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We discuss existence, uniqueness, and Hyers-Ulam stability of solutions for coupled nonlinear fractional order differential equations
(FODESs) with boundary conditions. Using generalized metric space, we obtain some relaxed conditions for uniqueness of positive
solutions for the mentioned problem by using Perov’s fixed point theorem. Moreover, necessary and sufficient conditions are
obtained for existence of at least one solution by Leray-Schauder-type fixed point theorem. Further, we also develop some conditions

for Hyers-Ulam stability. To demonstrate our main result, we provide a proper example.

1. Introduction

In last few decades, FODEs become area of interest for the
researcher because of high quality accuracy and usability in
various fields of science and technology. A lot of physical
and natural phenomena can be modeled through FODEs
which provide better result than integer order differential
equations. Due to this, FODEs are regarded as a special
tool for molding. Numerous applications of FODEs can
be studied in various disciplines like chemical technology,
viscoelasticity, industrial robotics, mathematical economy,
turbulent filtration in porous media, fractals theory, ecol-
ogy, economics, plasma physics, metallurgy, electromagnetic
theory, biology, signal and image processing, control the-
ory, electric technology, chemical reaction design, potential
theory, radio physics, aerodynamics, pharmacokinetics, and
so on; further details are available in literature [1-7]. In
last few decades, the existence theory has been given great
attention by the researchers. In the concerned theory, they
studied existence, uniqueness, and multiplicity of solutions
by using different techniques of nonlinear analysis. Therefore,
theory on existence and uniqueness of solutions to nonlinear
FODEs has been explored very well; see [8-12]. Systems of

FODE:s have been considered in large numbers of research
articles, because most of physical, biological, and chemical
phenomena can be modeled in the form of systems of FODEs.
For example, Su [13] studied existence of solutions for coupled
system of fractional differential equations with two-point
boundary value problems given as

Del!"l (2) = §) (2, (2), D'y (2))

D%u, (2) = §, (241 (2), D'y (2)) "

0<z<l,

p (0) = py (1) =, (0) = i, (1) = 0,

where D%, DS, D%, and D” denote Riemann-Liouville deriva-
tives, 1 < 0,,0, < 2, §,. 3, [0,1] X B x X —
R are continuous functions, and y,v satisty 0, — ¢ and
0, — v > 1. Wang et al. [14] investigate existence and
uniqueness of positive solutions to a coupled system of
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fractional differential equations with three-point boundary
conditions. The corresponding problem is given as follows:

D"y (2) = 1 (211, (2)) »

DGZ,HZ (2) =, (2 (2)),

0<z<l,
py (0) =0, (2)
#, (0) =0,
i (1) =ap (1),
ty (1) = by, (1),

where functions &, &, [0,1] x [0,00) — [0,00) are
continuous, 1 < 6,60, < 2, 0 < ab <1, 0 <7y <
1, and D%, D% represent Riemann-Liouville derivatives. Liu
et al. [15] studied existence of positive solutions to a coupled
system of nonlinear FODEs with integral boundary con-
ditions. The considered problem is given in the following
sequel:

DYy, (2) = §y (2.1 (2) 11y (2)),
D%, (2) = F, (2.1 (2) 1y (2)),

0<z<l,

py (0) =0,
3)

1
p (1) = JO ¢ (2)dz, 0<z<1
H, (0) =0,

1
py (1) = JO Q) (2)dz, 0<z<1,

where D% ) D% are in sense of Riemann-Liouville derivatives,
S 52 (0,1) x (0,+00) % (0,+00) — (0,+00), and ¢, ¢ €
L'(0, 1) are nonlocal functions. The existence and uniqueness
of solutions of FODEs are an active area of research for the last
few decades. For some remarkable work, we refer the reader
to [8, 9, 13, 16-20].

Another qualitative aspect which is very important from
the numerical and optimization point of view is devoted to
stability analysis of FODEs. The stability of fractional dif-
ferential equations has gained great attention from the
researchers very recently. Different kinds of stability include
exponential, Mittag-Leffler, and Lyapunov stabilities; see [21-
23]. One of the most relaxed methods for stability for
functional equations was introduced by Ulam [24] and Hyers
[25] which is known as Hyers-Ulam stability. The aforesaid
stability has been very well investigated for ordinary differ-
ential and integral equations as well as functional equations;
see [26-29]. But for FODEs, the concerned stability is not
properly investigated. Very few papers can be found in liter-
ature in which some initial and boundary value problems of
FODEs have been considered; see 7, 23, 30-32].

