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We first provide a weighted Fourier multiplier theorem for multilinear operators which extends Theorem 1.2 in Fujita and Tomita
(2012) by using L"-based Sobolev spaces (1 < r < 2). Then, by using a different method, we obtain a result parallel to Theorem 6.2
which is an improvement of Theorem 1.2 under assumption (i) in Fujita and Tomita (2012).

1. Introduction

During the last several years, considerable attention has been
paid to the study of multilinear Fourier multiplier operators.
Let §(R?) be the Schwartz space of all rapidly decreasing
smooth functions on RY, for some d € Z*. The multilinear

Fourier multiplier operator T, associated with a symbol o is
defined by

TO’ (fl""’fm) (X)
= | e (g, ) )

Xfl(gl)fm(fm)dfldfm

for f; e S(R™),i=1,...,m.
Coifman and Meyer [1] proved that if o is a bounded
function on R™" \ {0} that satisfies

o ...a?:(,(gl,“_,gm” < Co([E] + - + |, |) (abriand
)

away from the origin for all sufficiently large multi-indices
«;, then T is bounded from the product LA(R") x -+ %
LPn(R") to LP(R") for all 1 < py,..., p,p p < 00 satisfying
1/py +---+1/p,, = 1/p. The multiplier theorem of Coifman
and Meyer was extended to indices p < 1 (and larger than
1/m) by Grafakos and Torres [2] and Kenig and Stein [3]

(when m = 2). Exploiting the idea of the proof of the
Hoérmander multiplier theorem in [4], Tomita [5] gave a
Hoérmander type theorem for multilinear Fourier multipliers
with more weaker smoothness condition assumed on ¢ than
(2). Grafakos and Si [6] gave similar results for p < 1 by
using L"-based Sobolev spaces (1 < r < 2). Grafakos et al. [7]
proved the L*-boundedness of T, with multipliers of limited
smoothness.

In order to state other known results, we first introduce
some notations. The Laplacian on R? is Ag = 27:1 0 g/axﬁ,
that is, the sum of the second partials of g in every variable.
We define the operator (I — A)V/z(g) = 971(w},¢°}(g)), where
w, () = (1+47°|E1")"? fory > 0. Let L, (R?) be the L"-based
Sobolev space with norm

171, = @ -"r

where 1 < r < 0.
Let § = (sq,..-

Lr(Rd)’ (3)

,S,,) and let the product type Sobolev

(4)

< (]t g lF@fa)

where £ = (£,,...,&,) and (§,) = (1 + |&)"2.



Let y € S(R™) be such that supp v c {£ e R™ :1/2 <
€l < 2}and ¥, y(277) = 1 for £ #0.

Let &4 (Rd) be the set of all Schwartz functions ¥ on R,
whose Fourier transform is supported in an annulus of the
form {£ : ¢, < €] < ¢}, is nonvanishing in a smaller annulus
{&: cl' <€ < cll} (for some choice of constants 0 < ¢; < cll <
¢) < ¢ < 00), and satisfies

Z‘/I\’(Z”E) = constant, &€ R\ {0}. )
jez

The weighted estimate for T, is also an interesting topic
in harmonic analysis. And it has attracted many authors in
this area. Recently, Fujita and Tomita [8] established some
weighted estimates of T, under the Hormander condition
and classical A , weights. For other works about the weighted

p
estimates for T, see [9, 10] and the references therein.

Theorem A (see [8]). Let1 < py, p,,..., Py < 00, 1/p;+
1/pn =1/p, and Nn/2 < s < Nn. Assume

(i) min py,..., py > Nn/sand w € A nin pys/ Nty prys/ N1
!
(i) min p,,..., py > (Nn/s) and 1 < p < 0o, 0" P €
Apls)(Nmy:

Ifo € L™ satisfies sup; ,lo(2*)yll. < oo, then T, is
bounded from L' (w) x - - - x LP"(w) to LP ().

An improvement of Theorem 1.2 is stated as follows.

