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We address the problem of stochastic attractor and boundedness of a class of switched Cohen-Grossberg neural networks (CGNN)
with discrete and infinitely distributed delays. With the help of stochastic analysis technology, the Lyapunov-Krasovskii functional
method, linear matrix inequalities technique (LMI), and the average dwell time approach (ADT), some novel sufficient conditions
regarding the issues of mean-square uniformly ultimate boundedness, the existence of a stochastic attractor, and the mean-square
exponential stability for the switched Cohen-Grossberg neural networks are established. Finally, illustrative examples and their

simulations are provided to illustrate the effectiveness of the proposed results.

1. Introduction

In the last few decades, theoretical and applied researches of
artificial neural networks have been the new worldwide focus.
Some of the reasons for this are due to the successful hardware
implementations and their various applications, such as clas-
sification, associative memories, parallel computation, opti-
mization, and signal processing [1, 2]. It is recognized that
such applications of neural networks depend heavily on some
dynamic behaviors, such as stability properties, periodic
oscillatory behavior, and attractor and boundedness (see [3-
16] and references therein).

Since the seminal work by Cohen and Grossberg [17],
Cohen-Grossberg neural networks have been intensively
studied [2, 18-22]. During hardware implementation, time
delays do exist due to the finite switching speed of the ampli-
fiers and communication time; it is important to incorporate
delays into the neural networks. Generally speaking, there
are two kinds of delays, discrete delays and distributed delays
[2, 16, 23]. The utilization of discrete delays in models of
delayed feedback provides a good approximation in simple
circuits consisting of a small number of cells. When the neural

networks have a spatial extent due to the presence of a mul-
titude of parallel pathways with a variety of axon sizes and
lengths, it is necessary to incorporate continuously distrib-
uted delays. The distributed delay includes finite delay and
infinite delay [2, 5, 18, 24].

In real nervous systems, synaptic transmission is a noisy
process brought about by random fluctuations from the
release of neurotransmitters and other probabilistic causes
[19, 25-27]. It is well known that for stochastic neural net-
works, it is rather difficult to analyze their dynamic properties
due to the introduction of noise. Such studies are however
important for understanding the dynamic characteristics of
neuron behavior in stochastic environments. For instance,
during the implementation of Kalman filter training, stochas-
tic neural networks characterized as zero-mean white noise
have been successfully employed [2].

On the other hand, neural networks are complex and
large-scale nonlinear dynamics; during hardware implemen-
tation, the connection topology of networks may change
very quickly and link failures or new creations in net-
works often bring about switching connection topology [2].



To obtain a deep and clear understanding of the dynamics of
this complex system, one of the usual ways is to investigate
the switched neural network. As a special class of hybrid
systems, switched neural network systems are composed of
a family of continuous-time or discrete time subsystems and
a rule that orchestrates the switching among the subsystems
[28]. In general, the switched rule is a piecewise constant
function dependent on the state or time. The logical rule
that orchestrates switching between these subsystems gener-
ates switching signals [29]. Recently, switched systems have
numerous applications in the control of mechanical systems,
the automotive industry, aircraft and air traffic control,
switching power converters, and many other fields [30]. In
[28], Huang et al. are the first to investigate the robust stability
of switched Hopfield neural networks with time-varying
delays by an arbitrary switched rule. The average dwell time
approach provided an effective tool to study the stability
of switched systems. Wu et al. used average dwell time
approach to analyze the exponential stability of continuous-
time switched delayed neural networks in [31]. In [27], the
average dwell time and LMI method have been utilized to
discuss the exponential synchronization of switched stochas-
tic competitive neural networks with mixed delays. In
addition, [32] has focused on the delay-dependent global
robust asymptotic stability problem of uncertain switched
Hopfield neural networks (USHNNs) with discrete interval
and distributed time-varying delays and time delay in the
leakage term. Moreover, parametric uncertainty which often
breaks the stability of systems can be commonly encountered
due to modeling inaccuracies or changes in the environ-
ment of the model. To deal with the difficulties brought
about by uncertainty, exponential stability analysis and H,
control of different uncertain systems have received great
research attention [33]. Moreover, the parametric uncertainty
is assumed to be norm-bounded in [34]. Unfortunately, up
to now, few researchers have considered the mean-square
uniformly ultimate boundedness and stochastic attractor for
switched SCGNN with discrete delays and infinite distributed
delays.

