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In many remote sensing applications, users usually prefer a multispectral image with both high spectral and high spatial
information. This high quality image could be obtained by pan-sharpening techniques which fuse a high resolution panchromatic
(PAN) image and a low resolution multispectral (MS) image. In this paper, we propose a new technique to do so based on the
adaptive intensity-hue-saturation (IHS) transformation model and evolutionary optimization. The basic idea is to reconstruct the
target image through a parameterized adaptive IHS transformation. An optimization objective is thus introduced by considering the
relations between the fused image and the original PAN and MS images. The control parameters are optimized by an evolutionary
algorithm. Experimental results show that our new approach is practical and performs much better than some state-of-the-art

techniques according to the performance metrics.

1. Introduction

With the development of satellite technologies, many satel-
lites, such as IKONOS and QuickBird, provide two types
of images: the multispectral (MS) image and the panchro-
matic (PAN) image. The MS images are with high spectral
information but low spatial information; on the contrary,
the PAN images are with high spatial information but low
spectral information. However, in practice, users usually
prefer a single image with both high spectral and high spatial
information. This high quality synthetic image could be
reconstructed by the so-called pan-sharpening techniques
which fuse a high resolution PAN image and a corresponding
low resolution MS image.

In the last two decades, a variety of pan-sharpening meth-
ods as well as the performance metrics has been proposed.
Comprehensive surveys are referred to [1, 2]. In early stages,
the component-substitution (CS) methods, such as intensity-
hue-saturation (IHS) [3] and principal component analysis
(PCA) [4], inject spatial information from PAN image to
the MS image. In later stages, the multiresolution analysis
(MRA) based methods, such as wavelet and contourlet [5],

inject high-frequency details inferred from the PAN image
to the MS bands. Recently, the CS based and/or MRA based
methods are also hybridized [6, 7] or combined with other
techniques, such as evolutionary algorithms (EAs) [8] and
compressed sensing [9, 10], to get high spectral and spatial
performance.

Among different pan-sharpening methods, the wavelet
transform fusion method has good spectral information, but
the texture of the fused image is coarse and the detail is not
clear enough; the IHS transformation based method [3] is
popular due to its efficiency. However, the major limitations
of this method are obvious: (1) it can only handle MS image
with three bands and (2) the ISH transform fusion method
can improve the texture characteristics of the fused image
and enhance the detail information of the fused image, but
the spectral distortion is larger. A generalized IHS transform
has been proposed to overcome the former limitation [11]. By
using the intensity band to approximate the PAN image, some
adaptive IHS methods have been proposed to overcome the
latter limitation [12, 13].

Till now, due to the complexity of pan-sharpening, all of
the existing methods are more or less deficient. Especially
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FIGURE 1: The flowchart of the proposed method.

in the variational pan-sharpening methods, the assumptions
might not be very perfect. This naturally leads us to consider
some new assumptions from new perspectives and to build
a new model from them to obtain pan-sharpened images
more accurately and effectively. In this letter, we propose a
new pan-sharpening method based on both EA and adaptive
IHS [13] as shown in Figure 1. This method is based on
swarm intelligence algorithm and global optimization, the
algorithm uses ISH transform and fusion method to obtain
the fused image as the initial population and then the image
based on the quantitative evaluation index to construct the
objective function, finally using evolution algorithm to opti-
mize the objective function, so as to obtain the appropriate
image fusion results. Both experimental results and objective
evaluations show that the proposed algorithm is better than
conventional fusion methods such as wavelet transform and
ISH transform in expressing detailed information and fusing
quality parameters.

Our method targets finding an optimal fused multispec-
tral (F) image by assuming that (1) the PAN image could be
a linear combination of the optimal synthetic image bands
and (2) the MS image could be degraded from the optimal
synthetic image. An optimization objective is thus introduced
based on the two concepts. An EA is used to optimize the
objective to get the optimal control parameters, and the
optimal synthetic image is reconstructed by using adaptive
IHS model with the optimal control parameters.

2. An Evolutionary Pan-Sharpening Method

Before fusing the two images, we upsample the original MS
image to make it with the same size as the PAN image. Let

M= (M,,M,,...,M,) 1)

be the preprocessed c-band MS image, M, is the cth band,
and a pixel at position (x, y) of band ¢ is denoted as M_(x;, y).
Let P denote the given PAN image and F = (F|,F,, ..., Fo)
be the unknown fused synthetic multispectral image.