Theorem B (see [8]). Let 1 < py, pys-..» Py < 00, 1/p; +
“+1/py = 1/p,andn/2 < s; < n, j = 1,...,N. Assume
p; >n/s and w; € A, o1y forl < j< N.Ifo € L™ satisfies

supkez||(f(2".)1/,||w(51 (i) < 00, then T, is bounded from

LA (w,) X -+ - X LP(wyy) to LP (w), where w = wP/P"--wII:]/PN.

The first purpose of this paper is to improve Theorem A
by using L"-based Sobolev spaces (1 < r < 2). The second
purpose is to give a new proof of Theorem B. The following
are the main results.

Theorem 1. For some 1 < r < 2, suppose that 0 € L™(R™)
and ¥ € & (R™) satisfy, for some mn/r < y < mn,

sup"a(Z Y =K < oo

L @) : (6)

Ifpis---» Py V> and the weights w satisfy one of the follow-
ing two conditions:
(i) min{py, ..., p} > mnly and w €
A

min{p, y/(mn),....p,y/(mn)}p>

(if) min{p,,...
Ap’y/(mn)’

P} > (mnfy)', 1 < p < oo, and P

then there is a number § = 8(mn,y,r) satisfying 0 < & <
r — 1, such that the m-linear operator T, associated with the
multiplier o, is bounded from L' (w) x - -- x LP"(w) to LP (w),
wheneverr — 8 < p; < oo forall j = 1,...,m, and p is given

byl/p=1/p, +---+1/p,.
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Theorem 2. Let1 < pl,...
> 1 P and S;+ e+ S,

s Pm < 2 andlets;, > n/p,...,
< n/p1 ~+n/p,+11Ifo e

is bounded from LT (w!') x - - -x L (w") to L (w?), whenever
1 < q.-54, < 00, 1/q, +-+1/q, = 1/gq, and
(w‘f‘,...,wfnm)e(Aql,...,Aqm)withw:wl---wm.

2. The Proof of Theorem 1

In this section we discuss the proof of Theorem 1. We begin
with some definitions for maximal operators. Throughout the
paper, M denotes the Hardy-Littlewood maximal operator
defined by

M (f) (x) = sup

where Q moves over all cubes containing x. For § > 0, M is
the maximal function defined by

. 1/6
My f () = M([f) /6<x)=(sup|Q|J F )Pd ) :
®)

In addition, M* is the sharp maximal function of Fefferman
and Stein:

Mﬂf(x)—supmfﬁj- If (y) - c|dy .
9

where f(, denotes the average of f over Q and a variant of M !
is given by

Mif (x) = MY(|f I5)1/5 (x). (10)

We prepare some lemmas which will be used later.

Lemma 3 (see [11]). Let 1 < p < co and w € A, Then

(1) wl_p’ € Apr; (2) there exists q < p such that w € Aq.

Lemma 4 (see [12]). Let 1 < p,q < 00, and w € A, Then
there exist positive finite constants C(p, q) such that

{zwm)l‘f}uq {zmrf}w

keZ keZ

<C(p.q)

LF (w) LF(w)

n
for all sequences { fi.} e, of locally integrable functions on R".

Lemma 5. Let Ay be the Littlewood-Paley operator given by
A(g)(€) = 37(5)‘?(2_"5), k € Z, where ¥ is a Schwartz
function whose Fourier transform is supported in the annulus
(€ 2% < & < 2%, for some b € Z%, and satisfies
Yier PQ27FE) = ¢, for some constant ¢, Let 0 < p < 0
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and w € A,. Then there is a constant ¢ = c(n, p, ¢, V), such
that for L¥ (w) functions f one has

1/2
(kzmkmf)

Proof. The proof follows from similar steps in Lemma 4 of [6]
and combines the method used in Remark 2.6 of [8]. Let @ be
a Schwartz function with integral one. Then,

|f (x)| = }Er%)|®t * f(x)| < sup |(Dt * f(x)l (13)
£0

(12)

1Al < €

LP(w)

Ifw € A, the weighted Hardy space H” (w) coincides with

the weighted Triebel-Lizorkin space F/ ? for 0 < p < oo.
Hence, if w € A, we have

| oy < [sup[@: + f ()]
t>0 LP(w)
= Ul = Ui "
1/2
Az
kezZ LP(w)
The proof is complete. O

Now we give the proof of Theorem 1.