However, these available literatures mainly consider the
stability property of switching neural networks. In fact, except
for the stability property, boundedness and attractor are also
the foundational concepts of dynamical neural networks,
which play important roles in the investigation of the unique-
ness of the equilibrium point (periodic solutions), global
asymptotic stability, global exponentially stability, and the
synchronization [35]. To the best of the author’s knowledge,
few researchers have considered the uniformly ultimate
boundedness and attractors for switched CGNN with discrete
delays and distributed delays.

Inspired by the above discussions, the objects of this paper
are to study the mean-square uniformly ultimate bound-
edness and stochastic attractor for switched SCGNN with
discrete delays and infinitely distributed delays by employ-
ing stochastic analysis technology, the Lyapunov-Krasovskii
functional method, the linear matrix inequalities (LMI)
technique, and the average dwell time approach (ADT).
In addition, the parametric uncertainty is considered and
assumed to be norm-bounded.
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As is well known, mean-square uniformly ultimate
boundedness (MSUUB) conditions are derived in terms
of linear matrix inequalities (LMIs), which can be easily
calculated by the MATLAB LMI control toolbox. All of
the above mentioned reasons motivate us to investigate the
problems of the MSUUB and stochastic attractor for switched
SCGNN in this paper. Numerical examples are provided to
demonstrate the feasibility and effectiveness of the proposed
criteria.

The rest of this paper is organized as follows. Some
preliminaries are given in Section 2. We present some basic
definitions and notations, as well as some lemmas needed
in later sections. In Section 3, we present some sufficient
conditions of MSUUB and stochastic attractor for switched
stochastic CGNN. In Section 4, an example is presented to
illustrate the effectiveness of the proposed approach. The
conclusions are summarized in Section 5.

Notations. The superscript “I” stands for matrix transpo-
sition; R" denotes the n-dimensional Euclidean space; the
notation P > 0 means that P is real symmetric and positive-
definite; I and O represent the identity matrix and a zero
matrix, respectively; diag{---} stands for a block-diagonal
matrix; and A ; (P) (A,,.<(P)) denotes the minimum (maxi-
mum) eigenvalue of symmetric matrix P. In symmetric block
matrices or long matrix expressions, a () is used to represent
a term that is induced by symmetry.

2. Preliminaries and Problem Formulation

The It6’s formula plays a key role in the dynamic analysis of
stochastic systems. To facilitate understanding, some related
results are cited here (see [36] for details). For a general
stochastic system dx(t) = f(x(t),t)dt + g(x(t),t)dw(t) on
t > t, with initial value x(t,) = x, € R", where w(t)
is m-dimensional Brownian motion defined on (Q, %, %),
f:R"XR" — R"and g : R" x R* — R™™. Let "*(R" x
R"; R") be the family of all nonnegative functions which are
continuous once differentiable in t and twice differentiable in
x. For V e @“*(R" x R"; R"), define an operator £V from
(R" x R*; R*) to R by

v

dv = £Vdt +
o0x

g(x(t),t)dw(f),

FV(x(t),t)
)
= Vi (x(t),1) + V (x(0) 1) f (x(£),1)

+%mb%umnngunﬁgum¢m

and V, (x(1), 1) = AV (x(t), 0)/ot, Vo (x(0),1) = @V (x(t),1)/
axiaxj)nxn, and V, (x(t),t) = (0V(x(t),t)/0x,,...,0V (x(t),
t)/0x,,).