Journal of Function Spaces

Motivated by the aforementioned contributions of
researchers, we discuss the existence and uniqueness of solu-
tions for coupled system of nonlinear FODEs with boundary
conditions involving fractional integral and derivative.
Further, we also investigate the Hyers-Ulam stability for the
proposed problem designed by

Dellﬁ (2) = &1 (21 (2) 1, (2))

Dy (2) = B (21, (2) 41, (2)), 0<z<]1,

0<z<l,

MO =k O = O == O =D
=0,

U (0) = 5 (0) = g1y (0) = -+ = " (0) =t (1)
=0,

where the derivative D is in sense of Riemann-Liouville,
n—-1< 0,0, < n n > 2, and the functions §,, &, :
I xR xR — R are continuous. We use Perov’s fixed
point theorem [33] and Leray-Schauder fixed point theorem
to develop some results for existence of at least one solution
for our proposed coupled nonlinear FODEs with boundary
conditions. Further, we establish some conditions for Hyers-
Ulam type stability to the considered problem. The whole
analysis is then demonstrated by providing a proper example.

2. Preliminaries

Here we provide some results and definitions for our pro-
posed coupled nonlinear FODEs with boundary conditions
from literature [1-3].

Definition 1. The fractional integral of order 8, € #" of a
function § : (0,00) — X is defined by

0, 1 z 01
Imz)-—r(el)jo -’ g wdn,  (5)

provided that the integral on right is converging.

Definition 2. The Riemann-Liouville fractional order deriva-
tive of a function § : (0, 00) — X is defined by

D)= — & jz(z—h)"‘el“%m)dh, ©)

T(n-6,)di" Jo

where n = [0,] + 1 and [0, ] represents the integer part of 0,,
provided that the right side is pointwise defined on (0, 00).

Lemma 3. The following result holds for fractional derivative
and integral:

PDF () =F(2) + 2"+ et T
%)

6,-n
+c,zt T,

for arbitrary ¢, € R, i=1,2,...,n.
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Lemma 4 (see [20]). Let y be a Banach space with P < x
closed and convex. Let 3 be a relatively open subset of P with
0€dandTJ : 0 — 0 bea continuous and compact (completely
continuous) mapping. Then either

(1) the mapping I has a fixed point in & or
(2) there exist y, € 00 and A € (0,1) with A = AT y,.

Definition 5. For a nonempty set Z, a mapping d : Z x
Z — R" is called a generalized metric on Z if the following
conditions hold:

(M) d(pys ) = Opn © Yy = ty, Yy, phy € X.

(M,) d(py 1y) = d(pips ) Yy, py € X, (symmetric prop-
erty).

(M) d(x,y) < d(x, ) + d(phy, 1) + dpy, y) V%, ys iy
U, € X (tetrahedral inequality).

Note. The properties such as convergent sequence, cauchy
sequence, and open/closed subset are the same for general-
ized metric spaces as held for the usual metric spaces.

Definition 6. For an n x n matrix A, the spectral radius is
defined by p(A) = max{l;|, i = 1,2,...,n}, where r;, (i =
1,2,...,n) are the eigenvalues of matrix A.

Lemma 7 (see [33]). Let (Z,d) be a complete generalized
metric space and let T : Z — Z be an operator such
that there exists a matrix A € M with d(Tu,,Tu,) <
Ad(uy, 1), forall p,u, € Z.If p(A) < 1, then I has a
fixed point y* € Z; further for any p, the iterative sequence
Upe1 = T U, converges to yg.

Definition 8. Consider a Banach space %", x %', such that
T LT W x Wy, — W, x W, betwo operators. Then the
operatorial system provided by

w (2) =T, (1) (2),
(8)
 (2) = T, (1) (2)

is called Hyers-Ulam stable if we can find A; (i = 1,2,3,4) >
0, such that, for each ¢; (i = 1,2) > 0 and for each solution
(uy>u;) € E of the inequalities given by

ey = 71 (s 1)l < 15
"!"2 -7, (#1’!"2)”00 <&,

there exists a solution (p;, ;) € E of system (8) which
satisfies

|l =]l < Aver + Asey,
(10)
l65 = oo < Aser + A e,

Theorem 9 (see [26]). Considering a Banach space W', x W,
WithT T, : W X W, — W, x W, being two operators
such that
"*671 (41 t02) = T4 (Mf,ﬂi)"m
<Ay -]l + Azl - 5] »
||=G72 (1 t2) =T 5 (#;’/’l;)lloo (1
<Agfn =t oo + Aslltr = 3] o »
V() (s 15) €W\ XU,

and if the matrix (f\\; ﬁj ) converges to zero, then the operato-
rial system (8) is Hyers-Ulam stable.