Proof. Since the proof follows from similar steps in Theorem
lin [6], we just give the different parts. For each j = 1,...,m,
we let R; be the set of points (§,,...,&,,) in (R")" such
that IEjI = max{|,|,..., £, |} and we introduce nonnegative
smooth functions ¢; on [0, 00)™" that are supported in
[0,11/10]™" such that

J—

i <|El %M> (15)

& 4

for all (§,,...,¢,,) #0, with the understanding that the vari-
able with the hat is missing. These functions introduce a
partition of unity of (R")™ \ {0} subordinate to a conical
neighborhood of the region R;.

Each region R; can be written as the union of sets:

Ry ={(....&,) €

with k = 1,...,m. We need to work with a finer partition of
unity, subordinate to each R ik To achieve this, for each j, we

Ri:|g] 2 [&] vs#j}  (6)

introduce smooth functions ¢; on [0, o0)™?
[0,11/10]™? such that

O A G
1 Zg"f”‘<|sk|’“"|»:k|’“"fkl"“’|sk| )

forall (§,...

supported in

»&) in the support of ¢; with §; #0.

We now have obtained the following partition of unity of

(R")™\ {0}:

M§

§¢](")¢j,k("')) (18)
k#j

j=1

where the dots indicate the variables of each function.

We now introduce a nonnegative smooth bump y sup-
ported in the interval [(10m)},2] and equal to 1 in the
interval [(5m)7",12/10] and we decompose ¢ into a finite
number of multipliers:

0= ) 00+ 0¥, (19)

where

CDj,k(fl,...,Em):¢j(.-.)¢j)k(...)<1_v/<%>))
j

\Pj,k(gp--wfm):(/)j(---)(pj,k(..,)w(%).
J (20)

We will prove the required assertion for each piece of this
decomposition, that is, for the multipliers 0®; ; and 0'¥; ;. for
each pair (j, k) in the previous sum. In view of the symmetry
of the decomposition, it suffices to consider the case of a fixed
pair (j, k) in the previous sum. To simplify notation, we fix
the pair (m,m — 1); thus, for the rest of the proof we fix
j = mand k = m — 1 and we prove boundedness for the
m-linear operators whose symbols are o, = o®,,,, , and
o, = 0¥, 1. These correspond to the m-linear operators
T, and T, , respectively.

We first prove Theorem 1 under assumption (i). Since
1 < mn/y < min{r, py,..., p,,}, we can take p such that 1 <
mnfy < p < min{r,py,...,p,tand w € A0 o0
We first consider T, (f1, ..., f,,), where f; are fixed Schwartz
functions. We fix a Schwartz radial function # whose Fourier
transform is supported in the annulus 1 — (1/25) < [§] < 2
and satisfies

Y27 =1 §er"\{0). 1)
JEZ

Associated with 7 we define the Littlewood-Paley operator
Aj(f) = f * #,-j, where y,(x) = t""n(t_lx) fort > 0. We
also define an operator S; by setting

S;(9) =g * G, (22)
where ( is a smooth function whose Fourier transform is
equal to 1 on the ball |z| < 3/5m and vanishes outside



the double of this ball. As in [6, page 143], by using Lemma 5
we get

“Tal (fl’ v "fm)"LP(w)

1/2

<C Z'T S (fm 1) A (fm))'

(@)
(23)

We will use the following estimate for T, (see [6, page
145]):

|7, (S; (f1)s---»
_(:Kr]'n—_[1 (M (M(£)"))"(m

We now square the previous expression, we sum over j €
Z, and we take square roots. Since r — § = p, the hypothesis

p; > r—0 implies p; > p, and thus each term (M(M(fi)P))l/P
is bounded on L?i(w). We obtain