In practical systems, the neural network models are
disturbed by environmental noises. Therefore, in this paper,
we will consider the stochastic Cohen-Grossberg neural
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networks with mixed time delay described by the following
stochastic nonlinear integrodifferential equations:

dx; (t) = -, (x; () [/}; (x; (1)) - Zaijfj (x]' (t))
i

= 2 bifi (% (t-,))
j=1

n

- Ve, LO kij (t =) f(x; (s)) ds - ],.] dt

=

)

+ Y 0y (6%, (1), % (t = 7;(1))) dw; (©)

=
i=1,...,n

System (2) for convenience can be rewritten as the following
vector form:

dx (t) = —a (x (1)) [3 (x(8)) — AF (x (1))

- BF (x (t - 7(1)))
©)

—Cjt K(t—s)F(x(s))ds—]] dt

+o(t,x({t),x(t—-1)))dw(t),

where A, B, C are known constant matrices with appropriate
dimensions, x(t) = [x,(t), ...,xn(t)]T € R" is the neural
state vector associated with the n neurons at time ¢, &(x(t)) =
diag[@, (x;(2)),...,a,(x,())] € R™" represents an amplifi-
cation function, B(x(t)) = [B,(x,(t)),..., B, (x,(t)] € R*"
denotes the behavior function, F(x(t)) = [F;(x;(t)),...,
Fn(xn(t))]T is the neuron activation functions, K(t — s) =
diaglk, (t—s), k,(t—=s), ..., k,(t=9s)],7(t) = [1,(£), ..., Tn(t)]T,
J="Up---s ]n]T is the constant external input vector, o(f) =
(0i(£))xn 1s the diffusion coefficient matrix, and w(x(t)) =

[w, (x1(£)), ..., wn(xn(t))]T is an n-dimension Brownian
motion satisfying E{dw(t)} = 0, E{dw?(t)} = dt and defined
on a complete probability space (Q, #, ) with a natural
filtration {F,},, generated by {w(s) : 0 < s < t}, where
we associate () with the canonical space generated by w(t)
and denote by # the associated o-algebra generated by {w(t)}
with the probability measure .
The discrete time-varying delays 7(¢) satisfy

0<7, <7(t) <T) < +00,
(4)
T(1) <ph

and the delay kernel k; is a real valued continuous function
defined on [0, +0co] and satisfies; for each j,

[Tk @ds=1. 5)

0

Moreover, there exist 1 > 0 and matrix K = diag{k, (:),
k,@0),....k, (0} >0,

(o)
j ki(s)eds =k, (1). (6)
0 =j

As usual, the initial conditions associated with system (3)
are given in the form

x({t)=¢(), —-o00<t<O, (7)

where the initial value function ¢ € ngo([—oo, 0], R") is the
family of all #;-measurable C([-00,0]; R")-valued random
variables satisfying sup_oogssoEll(p(s)||2 < 00, in which E
denotes expectations with respect to & and C([-00,0])
denotes the family of all continuous R"-valued functions ¢(s)
on [—00,0].

We can describe the switched stochastic Cohen-Gross-
berg neural networks as follows:

dx (t) = —a (x (1)) [3 (x (1) = Ao F (x (1)

—B,yF (x(t -7 (1))
(8)

t
~Cy Lx, K(t—s)F(x(s)ds—J | dt

+o(t,x({@),x(t—-—1()dw(t),

where the function o(¢) : [0, +00) —» N ={1,2,..., N} is the
switching signal, which is deterministic, piecewise constant,
and right continuous.

To continue our discussion, we give the following basic
assumptions.

(H1) We assume there exist constants 8; and 6;, i=1,
2,...,n, such that

< fj(x)—fj()’)
< —x—y

5.

; <8, Vx,yeR x#y. (9
(H2) There exist positive constants e;, «;, for all i = 1,
2,...,n, such that

o < a;(x; (1) < ;. (10)

1

(H3) There exist positive constants b;, such that
x; () B (x; (1) = by (8) . (1)

(H4) We assume that the stochastic term satisfies o(t, -, -) :
R" x R" x R* — R™™(0(t,0,0) = 0) which is
locally Lipschitz continuous and satisfies the linear
growth condition as well. Moreover, o(t, -, -) satisfies
the following condition:

trace [GT (t,x, y)o (t,x, )’)]
(12)

<< x + y' TG I, y,

where I1;, (i = 1, 2) are known constant matrices with
appropriate dimensions.