2.1. Adaptive IHS [13]. In adaptive IHS, the intensity (I) band
is estimated as
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. > 0,¢c = 1,2,...,C, are the unknown
coeflicients. It is further assumed that the PAN image could
be approximated by the MS images; that is,

P = ZocCMC. 3)
c
Therefore, the coefficients « can be obtained by minimizing

G@) =Y (aM,(xy)-P(x )

X,)5¢
+ yz (max (0, —occ))2 ,

where y is the Lagrange multiplier.
With the optimized coefficients «, the synthetic image is
reconstructed by

F. (%) = Mc (x,y) + h (%, 9) (P(x.y) = 1(x. ), (5)
forc=1,2,...,C. h(x, y) is an edge detector defined as

where 1 > «

(4)

A
hix,y)=exp| -———— |,
(x.7) p< Wp(x’y)m) ©

where A = 107 and & = 107'? are two control parameters and
VP(x, y) is the gradient of the PAN image at (x, y).

It is clear that, on the edges when h(x,y) — 1, the
spatial information from PAN image will be injected into the
synthetic image; otherwise, on the oft edge when h(x, y) —
0, F.(x, y) = M._.(x, y), which means that only the spectral
information from the MS image will be injected into the
synthetic image. By this way, the spectral distortion in the
original IHS method is overcome in a sense.

2.2. Evolutionary Optimization. Evolutionary algorithms are
global heuristic optimization methods which simulate the
natural evolution process [14]. The model tackled by an EA
can be generally formulated as

min f(z),

st. ze€Q,

7)

where z is a decision variable, Q is the search space, and
f(z) is the objective function. A widely used EA framework
is shown as follows.

Step 1. Uniformly randomly sample a set of solutions D =
{zy,...,2,} which means population size from the search
space (), and calculate their objectives.

Step 2. Generate a set of offspring solutions Q = {t,...,t,}
from D by using genetic operators, and calculate their
objectives.

Step 3. Calculate the fitness of each solution, and select n
solutions to D from D U Q.

Step 4. If the stop condition is satisfied, return the best
solution found so far; otherwise, go to Step 2.
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A variety of EAs have been proposed and new ones are
still coming. These EAs differ from each other by using differ-
ent genetic operators in Step 2 and the selection operators in
Step 3. An EA usually stops when a given maximum number
of iterations are reached or the best objective value does not
change in some iterations. The algorithm flow is shown in
Figure 2.

min H(«,0,K) = Z

%y
st. 0<a. <1, ¢c=12,...,C,
OSQ <1; C:1)2:' )C>

YK(Gj)=1, 0<K(i,j)<1, i,j=1,23,

i,j

where | - |P is L p horm and F.(x, y) is calculated as in (5).
It is clear in (10), the first part reflects the first assumption
and the second part reflects the requirement of the second
assumption.

We would like to make the following comments on the
above model.

(i) We use L p norm in (10) to measure the difference
between between two points, but other measures
can also be applied here. The reason is that the

L
+EZ

P(x’y)_Zech (x>y)

From the above framework, we can see that EAs have
two major advantages over classical programming methods:
(1) they work on a set of solutions simultaneously; thus
they are insensible to the initial solutions and (2) they
do not need the gradient of the objective function, which
makes them suitable to nonlinear and black-box optimization
problems.

2.3. Evolutionary Pan-Sharpening Model. We aim to design a
model, which is suitable for EAs, by extending the adaptive
[HS method. Like adaptive IHS, our basic idea is to find
the optimal coefficients « to reconstruct the synthetic image.
Instead of optimizing the G(«) function to obtain «, we
consider more to design such an objective function. More
precisely, we assume that

(i) the PAN image could be approximated by a linear
combination of the optimal synthetic image; that is,

P= Z@CFC, (8)

where 0, > 0,c = 1,2,...,C, are unknown coeffi-
cients;

(ii) the upsampled MS image M could be degraded from
the optimal synthetic image; that is,

M, (63)= YKGDE(—iy=0) (o
L]

where K is a 3 x 3 unknown convolution template.

By considering the above two assumptions and the model
in (7), we design the following model:

p
M, (%) = Y K (i j) Fe (x =iy = )|
ij

(10)

optimization technique we use do not consider the
form of the model.