[T, Giveoos S o

{Z |T01 (S] (fl) 4

S (fu1) 8 (£))]

m(|a; () 0

<CK S] (fmfl)’

1/2
Aj<fm>>|2}

1/2
<en{ s )|

m—1
<1
i=1

LP(w)

Lbm(w)

(M (M(£)")"

lLPi (w)

pl2 p

Hlllelu»,

LPmlP (@ )

<C'K {ZM(|A,- (m)l”)””}

m
< C"KH"fi"LPf(w)’
i=1
(25)

where the last step holds due to Lemma 4 with g = 2/p and
the weighted Littlewood-Paley theorem.
Next we deal with 0,. Following [6, page 146], we write

Taz (fl""’fm—l’fm)
= 215, (85 (1),

j€Z

S (fra) oA Fonc) B (F)
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T, (S (f)---

m—2

<CK [](M(m(£Y)) ) (m

i (fua)o 8, (fm_l),ufm))l

|A (fm 1)|

PN
(26)

for some other Littlewood-Paley operator A'j which is given
on the Fourier transform by multiplication with a bump
©(277E), where © is equal to one on the annulus {£ € R" :
(24/25)-(1/10m) < [&] < 4} and vanishes on a larger annulus.
Also, S;. is given by convolution with {_;, where {’ is a smooth
function whose Fourier transform is equal to 1 on the ball
|z| < (22/10) and vanishes outside the double of this ball.
Summing over j and taking Lf (w) norms yield

1T, (Froeeos fnets o) 1

< e | TT (0 ()" 3, (v (1, o))
i=1 ]EZ
m(|a; ()"
LP(w)
< e |[TT(m (m(r)) )

i=1

1/2
x{,n ,z|M<|Aj<fi>|">f“’} ,
i=m-1 jeZ Lo (w)
(27)

where the last step holds due to the Cauchy-Schwarz inequal-
ity and we omitted the prime from the term withi = m — 1
for the matter of simplicity. Applying Holder’s inequality and
using that p < 2 and Lemma 4 we obtain the conclusion that
the expression above is bounded by

C'K [ filln " | £ “LPm(w)' (28)

We next prove Theorem 1 under assumption (ii). It was
proven in [6, page 136] that condition (6) is invariant under
the adjoints; that is, it is also valid for the symbols of the dual
operators o™ (&,,...,&,) =o€, ..., &, .- +--+&,)).
To prove the required assertion, by duality, it is enough to
prove that T;.n and T,.n are bounded from LA (w) x -+ x

LPr1(w) x LP’(wl_Pl) to LP:"(wI_P:"). We may assume that
P, = min{p,..., p,}. Since p,, < (mn/y)', we see 1/p',
1pe < 1p +1/p, + -+ 1/p,, = 1/p < y/(mn).
Hence, mn/y < min{r, p', p;,..., p_y}. Since p < p,, and

WP e Ay o) € A, we deduce that w € A, C
A, ;5 then @'~ Pn e Ay . It is obvious that w17Pm)/ P
w PP P Since p, < pro1/p=1/py 4+ 1/p+
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o+ 1 ppoy > 1py, + 1/pe = 2/p. Thatis, p < p/2;
thenw € A, ¢ A, ), C Ap, o Therefore, we take a

positive number p such that 1 < mn/y < p < min{r, p', p;,

csPmab and y > mn/p such that 0'? € Ay, and
weAp,, . We have
||T01*"‘ (fl’ ce fm—l’ fm)'lein(wl—p{")
<CK ‘|Z 'Tal (Sj (fi)>-sS; (fner) s
j
12
2
Aj (fm))| }
L ('~ Pm)
12
<C'K {ZM(|A,~ (fm)|P)2/p}
J Ve (29)
m—1 /
[T a0 )",
pr2y /P
" py\2/pP
<zt )|
j U”/p(wlﬂv')
m—1
X H"fi“LPi(w)
i=1
<C'K || filln @ “fm“mm(w)'
Similarly, we have
||TG;"‘ (fl’ cee fm—l’ fm)"Lp:n(wl—p:n)
m2 P 1/p 1/p;
< CK||[[(M(M(£)")) "w'™
i=1
Y (M (8, (fu))
jez
« (M (lAj (fm)|P))1/Pw—1/p+1/pm4
L (o' Pm)

m—2

(M (M)