(H5) The AA,(t), AB;(t), and AC,(t) are unknown matrices
that represent the time-varying parameter uncertain-
ties and are assumed to be of the following form:

AA;(t) = Hy Gy, (D Ey,
AB; (t) = HBiGB,- (1) EBi’ (13)
ACi (t) = HCiGCi (t) Eci,

where HA , HB, HC, EA R EB, and EC are known
real constant matrices with appropriate dimensions.
G,,» Gp, and G, may be time-varying matrices with
Lebesgue measurable elements bounded by

Gy, (Ga, <1,
Gy, (1) Gy, <1, (14)

Gi ()Ge, < 1.

Remark 1. The constants[; and L ; can be positive, negative, or
zero. Therefore, the activation functions f(-) are more general

than the forms If]-(u)l < KjluI,Kj >0,j=1,2,...,n

Remark 2. 1t is worth mentioning that the structures of the
parametric uncertainties with the form (13) and (14) are
more general than those in previous literature in [28, 34, 37].
However, Hy = Hp = H(, has been discussed [28, 34, 37].
Recently, in [35] the attractor and boundedness of stochas-
tic Cohen-Grossberg neural networks without parametric
uncertainties were investigated.

Definition 3 (see [38]). The system (3) is mean-square uni-
formly ultimately bounded, if there exists a constant vector
B > 0, for any constant ¢ > 0; there is t' = t'(g) > 0, for all
t>t,+t,t, > 0, @l < g5 the solution x(¢, ty, @) of system
(3) satisfies such that

Elx (. t0.0)] < B 5)

where El|x(t, ty, @)l = sup_o .o Ellx;(t + s,t5, @) and ¢ €
b
Lgo([—oo, 0];R™).
. b = .
In this case, the set A = {p € Lg, | Elp(s)lo, < B}is

called the attractor for the solution x(¢; ¢) of system (3) in the
mean-square sense. Clearly, the proposition above is equal to

Jim supinf |x - y] =o. (16)

Definition 4 (see [39]). For the switching signal o(t), con-
struct a switching sequence {(iy,a(ty)),..., (i, o(t))s ...}
o(iy) € N,k =0,1,...,N, where f, = 0 is the initial time
and t; denotes the i, th switching instant. Moreover, o(t) =
i means that the ith subsystem is activated. N denotes the
number of the subsystems. For each T > t > 0, let N (t,T)
denote the number of discontinuities of o(¢) in the interval
(¢, T). If there exist N, > 0 and T, > 0 such that N(t,T) <
Ny+(T'-1)/T, holds, then T, is called the average dwell time.
N, is the chatter bound.
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Remark 5. Tt should be pointed out that for the chatter bound
N,, in our work, we take N, > 1, which is more preferable
than those previously reported in [31, 37]. If T, = 0 is equiva-
lent to the existence of a common function for all subsystems,
this implies that switching signals can be arbitrary. Hence,
the results reported in this paper are more effective than the
arbitrary switching signals reported in the previous literatures
(28, 37].

So, to obtain the main results of this paper, we introduce
the following lemmas.

Lemma 6 (see [40]). For any positive-definite constant matrix
Z € R™, scalar T > 0, and vector function u(t) : [t — r,t] —
R",t >0, then

(1) Jensen’s inequality

t
- J; QT (s)Zo(s)ds

< 4([ o) ([ o)

17)

)

o t
- L L & ©Ze()dsdd

T —

-Z (J: J;G 0(s) dsd9>.

Lemma 7 (see [41]). Let &, M, and M, be real matrices of
appropriate dimension such that * & < I. Then for any scalar
e > 0 and vectors x and y with appropriate dimensions, the
following inequality is true:

2/%{5/’./%2)/ < s_leﬂl./%{x + syTﬂ;F/%y. (19)

Lemma 8 (see [41]). For any real matrix X, Y and one posi-
tive-definite matrix G, the following matrix inequality holds:

2XTGY < eXTGX + e 'Y GY. (20)