Lemma 10. An equivalent Fredholm integral representation of
the system of boundary value problems (4) is given by

1
1 @) = | Go, ), (g ()., ()

. (12)
by (2) = L Go, (2:1) B (B g (1), ()
where Gy , Gy, are Green’s functions given by
Gy, (2, h)
0,-1
M) 0<z<h< 1,
L) 0,-1 0,-1
M7 E-W o pez<n,
r(6,) r(6,)
(13)
Gy, (z,h)
0,-1
a-mrx 0<z<h<l,
[(6,) 0,-1 0,-1
[zA-m]>" (z-h) 0<h<z<l
r(6,) r(6,)

Proof. Applying the operator I?* on the first equation of (4)
and using Lemma 3, we have

p (2) = —19‘%1 (2,1 (2), 4y (2)) + clze‘_1 + czze‘_2

+62 g (14)

GeR, fori=12,...,n

The boundary conditions g, (0) = yi(O) = M;’(O) = ... =
Mgn—z)(o) = u;(1) = 0 and they yieldc, = --- = ¢, = 0 due to



singularity and ¢, = 191%1(1, p1(1), 4y (1)). Hence, (14) takes
the form

t (2)
27 6,-1
:rw)Lﬁl‘ml‘%dhummﬁbm»dh
1
L ' 0,-1 (15)
_Fwoﬁfz‘ml 1 (o (), 1y (1))

1
= || G, @1, (g (g ()

z€[0,1-0]

3. Existence and Hyers-Ulam Stability

Define U = {y(z) | u(z) € C[0,1]} endowed with
the Chebyshev norm [y, = max,jlpy(2)l. Further,
define the norms [|(py, o)lloy v, = lttilleo + lpialleo and
(1> )l s, = max{llp o> 2]l }- Then, the product
spaces (W'y X W |l - Ny s,y W'y X W, | - oy xo,) are
Banach spaces. Define the cones P, % ¢ %', x W, by P =
(i, 1) € W\ XUy =y (2), y(2) 20, Vz € [0,1]} and F =
(i) € P min [1,(2) + (@) > VI, )l
where ] =[0,1-0], 0 € (0,1).

Lemma 12. Assume that §,, 3, : [0,1] X B X R — R are
continuous. Then (uy, u,) € Wy x W', is a solution of (12),
if and only if (u, u,) € Wy x W, is a solution of system of
Fredholm integral equations (4).

Proof. The proof of Lemma 12 is similar to proof of Lemma
3.1in [18]. O

Define T : W\ X W, - W, x W, by
T (> i) (2)
1
= ([ 6o, @m B gy 1, )

1 )
L Gy, (2, mE, (7w (1), 4y () dh)

= (71 () (2), T, (> 112) (2)) -

By Lemma 12 the problem of existence of solutions of
the integral equations (12) coincides with the problem of
existence of fixed points of 7.

Lemma 13. Assume that &, F, : [0, 1] x [0,00) x [0,00) —
[0, 00) are continuous. Then T(P) ¢ P and T(K) C K,
where I is defined by (17).
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Similarly, by the same process with the second equation of the
system, we obtain the second part of (12). O

Lemmall (see [18]). Green’s function G = (GQ1 , ng) of system
(12) has the following properties:

(C)) Gz, h) is continuous function on the unit square for all

(z,h) € [0,1] x [0, 1].

(C,) G(z,h) = 0 for all z,h € [0,1] and G(z,h) > 0 for all
z,h € (0,1).

(C3) max,,.,G(z,h) = G(1,h), Vh € [0,1].
(C,) There exists a constant y € (0, 1) such that

6,-1 2\61
min G(z,h) >y (h)G(1,h) for € (0,1), he[0,1] wherey:min{y@l =<—> , y92=<—> ]» (16)

Proof. The relation I (P) ¢ [P easily follows from the
properties (C;) and (C,) of Lemma 11 and all we need to
show is that 7 (#) ¢ K holds. For (u,,,) € F, we have
I (41, ;) € P and in view of property (C,) of Lemma 11, for
all z € J, we obtain

T (P‘l (2), 1y (Z))
1
- | Ea@n® e . mdn
1
MQLG@@m%dhmm%mmD%

Hence, it follows that

mm (i 2), 1 (2)) 2 Yo, 17 (.”DHZ)"

(19)
Vz e ].
Similarly, we obtain
min T (41 (2) 12 (2)) 2 ¥, |17 (141> #2) o
(20)
Vz e ].
It follows that
min [T (i (2). 412 (2)) + T (11 (2) 1 (2))]
(21)
2y | Ty (1) T2 (s )y o, » V2 €T
which implies that 7 (u,, u,) € K. O

Lemma 14. Assume that 1,5, :
continuous; then

[0,I] X B xR — R are
: P — P is completely continuous.