LPi(w;)

Lmel/P(w)

5
pl2
P\ |12/P
Hgpote,cnr|
j€Zz LP’/P(wlfP,)

<CK “fl "LPI (w) " "fm"LPm(w)'
(30)
This concludes the proof of Theorem 1. O

3. The Proof of Theorem 2

We begin with some lemmas which will be used in the proof
of Theorem 2.

Lemma 6 (see [11]). Let 0 < p and § < oo and let w be a
weight in A . Then, there exists C > 0 (depending on the A
constant of w) such that

J;w (Ms f (%)) w(x)dx < C JRn (Mgf (x))pw (x)dx, (31)

for all function f for which the left-hand side is finite.

Lemma 7 (see [13]). Let 0 < p,p,p < 00, and
1/py + 1/p, = 1/p. Let o be a multiplier satisfying

$UPez |0 W llyersr oy < 00 fors, > max{n/2,n/p,-n/2},
s, > max{n/2,n/p, —n/2}, and s, + s, > n/p, + n/p, —n/2;
then T, is bounded from HP'(R") x HP2(R") to L¥(R").

Remark 8. It should be pointed out that Lemma 7 can be
extended to the case m > 3.

Lemma 9 (see [8]). Let v > 0, qy,...,4,, € [2,00), and
Sis...»Sy, 2 0. Then there exists a constant C > 0 such that

< J - <<JW F (&, 8)[" (fl)sldgl)%/ql

/4, Yan (32)
X<£2>52d£2) <£m>smd€m)

< C"F"Wsl/ql-«-»sm/qm(Rmn)

for all F

{ |x1|2+m+ |xm|2 <rh

€ WH/Mslan(R™) with suppF  C

Next, we give a pointwise control of MgTa( f) which
becomes very useful in the proof of Theorem 2.

Lemma 10. Let 1 < p,...,p,, < 2. Assume that o €

S; > n/py...sS, > n/p, and s; + - + s, < n/py+
~~+n/p,, +1. Forany 0 < § < 1/m, one has MgTa(f)(x) <
C ]_[;.'LIijfj(x).

Proof. For simplicity, we only prove for the case m = 2, since
there is no essential difference for the general case. Fix an
x € R" and a cube Q with side length J, such that x € Q.



Let f; = f) + £, where f = fixo and £ = f;x(q) for
i=1,2and Q" = 4+/nQ. Since 0 < & < 1/2, we have

(IQIJ

<o g ) I ) @) - CI‘Sdz)W

T, (fi. f,) @] - IC| |dz>

<o(g LI (M@

+ T, (0 ) @) + Ty (12 £5°) (2)

s 1/6
+T, (f). f;) () - C] dz)

so( & [t mere)”

1 o oo 0 e
+<@jQ IT, (£ £°) @) + T, (10 £5°) ()

s 1/6
+T, (£, f) () - C| dz)

=U, +U,.
(33)

We first consider U,. By Kolmogorovs inequality,
Holder’s inequality, and Lemma 7, we have

(L et

< C“T,I (floa fzo)”moo(Q,dx/lQl)

T, (f% £°) @) = T, (fi™, £5°) ()]

o, (2 150) (@) = T, (F2 £5°) ()|
]EZ
[ee] o0
<c j j
]éklzzokzzzo ZkZHQ*\ZkZQ* ZkIHQ*\Zle*

<cy 3y

kl 0k2 O]€Z J’ZkZHQ \2k2Q J2k1+1Q*\2k1Q*

[oe) [oe)
= ) D hg

k,=0k,=0
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2

<l1(igq J, lntola)”

j=1

2
<C[ M, f; ),
j=1
(34)

where 1/p =1/p, + 1/p, with p > §and 1 < p;, p, < c0.
Next we deal with U,. We choose C = Z?:1 C;, where

= TG (floo’fZOO) (X),
C, =T, (f. ) ), (35)
Cy =T, (£ f;) ().