Lemma 9 (see [42], Schur’s complement). The LMI
Q, Q
Q=< H 12)<0 1)
*
with Q) = Q1, Qy, = QL is equivalent to
Q,, <0,

o (22)
Qi1 = 91,00y, <0
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3. Main Results

Theorem 10. For given constants 3 > 0, & > 0, u < 1,
if there exist positive scalars A and positive-definite matrices
P = diag(p;, pys--->Pp)» L = diag(ly,L,..., 1), D~, =
diag(D;;, Dy, ..., D), (i = 1,2), Q1, Q, Q3. Qu R S, Z, Z,
U, such that the following conditions hold:

A,
(¢ 0 0 0 ¢s 0 0 ¢g ¢y 0 0 07
* ¢y 0 0 0 ¢ 0 ¢ppg 0O 0O 0 O
ook gy 000 0 ¢ 0 ¢y O 0 0
ook x Py s 00 Py Py 000
* % % x ¢ 0 0 0 0O O 0 O
* % x x % o 0 0 0 0 0 O
Tle ox x x s ¢, 0 0 0 0 O (23)
* & ok x %k x e 0 0 0 O
* % ok % % % % % gy 0O 0 0
* ok ok ok % % % x % ¢ 0 0
* % ok ok k% %k ok * $11 0
L+ % % % % x  x  k ok % % %12_
<0,
P <L
where

1
¢y = 5 | BP - 20, PQ, + MI[ I, +eQ,D; + P
a
1

432

+ I+ TMeﬁTMQ1 + TmeﬁTsz + e[;TMQ3 + 7R

2 2
T Tar—
+(1r]\/1—1rm)8+TMZ+TMZ—Q3D1 ,

¢15 = PA,

¢15 = PB,

¢19 = PC,

$20 =~ Qs
P26 = 25 =0,
¢33 = —7,,Qys
$37 = 39 =0,
Pyy = /\HZHZ -O;D, + ﬁl -(1-p)Qs,
$45 =0,

Pug = D,
P49 =0,

5
_ 1
¢ss = eF™MQ, + LK (1) +¢'Q,D, + 15,U - D, + G
-,
—Btm
e
$os = ———R,
66 -
—Brm
e
= — S)
é77 P——
1
bgs =—(1-p)Q — D, + pl’
$oo = —L,
$10=— (1 - .“) ei'gTMU’
511 = —eFrz,
512 = —eP™7Z,
D,>0, i=1,2,
Q; = diag{c?[&f,(gé;,...,6;6;},
0, - diag 8, +8] 6, +6, 5, +9,
4 2 > 2 P 2 >
(24)

then system (3) is mean-square uniformly ultimately bounded.

Proof. Choose the following Lyapunov-Krasovskii func-
tional:

V) =Vi@)+V,(6) + V5 () + Ve (£) + V5 (t), (25)
where

V() = P x" (1) Px (1),

t
V, () =7y J P T () Qux () dis

t—Tp;

t
+71, J P T () Qux (5) ds
t—T,

m

t
+ J Pt T (5)Qsx (s)ds
t

—7(t)

+ Jt PHIET (x (5) Q,F (x () ds,
t—1(t)

0

Vi () = j Lt T (9 Rx(9) dsdd

™

-T, (t
+ J J ¢#xT (s) Sx (s) dsdo
- t+6

™

0 t
+ Ty J J P FT (x () UF (x (s)) dsd,
—1(t) Jt+0



0

2 0 t
V() = T—Mj J j P57 (s) Zx (s) dsdAd6
2 0 Jeer

™

2 2
(TM - Tm)

2

~T,, 0 (t .
. J J J P x" (s) ZX (s) dsd)d6,
-y J0 Jt+A

Vy(t) = sz K, (5)] LIV (x () dyds.

(26)

By applying the It differential formula, the stochastic deriva-
tive of V (¢) along the trajectory of system (3) is

dav (t)
= FVdt (27)
+2eP' 5T () Po(t, x (1), x (t — (1)) dw (£).
With the infinitesimal-operator, we can deduce that

LV, = BeP' <" (1) Px () - 2P x" (1) Pax (x (1))

: [/3(96 (t)) - AF (x (1))

—Cr K (t —s)F(x(s))ds— BF (x(t — t(t))) (28)

_ ]] + eﬁt%tra [0 (tx(8),x(t = T(E) Vi (x,1)

o (tx(t),x(t—-T(1)].