Proof. We omit the proof, because it is similar to the proof of
Lemma 3.2 in [18]. ]

Lemma 15. Assume that §, and §, are continuous on [0, 1] x
RXR — R and thereexist ¢;, y; (i =1,2):(0,1) — [0,00)
such that the following hold:
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(Cr) |%l(z)[/l1”u£ - 81(Z)E)E)| < (&(Zﬂ,u] - El +
V1 (@), — s 2 € (0,1), for py, o, iy phy > 0

(Cz) 152 (2, s 1) — %2(zsm>!/72)| < ¢2(Z)|.u1 - ul +
Y, (2) |y — piyl, for z € (0, 1), py, py, iy, iy, 2 0.

(C3) p(A) < 1, where the matrix A € M, ,(R,) is defined
by

A

1 1
L Go, (1,7) ¢, (1) L Go, (L) yy (W dh | (22)

1 1 .
J, Go.1mgman | Gy, 11y,

Then system (12) has a unique positive solution (u,, u,) € P.

Proof. In view of Definition 5, we define the generalized
metric d by

Nl ~ E||m>
ez = 2l
V(s ) (s 1) €W\ XU

Obviously (7', x W',,d) is a generalized complete metric
space. For any (u,, i4,), (fi;, i) € W', x W', using properties
(C5) and (C3), we obtain

d (o 11) (7 ) = (

(23)

1
171 (1) )= 7, (707) )| < max | [Go, o)

N (B ), ) =y (e g (), 15 ()| di

: (24)
< | 6o, (L1 (8, 0 v O
w2 - ]l ]
which implies that
|‘071 (M) = T4 (E’ZTZN
1
<([eameman)ln-ml, o
+ <j: G, (L) y, (h) dh) |z - ol -
Similarly, we obtain
|§72 () = T, (E’E)l
1
< (L G, (1,7) ¢, () dh> . 06
" (Ll G, (1), (h) dh) I - .. -
Hence, it follows that
|7 (o> 1) = T (> 15)| < Ad (11, 1) > (17, 12)) » @)

V(s i) (s 1) € W\ X U5,

where

A

1 1
|, Go, gy an | Gy Ly ndn | G9)
= 1 1 .
|, Go,Lmgman | Gy, L1y,

By (C;‘ ), p(A) < 1. Hence by Lemma 7, system (12) has a
unique positive solution. O

Lemmal6. Let ¥, and §, be continuous on [0, 1] X B xR —
R and there exist a;, b, ¢; (i = 1,2) : (0,1) — [0, 00) satisfying

(C) 1B (2, i (2), (D) < a,(2)+b, (2) |y (2)+¢, (2) |, (2)],
z€(0,1), U,y =2 0;

(C3) 1B2(2, 1y (2), 1y (2))] < ay(2) +by (2) (|14 (2) |+ 6 1, (2)],
z€(0,1), U,y =20;

(CHA, = [, Gy (Lia(Wdh < oo, B, = [ Gy (L,
B)[b,(h) + c(h)]dh < 1;

(C A, = [} Gy (Ladh < co, B, = [ Gy (L,
B)[by(h) + ¢, (h)]dh < 1.

Then system (12) has at least one positive solution (y,, u,) in

Q= {(Mp#z) epP: (/41’(42)

) ( 2A, 2A, >}
< min ,——— |t
1-2B,"1-2B,
Proof. Choose r = min(2A, /(1 - 2B,),2A,/(1 - 2B,)) and
define 0 = {(y;, 1) € P: 4y, up)|l < r}. By Lemma 14, the
operator 7 : 0 — [P is completely continuous. Choose A €

(0, 1) and (¢;, 4,) € 00 such that (4, u,) = AT (yy, ). Then,
by properties (C, ), (C;), and (C; ), we obtain for all z € [0,1]

(29)

1
Iy @l < Amax | G, (@b

z€[0,1] Jo

: |%1 (), uy (B), uy (R) dhl

1
<A|[ %o e (30)

1
[ o, 1) (0 0 iy 0]+ ) sy ()| i

< (A, +7B)) < g

Similarly, we obtain [u,ll,, < 7/2; hence [[(p, )l < 1,
which shows that (y4,, y4,) ¢ 00. Thus, by Schauder fixed point

theorem, I has at least one fixed point in 0. O

4. Hyers-Ulam Stability of (12)

In this section, we obtain some appropriate conditions under
which the toppled system under our consideration is Hyers-
Ulam stable.



