56 78 60 114 570
NGHS 9 3 31 31 8 32 54 36 92 525
HSTL 5 9 36 31 18 34 51 32 81 467

Mean Fes

HS 264713 471826 500000 500000 500000 500000 500000 500000 500000 500000
SGHS 500000 500000 500000 500000 323631 500000 500000 500000 500000 500000
NGHS 335021 107386 500000 500000 114380 485463 500000 500000 500000 500000
HSTL 122555 240403 494888 418223 206975 437342 488064 434498 415872 445225

Function Algorithm 𝐹
22

𝐹
23

𝐹
24

𝐹
25

𝐹
26

𝐹
27

𝐹
28

𝐹
29

𝐹
30

𝐹
31

Success rate
(SR)

HS 0% 0% 0% 0% 100% 0% 0% 0% 0% 0%
SGHS 0% 0% 0% 0% 95% 0% 100% 0% 0% 0%
NGHS 0% 0% 0% 0% 100% 0% 100% 25% 0% 0%
HSTL 100% 50% 0% 100% 100% 100% 100% 60% 100% 100%

Mean
runtime (s)

HS 289 373 359 364 35 310 453 441 436 312
SGHS 329 416 400 406 133 351 337 476 477 351
NGHS 293 374 360 366 22 310 13 382 437 317
HSTL 273 375 363 271 46 311 104 363 364 273

Mean Fes

HS 500000 500000 500000 500000 54677 500000 500000 500000 500000 500000
SGHS 500000 500000 500000 500000 181162 500000 341216 500000 500000 500000
NGHS 500000 500000 500000 500000 33331 500000 14644 451443 500000 500000
HSTL 459671 497514 500000 367442 85659 500000 132414 432651 415004 429027

Table 9: The average runtime, average FEs, average success rate, and costing run of all functions.

Algorithm Average runtime (ART) Average FEs (AFE) Average success rate (ASR)
HS 145.1399 477136 0.069355
SGHS 169.5528 475586.8 0.103226
NGHS 127.2487 434324.5 0.182258
HSTL 120.8951 384181.3 0.919355
Where ART = ∑31

𝑖=1
runtime𝑖, AFE = ∑

31

𝑖=1
FEs𝑖, ASR = ∑

31

𝑖=1
SR𝑖.
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Figure 6: Convergence graphs and boxplots for shift functions Ackley, fast fractal double, and hybrid 14 on𝐷 = 200.



Mathematical Problems in Engineering 27

Ta
bl
e
10
:Th

ee
ffe
ct
of

H
M
S
on

th
ep

er
fo
rm

an
ce

of
th
eH

ST
L
al
go
rit
hm

(D
=
50
,F
Es

=
25
00

0)
.