Denote Q; = diag{a;,«,,..., «, b, Q, = diag{b,b,,..., b},
according to assumptions (H2) and (H3). Then, we obtain the
following inequalities:

2eP % (8) Pa (x () B (x (1))

= —Zeﬁtzxj (t) Pj“j (xj (t)) ﬂ] (xj (t))
j=1

(29)
< —2¢# Z(x] pib; (1) = —2¢Mx" (£) Q, PQ,x (£) .
By assumption (H4), we have
%eﬁttra [otx (), x(t—T(®) Vi (x5,1)
o (tLx (), x (=T (1)] = €Ay (P)
~tra[o (b x (1), x (t— 7 () (30)

o (tx(t),x(t—1(1)] < AP 5T (1) T x (1)

+ AP T (¢ — T () T TLx (t — 7 (8)).
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Combining inequalities (29) and (30), we derive
LV, = P 5T (1) Px (1) — 267 x" (t) Q, PQ,x (1)
+eft [ZxT (t) P (x () AF (x ()
+2x7 (t) Pa(x () BF (x (t - T (1))
+2x7 (t) Pa(x (1) C J_too K(t-s)F(x(s)

+2x"7 (t) Pa(x (1)) ]] +py [x" () T PIT,x (1) ]

+p, P X" (t - 7 (1) T PTyx (¢ — 7 (1))
< e [ Bx" (£) Px () — 2x" () Q, PQ,x (1) ] 31)

+ | 2xT (£) Pa (x (t)) AF (x (£))

+2x" (t) P (x (t)) BF (x (t — 7 (1))

+2x7 (£) Pa (x (1)) C Jtoo K(t-s)F(x(s)
+x () Px(t) + & ]TP]] P

+ e [Ax" () T T1x (1)

+Ax" (- T () G x (t -7 (1)],

where o = max{a;, a,, ..., «,}.
Then, we easily derive

LV, =1y P, T () Q,x(t) - TMeﬂt T (t—1y)
cQux (t—Ty) + T Blt+tn) T (1) Qyx (t)
Tm) sz (t - Tm)

+ P [T (1) Qux (1) + FT (x () QuF (x (1)

— 1P X" (t -

= (=7 (1) P [T (- 7 (1) Qux (t7 (1))
+F' (x(t -7 (1) QF (x (t — 7 (1))]
(32)
< 13 KT (1) Qux (1) - Ty kT (t—1y)
cQux (t—Ty) + T T, T (1) Qux (t)
Tm) sz (t - Tm)

+ P [T (1) Qux (1) + FT (x (1) QuF (x (1)

—1,eP X" (t -

—(1-p) e [x"(t - 7(1) Qux (tr (1))
+F (x(t -7 (1) QF (x(t —T(1))].
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Similarly, calculating the operation of &£V, along the
trajectory of system (3), one can get
t

PV, = TMeﬁt T () Rx () - J P xT (s) Rx (s) ds

=Ty
+ (13 = 7,) €' x7 (£) Rx (1)
- Jt_Tm P xT (s) Rx (s) ds + T, T (1) P ET (x (1)
“UF (x (1)) — 1) (1 = 7 (2))

: r PETOET (x () UF (x (s)) ds
t—1(t)

(33)
< TMeﬁth (t) Rx (t)
t
— Pt J x" (s) Rx (s) ds + (1p; - T,,,)
=Ty
t-1,,
P xT (1) Rx () — P J xT (s)Rs (t) ds
=Ty
+12,eP FT (x (1) UF (x (1)) — Tpr (1 - 1)
. ePlt=m) Jt ET (x (s)) UF (x (s)) ds.
t—1(t)
By Lemma 6 (1), it follows that
t
— e P J x7 (s) Rx (s) ds
=Ty
o B t T t
< - o (LTM x (s) ds> R (JtTM x (s) ds)
t-1,,
— ¢ P J x7 () Sx (s)ds
t—=Tpr

—Bty t-7,, T t-7,,

< ° <J x(s)ds) S(J x(s)ds) (34)
v — T t-Tyy t—Tp

—Tye ﬁTMJ FT (x (s)) UF (x (s)) ds
t—1(t)

¢ T
< —¢ P (J F(x(s)) ds)
t—1(t)

‘U <J;t_T(t) F(x(s)) ds) .