We may split U, as U, < U, + U,, + U,;, where
1/
Uy = (lQlj T, (f° f5° )(z)—Ta(f{’°,f2"°)<x)I5dZ> )
1/
0= (5 | G2 -7, () o)
1/
Us = (g |11 0 ) @1, (1 ) o )

(36)

Now we estimate U,, first. We decompose o as

o= 00y (/) = Yo (37)

Jj€Z Jj€Z

Leto; = a(-)t//(-/Zj), where ¥ € &(RZ”) with supp v ¢
{EeR*™:1/2 < || <2} and Y iz W(277E) = 1,£#0. Thus,
we have

'U}/ (z=ypz=2)- 0}/ (x=ypx- J’z)| | (1) £ ()| dyy dy,

(38)

"7}/ (z=y1z2-3) - 0}/ (x=ypx- )’2)| |f1 1) f2 (n2)| dyy dy,
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Applying Holder’s inequality we have

|‘7}/ (z=yp2-y,) - ‘7}/ (x = ypx - )’2)' Lfi () £2 ()| dydy,

L, = ) J

jEZ 2k2+1Q* \2k2 Q* Jzkl +1Q’f \2k1 Q*

v Y PN 1p
<C J (J 0. (z2—y,2— -0 (x =y, x— d ) d
]; 2k2+1Q*\2k2 Q 2KI+1Q*\ 2k Q* | j ( N y2) j ( N J’z). V1 3%

(Jovg 00 0) " (]

1/py
=CY I X (JZkZHQ,, 1A Ol ‘dy1> <Lk2ﬂQ* 1> 02l 2dy2>

jez

(39)

p 1/p,
. £ ()’2)| 2d}’2>
2+1Q*

1/p,
Leth =z —xand Q = x — Q*. Then we have

I/ ’ l/p;
\Y% \% Pl Plh
L kyj = J J |‘7j (z_yl’z_yZ)_aj (x‘)’l)x_)’2)| dy, dy,
1 2k2+1Q*\2k2Q* 2k1+1Q* \Zle*

Y v Pl pilpi e
<C Jk _ ~<J _ ~|Uj (h+y1’h+)’2)_‘7j ()’1’)’2)| d)’l) dy,
2 2+1Q\2k2Q 2k1+1Q\2k1Q

I/pl l/p;
aroll i)
<C ; ,
= 201Gk G \ J2ang\h g |Gf V)2 N V2
<c(2h) M (2Rn) J (J o ()|
( ) ( ) 22115\ 2620 2k1+1Q*\2k16| J (yl yZ)'

gl Ph/p o 1/p}
1 2
x(1+ ]y [) dyl) (1+y])" dy,

_o\an2 n/p o\ep2 e
x(1+27n[ )" 27y, xy1> (1+ 7y ) 27y,
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< C(2k1 l)_sl (2k2 l)_sz2*,7‘(51+52)2j"((1/P1)+(1/P2))

1/p;

' P, /P -
" (JR” <I |2 " V( par ]y2)| 1(1 + |J’1|2) p/zdy1> (1 + |y2|2)sp/2d)’2>

< C(2k1 l)_sl (2k2 l)_sz2*,7‘(51+52)2j”((1/P1)+(1/P2))

o (zj,) W"Wﬂvsz >

(40)

where the last inequality holds due to Lemma 9. Suppose that % Z (2k1 l)*sl (Zkz l)*Sz 2/ prn/py=si=52)

2R <1< 27®1 Sincen/p, +n/p, — s, — s, < 0, we have SR

< CSup'lo' 2] II/"WI Y k151 2*kzszl*n/p1 lfn/pzl
(41)

) J.
j;zlkl’kz’] = Sl;p"G (2 ) WHWSI’SZ On the other hand

r Pi/p Ve
B < J (I o G+ hys + ) = ()| dyl) dy,
2k2 1Q\2k2Q 2k1 1Q\2k1Q

/! 1/p}

1 P 1210 %1

(JO |- v (o)) (3 +9h,y2+9h)|d9> dy1> dy2>
(42)