H
M
S

𝐹
1

𝐹
2

𝐹
3

𝐹
4

𝐹
5

𝐹
6

𝐹
7

𝐹
8

𝐹
9

𝐹
1
0

5
7.
02
E
−
06

1.
28

𝐸
+
00

5.
30

𝐸
−
03

1.
12

E
−
06

−
4.
82

𝐸
+
01

3.
23

E
−
03

4.
97

𝐸
−
02

7.
23

𝐸
+
01

1.
36

𝐸
−
03

1.
36

𝐸
−
03

10
2.
10

𝐸
−
05

8.
84

𝐸
−
01

2.
71

𝐸
−
03

1.
26

𝐸
−
06

−
4.
82

𝐸
+
01

4.
83

𝐸
−
03

7.
11
E
−
10

4.
39

𝐸
+
01

1.
14

𝐸
−
03

4.
92

E
−
08

15
6.
98

𝐸
−
05

7.
11

𝐸
−
01

4.
94

𝐸
−
04

1.
29

𝐸
−
06

−
4.
83

𝐸
+
01

6.
93

𝐸
−
03

7.
66

𝐸
−
09

4.
35

𝐸
+
01

1.
06
E
−
03

2.
19

𝐸
−
07

20
1.
03

𝐸
−
04

7.
07

𝐸
−
01

8.
64

𝐸
−
04

1.
58

𝐸
−
06

−
4.
85

𝐸
+
01

9.
06

𝐸
−
03

4.
44

𝐸
−
08

4.
16
E
+
01

1.
16

𝐸
−
03

3.
70

𝐸
−
07

25
1.
40

𝐸
−
04

7.
23

𝐸
−
01

2.
23

𝐸
−
03

1.
47

𝐸
−
06

−
4.
80

𝐸
+
01

1.
17

𝐸
−
02

7.
97

𝐸
−
08

4.
55

𝐸
+
01

1.
27

𝐸
−
03

8.
60

𝐸
−
07

30
2.
05

𝐸
−
04

7.
72

𝐸
−
01

1.
82

E
−
06

1.
90

𝐸
−
06

−
4.
81

𝐸
+
01

1.
46

𝐸
−
02

3.
07

𝐸
−
07

4.
39

𝐸
+
01

1.
14

𝐸
−
03

1.
78

𝐸
−
06

35
2.
85

𝐸
−
04

7.
03
E
−
01

2.
21

𝐸
−
06

1.
69

𝐸
−
06

−
4.
82

𝐸
+
01

1.
61

𝐸
−
02

4.
45

𝐸
−
07

4.
37

𝐸
+
01

1.
09

𝐸
−
03

2.
54

𝐸
−
06

40
3.
81

𝐸
−
04

7.
49

𝐸
−
01

3.
34

𝐸
−
06

2.
00

𝐸
−
06

−
4.
85
E
+
01

1.
97

𝐸
−
02

6.
64

𝐸
−
07

4.
46

𝐸
+
01

1.
22

𝐸
−
03

3.
88

𝐸
−
06

H
M
S

𝐹
1
1

𝐹
1
2

𝐹
1
3

𝐹
1
4

𝐹
1
5

𝐹
1
6

𝐹
1
7

𝐹
1
8

𝐹
1
9

𝐹
2
0

05
7.
97
E
+
03

3.
57
E
+
00

−
4.
50
E
+
02

−
4.
50
E
+
02

6.
45

𝐸
+
02

−
3.
24

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
39

𝐸
+
02

−
8.
04

𝐸
+
02

9.
41

𝐸
+
00

10
2.
13

𝐸
+
04

2.
72

𝐸
+
01

−
4.
50

𝐸
+
02

−
4.
50

𝐸
+
02

5.
21

𝐸
+
02

−
3.
24

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
40

E
+
02

−
8.
03

𝐸
+
02

5.
08

𝐸
+
00

15
1.
80

𝐸
+
04

3.
40

𝐸
+
01

−
4.
50

𝐸
+
02

−
4.
50

𝐸
+
02

6.
78

𝐸
+
02

−
3.
24

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
40

𝐸
+
02

−
8.
08

𝐸
+
02

4.
10

E
+
00

20
1.
82

𝐸
+
04

3.
93

𝐸
+
01

−
4.
50

𝐸
+
02

−
4.
49

𝐸
+
02

5.
96

𝐸
+
02

−
3.
25

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
40

𝐸
+
02

−
8.
10

𝐸
+
02

4.
20

𝐸
+
00

25
9.
80

𝐸
+
03

5.
43

𝐸
+
01

−
4.
50

𝐸
+
02

−
4.
48

𝐸
+
02

5.
19

E
+
02

−
3.
24

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
40

𝐸
+
02

−
8.
10

𝐸
+
02

4.
27

𝐸
+
00

30
2.
18

𝐸
+
04

6.
84

𝐸
+
01

−
4.
50

𝐸
+
02

−
4.
47

𝐸
+
02

5.
33

𝐸
+
02

−
3.
25

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
40

𝐸
+
02

−
8.
11

𝐸
+
02

4.
33

𝐸
+
00

35
1.
46

𝐸
+
04

9.
77

𝐸
+
01

−
4.
50

𝐸
+
02

−
4.
46

𝐸
+
02

8.
04

𝐸
+
02

−
3.
26
E
+
02

−
1.
80
E
+
02

−
1.
40

𝐸
+
02

−
8.
11

E
+
02

4.
24

𝐸
+
00

40
1.
24

𝐸
+
04

1.
18

𝐸
+
02

−
4.
50

𝐸
+
02

−
4.
44

𝐸
+
02

8.
18

𝐸
+
02

−
3.
26

𝐸
+
02

−
1.
80

𝐸
+
02

−
1.