Similarly, one can derive

2
PV, = f Pt T(t)Zx(t)—T—M

(7% =)
4

0 t
. I I P xT () Zx (t) ds do +
—Ty Jt+0

(- 70)
2

P (t) Zx (t) -

~T, (t .
: I J FxT (1) Zx () ds dO
- t+0

™
T2
<l [ZMxT ) Zx ()

B 2
e Prvgy,
2

0 t
J J T (6) Zx (t) ds dO
—Ty Jt+6

—~
£h
|

[3)
N—

+ TT’”xT (t) Zx (t)

Bty (2 _ 2 S
e T T m ~
_er (i) "‘)j J L) Zx(t)dsdo | .
Ty JE

2 +0
(35)
Using Lemma 6 (2), we have
—Brm 0 t
¢ TMJ J X7 (1) Zx (t) ds d6
2 -1y Jt+0
0 t T
< —¢ P <J J x(s)ds d@) (36)
—Ty Jt+0
0 t
Z(J J x(s)dsd@).
—Ty Jt+0
Similarly, one can obtain
—Bru 2 2 _T ¢
e Ty, — T " _
) J J «T () Zx (t) ds d6
2 —Ty Jt+0
< —¢ P <J J x (t)ds d@) (37)
—Ty JE+0

7 <J__m J;ex(t) ds de).

Then, noting the condition IOOO k;(s)ds = 1 and the Cauchy-
Schwarz inequality

(Jpas) = ([ ow)([os). o

it can yield

v, =3, JO K, ) POV (x; () do - Zl

j=1

. B (x (-
JO K, )P F (x, (t - ) do



= eﬁfZZ k; () F} (x; (1)) do —eﬁtilj
j=1

J K, (6)dSJ K, ) F (x, (¢ - ) do
0

<P FT (x (1)) LK (1) F (x (t)) — ilj
j=1

' (Jw ki @) F; (x;(t-9) dé)z = M (x (1)
-LK (1) F (x (t)) — ([OO K (t—-s)F(x(s)) ds)T
~L<[OOK(t— s)F(x(s))ds).

(39)

Then, based on assumption (HL), it easy to see that, for
j=L2,...,n,

[F; (x;®) - F; (0) - 87 x; S ()]
B (x;0) - F;(0) - 87x; (0] < 0,
[F; (x; (¢t -7 (1)) - F; (0) -
[F (x5t =) - F; 0) - 87 x; (¢ = 7 (1))]

8 (t - (1)) (40)

<0.
Then, let

ZDU [E; (x; 1) = F; (0) = 8 x; (1)]

[F; (x;®) - F;(0) - 8ix;(1)] =0,

Y, ==Y Dy, [F; (x; (£ - 7 (1)) - F; (0) (41)
=1

-8 x; (- ()] [F; (x; t -7 (1)) - F; (0)

-8x;(t-T(1)] 20
Therefore,

Y, +Y, = —j_ilDU [F; (x;®) - F; (0) - 8;%; )]
[F; (% () = E; (0) = 87x; (1)]
- ZDZJ. [F; (x;(t -7 (t)) - F; (0)
8 x;(t-1 )] [F; (x; ¢t - 7)) - F; (0)

~8Tx;(t-T(0)] = ZDU[ F; (x; ()

Discrete Dynamics in Nature and Society

5% O] [F; (% 0) = 87x; )] - ZDZJ
E (x5t = @) - 8%, (t - T (0))]

.[Fj (xj (t—T)) 8+x (t- r(t))] ZDl]F] (0)
+ YDy F; 0) [2F; (x; () ~ (87 + 65 ) x; ()]
j=1

ZDZJF (0) + ZDszj 0) [2F; (x; (t -7 (1))

j=1

—(87+87)x; k-7 (1)) <

=20y, [E; (x; ®)
i
J(t)][ (x (t)) 8+x1(t)] ZDZJ

E (=T (0) - 85 x; (¢ - T (8)]
E (=T (@) - 87 (2 - T (8)]

J
71
+;[ﬁ_F (x )+ DU ](O)+?x] ®)

.