(ii) In EA algorithm, before calculating the objective
value, K is normalized to satisfy the equation con-
straints in (10).

2.4. Adaptive Evolutionary Clustering [15]. In this letter, we
use composite differential evolution (CoDE) as the optimizer.
It should be noted that other EAs can also be applied



here. In evolutionary clustering, coding scheme, reproduc-
tion procedure, and fitness function are the three main
components.

(1) String Representation. In CoDE, each decision variable is a
sequence of real numbers and it falls into a feasible solution
space, and the initial population is randomly generated.

(2) Fitness Evaluation. To guarantee that the evolution has
a meaningful direction, a fitness function must be set. The
fitness function of this experiment is as above (10).

(3) Reproduction Procedure. In an EA, the roles of reproduc-
tion procedure are (1) selecting some parent solutions from
the current population and (2) generating offspring solutions
by the selected parent solutions. In other words, it is the com-
bination of crossover and mutation. The basic idea behind
the reproduction procedure is to extract information from

current-to-rand/I:

r; =r;+rand()- (rfl - rj) +F- (rfz - r}B) , (13)
where j = 1,2,...,m, rand() returns a uniform random
number from [0.0, 1.0], j,,.q is @ random integer from [1, m],
and r™—** are randomly selected from the population and
they are different from each other and different from the
parent r. F and Cy are two algorithm parameters which are
randomly selected from the combinations of [F = 1.0,Cy =
0.1, [F = 1.0, Cg = 0.9],and [F = 0.8, Cp, = 0.2].

(4) Selection Procedure. The selection procedure selects some
solutions from the current population and the newly gener-
ated offspring solutions to survive to the next generation. A
naive way is to replace the current population directly by the
offspring population. A more widely used strategy is to always
keep the best solution found so far. This strategy is also called
elitist selection strategy.

CoDE uses a simple elitist selection strategy by comparing
each parent with its best offspring and keeping the better one.
Let r be the parentand 7', %, and r* be the three children. Let

r* =arg . min {Va ()}, (14)

{r',r2,r3}
and the surviving one is
s i Ve (r") < Vaw (1),

r= (15)
r,  otherwise.

3. Experiments

The effect evaluation of remote sensing image fusion is very
complex. Subjective assessment method has one sidedness

—rf5), if rand () < Cy or j = jp,

Mathematical Problems in Engineering

the current population to guide the search towards the global
optimum. In this latter, we use the reproduction operator of
CoDE to generate the new trial solutions. In CoDE, three
offspring points 7', 7%, r* are generated by applying three
reproduction operators for each point r = (r),75,...,7,,)"
in the paternal population. The three operators generate
component one by one as follows:
rand/1/bin:

) {rfl +F- (rfz - r}n), if rand () < Cy or j = jp, an

Vs otherwise,

rand/2/bin:

(12)
otherwise,

and is greatly influenced by the observer’s own factors.
Therefore, the subjective evaluation of images should be
carried out at the same time. Assuming that M * N is the
size of the fused image, the objective quantitative evaluation
used in this letter is mainly as follows.

(1) CC (Correlation Coefficient). Correlation factor (CC) is
used to analyze and compare the quality of spectra and is
widely used in image quality evaluation. In this letter, the
fusion of multispectral images is compared with the original
multispectral images; its formula is

?:41 Z;\; (xij - y) (J’ij B 7) 16)

2
\/Zf\fl Zﬁl (xij _ })2 zf\fl z]l\il ()/ij B 7)2

Among them, X and y are the original multispectral
image x and the mean value of the fused multispectral image
y. The correlation factor of the image is calculated by the
whole image. The value of CC is between 0 and I; when CC is
0, there is no correlation, and when CC is 1, the correlation is
the highest.

(2) ERGAS (Relative Global Dimensional Synthesis Error).

ERGAS is mainly used to calculate spectral distortion, and
its formula is

h |1 RMSE? (B;)

ERGAS = 1007 ZZT’ 17)

i=1 i
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where h is the resolution of the image with high spatial
resolution, and this is the resolution of panchromatic image.
[ is the resolution of multispectral images with low spatial
resolution. L is the band number of multispectral images. y;
is the mean of each band after fusion of multispectral images.