40

𝐸
+
02

−
8.
10

𝐸
+
02

4.
29

𝐸
+
00

H
M
S

𝐹
2
1

𝐹
2
2

𝐹
2
3

𝐹
2
4

𝐹
2
5

𝐹
2
6

𝐹
2
7

𝐹
2
8

𝐹
2
9

𝐹
3
0

05
2.
02

𝐸
−
01

9.
64

𝐸
+
00

−
4.
50
E
+
02

4.
74

𝐸
+
02

−
3.
26

𝐸
+
02

5.
05

𝐸
−
03

−
4.
50

𝐸
+
02

6.
01

𝐸
+
02

−
3.
29

𝐸
+
02

1.
50

𝐸
−
03

10
6.
50

𝐸
−
02

5.
27

𝐸
+
00

−
4.
50

𝐸
+
02

4.
71

𝐸
+
02

−
3.
26

𝐸
+
02

4.
96

𝐸
−
03

−
4.
50

𝐸
+
02

7.
29

𝐸
+
02

−
3.
28

𝐸
+
02

1.
41

𝐸
−
03

15
7.
34

𝐸
−
02

4.
40

𝐸
+
00

−
4.
50

𝐸
+
02

4.
70

E
+
02

−
3.
27

𝐸
+
02

4.
86

E
−
03

−
4.
50

𝐸
+
02

4.
19
E
+
02

−
3.
29

𝐸
+
02

2.
21

𝐸
−
02

20
5.
28

𝐸
−
02

4.
27

𝐸
+
00

−
4.
50

𝐸
+
02

4.
96

𝐸
+
02

−
3.
26

𝐸
+
02

5.
08

𝐸
−
03

−
4.
50

𝐸
+
02

4.
26

𝐸
+
02

−
3.
29

𝐸
+
02

1.
25

E
−
03

25
3.
54

𝐸
−
04

4.
06

𝐸
+
00

−
4.
50

𝐸
+
02

4.
93

𝐸
+
02

−
3.
26

𝐸
+
02

5.
37

𝐸
−
03

−
4.
50

𝐸
+
02

9.
77

𝐸
+
02

−
3.
29

𝐸
+
02

1.
53

𝐸
−
03

30
3.
34
E
−
04

3.
80
E
+
00

−
4.
50

𝐸
+
02

4.
91

𝐸
+
02

−
3.
27
E
+
02

5.
22

𝐸
−
03

−
4.
50

𝐸
+
02

6.
57

𝐸
+
02

−
3.
29

E
+
02

1.
39

𝐸
−
03

35
4.
41

𝐸
−
04

4.
06

𝐸
+
00

−
4.
50

𝐸
+
02

4.
93

𝐸
+
02

−
3.
27

𝐸
+
02

5.
16

𝐸
−
03

−
4.
50

𝐸
+
02

5.
06

𝐸
+
02

−
3.
29

𝐸
+
02

1.
61

𝐸
−
03

40
3.
65

𝐸
−
04

4.
06

𝐸
+
00

−
4.
50

𝐸
+
02

4.
86

𝐸
+
02

−
3.
27

𝐸
+
02

5.
40

𝐸
−
03

−
4.
50
E
+
02

8.
34

𝐸
+
02

−
3.
29

𝐸
+
02

1.
45

𝐸
−
03



28 Mathematical Problems in Engineering

Table 11

𝐹
1
∼𝐹
10
: 1.0𝐸 − 05 1.0𝐸 + 00 1.0𝐸 − 05 1.0𝐸 − 05 5.0𝐸 + 00 1.0𝐸 − 02 1.0𝐸 − 10 2𝐷 1.0𝐸 + 00 1.0𝐸 − 10

𝐹
11
∼𝐹
20
: 2𝐷𝐸 + 04 𝐷 1.0𝐸 − 04 1.0𝐸 − 01 50𝐷 1.0𝐸 + 00 1.0𝐸 − 04 1.0𝐸 − 02 1.0𝐸 + 00 1.0𝐸 + 01

𝐹
21
∼𝐹
30
: 1.0𝐸 − 03 1.0𝐸 + 01 1.0𝐸 − 04 2𝐷 2𝐷 1.0𝐸 − 02 1.0𝐸 − 05 𝐷 1.0𝐸 + 00 1.0𝐸 − 02

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Function evaluation times (FEs)

 S
ta

nd
ar

d 
de

vi
at

io
n 

Sphere function

10
−4

10
−8

10
−2

10
−6

10
−12

10
−16

10
−18

10
−10

10
−14

10
0

10
2

×10
5

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Function evaluation times (FEs)

 P
op

ul
at

io
n 

va
ria

nc
e

Griewank function

10
−4

10
−8

10
−2

10
−6

10
−12

10
−16

10
−10

10
−14

10
0

10
2

10
4

×10
5

(b)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Function evaluation times (FEs)

 P
op

ul
at

io
n 

va
ria

nc
e

Rosen function

HS
SGHS

NGHS
HSTL

×10
5

10
−4

10
−8

10
−2

10
−6

10
−12

10
−16

10
−10

10
−14

10
0

10
2

(c)

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Function evaluation times (FEs)

 P
op

ul
at

io
n 

va
ria

nc
e

Rast function

HS
SGHS

NGHS
HSTL

10
−4

10
−8

10
−2

10
−6

10
−12

10
−16

10
−10

10
−14

10
0

10
2

×10
5

(d)

Figure 7: The population variance graphs.
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