1

Po/p
<J (J -9 (o)) (3, + Oh, y, + 1) dy1> dy2> 46
0 2211Q\2k2Q \ J2k*1Q\21Q

< 2k2 lQ\szQ 2k1 1Q\2k1Q

<C

» PP 1p2
<C -9 (0}) G )| dyl) dyz> ,

( 2k2 ‘Q\Z"ZQ 2"1 'Q2MQ

where 1 = (h, h) € R*. Since - V(U}/)()’p)’z) =
Zzn h,o, (Oy)(yl,yz), we have

r=1""r

1/p}

2n PP
I,k j SC;l(Jzkz+lé\2sz<Jzkl 1Q\2k1Q| ) O 22 )| dyl) dJ’z)
St (ks 1\ J ( j
Scrzzll(z 1) " (2%) < o)

P 1/p,
x(1+ 277y, ) ) f”dy2>

! !

' 5 i . 204
0.() 2y ) (1o ol ) 2 )
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2n ' / 290
B _ . . . 2 2/ Pr
cciErn @) ([ ([, o ) @2 ) ey )
r=1
s 1/p;
S . .
X (1 + lyzlz) 2P dy2> 2’](51*52)2]”((1/171)*(1/}’2))
< Cil(zkll)—sl (2k2l)—szz—j(sl+sz)2jn((l/pl)+(1/p2))2j“O_ (21") 1//|
r=1 wie
(43)
where in the last inequality Lemma 9 was used again and P2y Vp:
hence x Pt |f2 ()’2)| 3%)
I . 00
j;z kyoky,j (44) <C Z 27k1($1*ﬂ/p1)
. k=0
<C Sup“U (21,) 1lll - o kisig~kasy p=npy jn/p, 1
j [eS)
. x Y 2RI, (M, f,
Combining the above arguments we have ky=0
o . <CM,, fiM,, f,.
T, (f% 1) (@) = T, (% £;7) ()] (45)
o0 00
<C Z Z 2*k1512*k2521*”/P1 l*”/Pz
ky=0k,=0 Thus, we obtain U,; < CM,, fiM,, f,. What remain to
1/p, be considered are U,, and U,;. We just estimate U,, since the
X (LWIQ* LA ()| dy1> same arguments can be applied to U,;:

IT, (2 £2) @) - T, (2 £2) ()]
<CY|L, (1 £°) @ - T, (£, ) )
J

< C;ki L

g Ol Gz 3) =0 (o= ) Ify () s

(46)
(o] v v Pl P3/p} p
<C z-y,2- -0 (x—y,x— 'd d
jékéo Lkz“Q*\zsz* (J 19 (z=yuz-2) g; (x=ypx )’2)| J’1> V2
» 1/p P 1/p,
X(J | () 1d)’l) (Jk |2 (1) 2d)’2> .
Q* 2 2+1Q*
Then by similar arguments as the above mentioned we get y Ve
that Y 8 8 X (Jk |f2 (yz)lp dy2>
2k2t1Q*
(o)
) . <C Z 2—kz(32—172)MP1 flMpz f2
T, (£, £5°) @ =T, (£, £5°) ()] k=0
< CMPlflMpzfz.
0 1/p 47
<C Z 2—kzszl—n/P1 l—n/P2<J |f1 (}’1)|P1d)/1) ( )
k=0 Q The proof of Lemma 10 is complete. O
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Now we are ready to give the proof of Theorem 2.

Proof. By Lemma 3, we can choose 1 < p <qandl <
P, < g, such that w! € A a/p, and wl e A_,, . Then by the
Hélder inequality, Lemma 10, ‘and the welghted boundedness
of M, we deduce that

17, CFo P lisamy < ST, (oo Sl
< CIMIT, (o £)) sy
< My, My, £l 1o (48)
<l i, <w$l>“MP1 A

< Cll il iy 1 £2llm e

The proof of Theorem 2 is complete. O
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