(3) QAVE (A Universal Image Quality Index). QAVE treats
any distortion as a combination distortion of the three
distortion factors (loss of correlation, luminance distortion,
and contrast distortion). x and y represent the original
multispectral images and the fused multispectral images. The
formula for QAVE is
40,,x
Q= 2 2y yz 2)° (18)
(ax+ay )(x +y?)

(4) RASE (The Relative Average Spectral Error). RASE is used
to evaluate the average performance of image fusion methods
for each spectral band, and the formula is as follows:

100 [1¢
RASE = -2 — Y RMSE’ (B,). 19)
x \LiF

Among them, X is the average radiation value of L band
(B;) of original multispectral image, and RMSE is minimum
square error.

(5) RMSE (The Root Mean Squared Error). The Root Mean
Squared Error (RMSE) is a common method for image
evaluation, and its formula is as follows:

M ©N 2
RMSE = Lict 2t (= ) (20)
MxN ’

Among them, x and y are original multispectral images
and fused multispectral images, respectively.

(6) SAM (Spectral Angle Mapper). SAM is also widely used in
multispectral image analysis to calculate the average change
of all angles in the spectral component. In order to calculate
the SAM between two multispectral images, assume that each
image has L bands, the pop vectors are v and w, and each has
L components, and the formula is as follows:

L
1 Zi:l Viw;

L L '
VZ;‘:1 V? \/Zizl wi2

(7) SID (Spectral Information Divergence). SID treats the
spectral components of each pixel as random variables and
then measures the difference probabilities between these
variables; x is a multispectral image with a probability
density P. Similarly, y is also a multispectral image and the
probability density of Q. Its formula is

L L
SID(x,y)zZpilog<§>+2qilog<%>. (22)
i=1 i i=1 i

SAM (v, w) = cos~ (21)

The CoDE algorithm [16], a variation of EA, is used to
tackle the proposed optimization model. The parameters of
CoDE are as follows: the size of the population is n = 20;
the algorithm stops after 100 iterations. For simplicity, we
name the proposed evolutionary IHS method with parameter
p as EIHS(p). Since CoDE is a heuristic method which may
get different results on different runs, the following results
are based on 50 independent runs of ETHS(p). Adaptive IHS
(AIHS) [13], the stationary wavelet, and PCA based meth-
ods are compared with EIHS on two 4-band multispectral
Quickbird images with size of 256 x 256 pixels [17]. All the
algorithms are implemented in Matlab 7.11 and executed on a
server computer with two Xeon 3.2 G CPUs and 96 G RAM.
Seven spectral performance metrics, which are used in [13],
are applied to assess the performance of the compared meth-
ods (the details of CoDE algorithm and more experimental
results are referred to in the supplemental materials. The
source codes are available from amzhou@cs.ecnu.edu.cn).

Firstly, we compare the results visually. The MS image,
PAN image, and the fused images obtained by the algorithms
are shown in Figures 3 and 4, respectively. It is clear that ATHS
and EIHS methods obtained better spatial information than
the other algorithms. Of course, these methods can effectively
fuse PAN and MS images, but each fusion image is not the
same. In Figures 3 and 4, the spectral information in (e)
is poor; the spectral information is rich and the profile is
clear in (d), but the spectral resolution is low and there is
artifact; there is no obvious disadvantage, but there is no
prominent advantage in (c); in (h), spatial information and
spectral information are well preserved and visually smooth.

Secondly, we consider the performance metric values,
which are listed in Table 1. The evaluation indexes of wavelet
method are the worst, which also confirms the poor spectral
information of Figures 3(e) and 4(e). Obviously, the EIHS
algorithm is the best of all. Even the worst runs of ETHS(2.0)
perform better than AIHS, PCA, and wavelet based methods
on the metrics except SID. We can also see that ETHS(2.0)
is slightly better than EIHS(1.0) and EIHS(1.0) is slightly
better than EIHS(0.5). EIHS methods are heuristic methods
and they get different results in different runs. However,
the performance metric values show that the std. values are
relatively small, which means that they are stable for the two
problems.