Let the following assumption hold:

(Cg) There exist constants & > 0, &; > 0, i = 1,2, such
that

|%1 (2, .”1’.“2) -3 (Z>.‘71»ﬁ2)|
< | -t + & | -],
o (31)
|%2 (2,115 12) = B2 (2 .”pl‘z)l
<8, |#1 —El + 8K, |.“2_E|~

Theorem17. Assume that hypothesis (Cg) holds and T |, T, :
W xXW, — W, xW, such that

"91 (.“1)1/‘2) - (HT’P‘;)HOO
<Ay -]l + A2l - 5o »
"‘672 (M1 1) =T 5 (1/‘;’!";)”00

<A o = pifloo + Al = 1]
for all solutions (uy, ), (yy 15 ) € Wy X W, with

Ay Ay
Q= , (33)
Ay Ay

converges to zero. Then the solution of coupled system (4) is
Hyers-Ulam stable.

(32)

Proof. Consider
1
171 (18 )~ 7, (7)) < max: | (G, (a1
(11 (g (1), g, W) = §y (g () 15 ()] dh - (34)

1
< [, G0 am 12 e Tl + 2 s -l

which implies that |7 (uy, 1)~ T 1 (fip, #o)| < Al =g lloo +

Al = 1l o
According to the previous sentence, A; = £,/T(0, +
1), A, = &,/T(0, + 1). Similarly, we can also get

“92 (P‘p.”z) -7, (VT’K;)HOO

<A - Elloo + Ay |y, - 172”00 >

where A ; = &,/T(0,+1), A, = &,/T'(0,+1). Therefore from
(34) and (35), we have the following system of inequalities:

(35)

"91 (#1’!/‘2) - (P‘r’!";)”oo
<Ay =t oo + A2 1 = 43 ] o »
17 (s t12) = T (67185 oo

<Ay | - [’lf“oo + Ay |y _quoo’

(36)

Ay A . -
where / = ( AL A ) which converges to zero. Thus, in view of

Theorem 9, the solution of coupled system (4) is Hyers-Ulam
stable. O
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5. Examples

Example 1. Consider the following coupled nonlinear FODEs
of boundary conditions:

5/2 5\ [ 2t (2) ZzP‘z (@) |
D ,ul(z)+l"<§)|:T+3—2]—0,

z €[0,1],

DS/ZMZ (Z)

5\ [ 92%|cos (4, (2))]
+r<£>[ 16V7 !

=0, z¢€][0,1],

9z |cos (i, (2))] ] (37)
32~/

py (0) = gy (0) =y (1) = 0,
1y (0) = g} (0) = iy (1) = 0.

Here n = 3 and ¢,(z) = I'(5/2)(z/16), y,(z) = I'(5/2)(z%/
32), ¢,(2) = I(5/2)(92°/16/), v, (2) = T(5/2)(9z/32+/m).

Moreover
A

|, Go, L g, Gran |Gy, Ly (i

_ JlGez(l,h)‘/’z(h)dh J1G02(1>h)W2(h)dh (38)
L 0

0

[0.0460 0.0007]

0.0068 0.0058 |
Here, p(A) = 4.61 x 1072 < 1; hence by Lemma 15 the BVP
(37) has a unique solution. For &, and & ,, we have a,(z) = 0,
b(z) = T(5/2)(z/16),¢.(z) = T(5/2)(z°/32),a5(2) = O,

by(z) = [(5/2)(92°/16/n), ,(z) = T(5/2)(9z/32+/7) and, by
simple calculation, we obtain

1
A, = L Gy, (2, 1) ay (h) dh < oo,
1
A, = L Gy, (2, ) ay (h) dh < co,
. (39)
B, - L Go, (2, 1) [by (h) + ¢, ()] d < 1,

1
B, - L Gy, (2, 1) [by (h) + ¢ ()] d < 1.

Hence, by using Lemma 16, BVP (37) has at least one positive
solution. Further, it is easy to compute the matrix @ which
converges to zero and so the solution is Hyers-Ulam stable by
using Theorem 17.

6. Conclusion

In this paper, we investigate existence and uniqueness of
solutions for the nonlinear FODEs with boundary conditions
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and also investigate Hyers-Ulam stability for the mentioned
problem. We use Perov’s fixed point theorem [33] and Leray-
Schauder fixed point theorem to develop some results for
existence of at least one solution for our proposed coupled
nonlinear FODEs with boundary conditions. Further, we
establish some conditions for Hyers-Ulam type stability to the
considered problem. The whole paper is very easy because of
relaxed methods and conditions.
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