4. Conclusion

In this paper, we proposed an evolutionary approach for pan-
sharpening. In the approach, a multispectral image with both
high quality of spectral and spatial information is recon-
structed from the PAN and MS images based on adaptive
IHS method; the optimal control parameters for image fusion
are obtained by optimizing an objective function, which
considers the relations between the fused image and the given
PAN and MS images, through an evolutionary algorithm.
The new method was compared with three state-of-the-art
pan-sharpening methods on two test images. The test results
indicated that our method performed much better than the
other methods on most of the performance metrics. The
major reason might be that (1) the assumptions and the
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FIGURE 3: Results on Image 1. (a) Original MS image. (b) PAN image. (c) Fused image obtained by AIHS. (d) Fused image obtained by PCA
method. (e) Fused image obtained by wavelet method. (f) Fused image obtained by EIHS(0.5). (g) Fused image obtained by EIHS(1.0). (h)

Fused image obtained by ETHS(2.0).

TABLE 1: Performance metric values obtained in the experiments. The mean = std. values over 50 runs are recorded for EIHS methods.

CC ERGAS Qave RASE RMSE SAM SID
Reference values 0 0 1 0 0 0 0
Image 1
ATIHS 0.0569 6.5007 0.9586 25.5809 0.1297 3.2725 0.0749
PCA 0.1627 6.7983 0.8745 26.6405 0.1351 5.5390 0.0882
Wavelet 0.2208 6.9805 0.8409 28.5473 0.1447 4.5012 0.0345
EIHS(0.5) 0.0703 5.8937 0.9611 23.0899 0.1171 3.2656 0.0667
+0.0038 +0.0676 +0.0010 +0.2620 +0.0013 +0.0599 +0.0010
EIHS(10) 0.0289 5.2108 0.9711 20.4543 0.1037 2.6415 0.0538
+0.0045 +0.0810 +0.0011 +0.3136 +0.0016 +0.0690 +0.0021
EIHS(2.0) 0.0033 4.2844 0.9808 16.8296 0.0853 2.0571 0.0364
+0.0006 +0.0573 +0.0005 +0.2252 +0.0011 +0.0332 +0.0011
Image 2
AIHS 0.0565 6.1065 0.9663 23.4971 0.1208 2.9002 0.0706
PCA 0.1808 6.5425 0.8564 25.0917 0.1290 5.7535 0.0961
Wavelet 0.3362 6.8811 0.8070 28.8324 0.1483 4.9226 0.0328
EIHS(0.5) 0.0896 5.7235 0.9656 21.9481 0.1129 3.0889 0.0591
+0.0032 +0.0544 +0.0007 +0.2072 +0.0011 +0.0446 +0.0009
EIHS(L0) 0.0642 5.3055 0.9711 20.3573 0.1047 2.7474 0.0514
+0.0082 +0.1152 +0.0015 +0.4378 +0.0023 +0.0961 +0.0024
EIHS(2.0) 0.0084 4.1622 0.9833 15.9902 0.0822 1.9671 0.0360
+0.0024 +0.0703 +0.0006 +0.2696 +0.0014 +0.0400 +0.0017

proposed objective function are reliable for pan-sharpening
tasks and (2) the evolutionary algorithm succeeded in finding
good optimal control parameters to reconstruct the synthesis
image. It should be noted that the THS transformation model

is not able to avoid the local dissimilarities between the
MS and PAN images [2]; thus we will consider combin-
ing other models with evolutionary optimization in the

future.
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FIGURE 4: Results on Image 2. (a) Original MS image. (b) PAN image. (c) Fused image obtained by AIHS. (d) Fused image obtained by PCA
method. (e) Fused image obtained by wavelet method. (f) Fused image obtained by EIHS(0.5). (g) Fused image obtained by EIHS(1.0). (h)

Fused image obtained by ETHS(2.0).

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This work is supported by National Natural Science Founda-
tion of China (no. 61372147).

References

[1] L. Alparone, L. Wald, J. Chanussot, C. Thomas, P. Gamba, and L.
M. Bruce, “Comparison of pansharpening algorithms: outcome
of the 2006 GRS-S data-fusion contest,” IEEE Transactions on
Geoscience and Remote Sensing, vol. 45, no. 10, pp. 3012-3021,
2007.

[2] 1. Amro, J. Mateos, M. Vega, R. Molina, and A. K. Katsaggelos,
“A survey of classical methods and new trends in pansharpening
of multispectral images,” EURASIP Journal on Advances in
Signal Processing, vol. 2011, article 79, 2011.

[3] W. J. Carper, T. M. Lillesand, and R. W. Kiefer, “The use
of intensity-hue-saturation transformations for merging SPOT
panchromatic and multispectral image data,” Photogrammetric
Engineering and Remote Sensing, vol. 56, no. 4, pp. 459-467,
1990.

[4] P. S. Chavez Jr., S. C. Sides, and J. A. Anderson, “Compari-
son of three different methods to merge multiresolution and
multispectral data. Landsat TM and SPOT panchromatic,’
Photogrammetric Engineering and Remote Sensing, vol. 57, no.
3, pp. 295-303, 1991.

[5] J. Zhou, D. L. Civco, and J. A. Silander, “A wavelet transform
method to merge Landsat TM and SPOT panchromatic data,”
International Journal of Remote Sensing, vol. 19, no. 4, pp. 743—
757,1998.

[6] Y. Zhang and G. Hong, “An IHS and wavelet integrated
approach to improve pan-sharpening visual quality of natural

colour IKONOS and QuickBird images,” Information Fusion,
vol. 6, no. 3, pp. 225-234, 2005.

[7] V. P. Shah, N. H. Younan, and R. L. King, “An efficient pan-
sharpening method via a combined adaptive PCA approach
and contourlets,” IEEE Transactions on Geoscience and Remote
Sensing, vol. 46, no. 5, pp. 1323-1335, 2008.

[8] A. Garzelli and F Nencini, “Fusion of panchromatic and mul-
tispectral images by genetic algorithms,” in Proceedings of the
IEEE International Geoscience and Remote Sensing Symposium
(IGARSS '06), pp. 3810-3813, Denver, Colo, USA, August 2006.

[9] S.Liand B. Yang, “A new pan-sharpening method using a com-
pressed sensing technique,” IEEE Transactions on Geoscience
and Remote Sensing, vol. 49, no. 2, pp. 738-746, 2011.

[10] C. Jiang, H. Zhang, H. Shen, and L. Zhang, “A practical
compressed sensing-based pan-sharpening method,” IEEE Geo-
science and Remote Sensing Letters, vol. 9, no. 4, pp. 629-633,
2012.

[11] T. Tu, S. Su, H. Shyu, and P. S. Huang, “A new look at THS-like
image fusion methods,” Information Fusion, vol. 2, no. 3, pp.
177-186, 2001.

[12] T.-M. Tu, P. S. Huang, C.-L. Hung, and C.-P. Chang, ‘A
fast intensity-hue-saturation fusion technique with spectral
adjustment for IKONOS imagery,” IEEE Geoscience and Remote
Sensing Letters, vol. 1, no. 4, pp. 309-312, 2004.

(13] S. Rahmani, M. Strait, D. Merkurjev, M. Moeller, and T.
Wittman, “An adaptive IHS pan-sharpening method,” IEEE
Geoscience and Remote Sensing Letters, vol. 7, no. 4, pp. 746-750,
2010.

[14] T. Béck, D. B. Fogel, and Z. Michalewicz, Handbook of Evo-
lutionary Computation, Oxford University Press, Oxford, UK,
1997.

[15] C.Liu, C. Wu, and L. Jiang, “Evolutionary clustering framework
based on distance matrix for arbitrary-shaped data sets,” IET
Signal Processing, vol. 10, no. 5, pp. 478-485, 2016.

[16] Y. Wang, Z. X. Cai, and Q. E Zhang, “Differential evolution
with composite trial vector generation strategies and control



8 Mathematical Problems in Engineering

parameters;,” IEEE Transactions on Evolutionary Computation,
vol. 15, no. 1, pp. 55-66, 2011.

[17] DigitalGlobe, ‘QuickBird scene 000000185964_01_p001, Level
Standard 2A, DigitalGlobe, Longmont, Colo, USA, 2005.



Advances in
Op ranons Research

Advances in

DeC|5|on SC|ences

Journal of

Ap ||ed Mathemancs

Algebra

Journal of
bability and Statistics

The Scientific
Wo‘rld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
https://www.hindawi.com

Journal of

Mathematics

Journal of

clﬂhMbhemahcs

in Engmeermg

Mathematical Problems

Journal of

tion Spaces

Abstract and
Applied Analysis

International Journal of

Stochastic Analysis

International Journal of
D|fferent|a| Equations

Discrete Dynamics in
ure and Society

Optimization