+BDL 0)(5] + 87|
+i[ﬁ2 ]( (t-7() )+[3D2]J (0)

P12 (t- T(t))+/5D21 ](0)( )]

4p2"l
(42)
From Lemma 8, the following inequality holds true:
2xT (t) Q,D,F (x (1))
<ex’ (1) Q,D,x (t) (43)

+& 'FT (x () Q,D,F (x (1)).
Denote

@) = [xT ), x" (t-1y),x" (t-1,),

T

' (t-T(®),F (x(t)), (J: x(s) ds> :

(J:_Tm x(s) ds)T T (x(t—T (1),

—Ty
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(j_tmmt S9F@E)ds) |

T

t T
(], Feoas) slof o],

where
0 t
yl(t):<J J xT(s)Zx(s)dsdG),
-1y Jt+0
Ty t ~
yz(t):<J J xT(s)Zx(s)dsd6>.
—Ty Jt+0
®, 0 0 0 @, 0 0
x @y 0 0 0 @y 0
* % Oz 0 0 0 @y
* ook ok Dy Oy 00
* * * * Oz 0 0
* * * * * Dg 0
A:
% * % * % * O

1 T
®,, = BP - 2Q,PQ, + M1 11, + eQ,D, + P + TR 13 €™Q, +1,,8F"Q, + P ™MQ, + Ty R + (1y — 7,,) S + TMZ

‘l’2 —
+ TMZ -Q,D,,

D5 = Pa(x (1)) A,
® 5 = Pa(x(t)) B,
D,y = Pa(x(t))C,

Dy, = -1 Qys
D5 = g = 0,
Q33 = -7,
D37 = Oy = 0,

Dy = AIGTL, — Q;D, +

Q45 =0,

43

I_(I_M)Qy

(44)
(45)
Dy Dy
Dy O
0 @y
Dy Dy
0 0
0 0
0 0
Dgs O
* Dy
% *
* *
* *

/32

S O O O O o o o o

S

Using (27)-(43), we can derive

dv (t) < LVt + 2¢P' x" (t) Po (¢, x (), x (¢

—1 (1) dw(t) + e (Y, +Y,) < ¢ (1)

AL () + P T TTPT + 2P xT (8) Po (t, x (1), x (¢

—7(1))dw (t) + eﬁtz [ﬂZD%jF]? (0)
=1

. \2
+ B°D3F; (0) (87 +67) + B°D3;F; (0)

+ B2DLF (0) (87 + 6;)2] ,

2j

where

0 0 7

0 0

0 0

0 0

0 0

0 0

o o |’

0 0

0 0

0 0
D, 0

* D,

2

(46)
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D@y = QD,,
Dy =0,
D5 = F™MQ, + LK (1) + £ ' QD + 12,U - D, + ﬁz

~Brm
Dgs = ————R,

™

—Brm

D, =———5,

M~ Tm

1

Qgg =~ (1-p4)Qu—D, + 521
gy = ~L,
Dy =—(1-p)e Foug,
D, = —e Pz
O, =—FZ

By integrating both sides of (46) in time interval ¢ € [t,, ]
and taking expectation results in

E{V(x(0)} <E{V(x(ty)}+E {ﬁ—leﬁtaijP]}

{ ]ZI[ 1F2(0) + BDYF7 (0) (87 +8) s

+ BD2,F2 (0) + BD2,F (0) (87 + )2]} .

Note from (25) that
E{V (x (1)} 2 YE |x ()" ¢, (49)
which implies

e PE{V (x(t,))) + &) P+ H

E 2 , (50)
lx I < Y
where Y = A_;,(P) and
n . 2
HZZ[ 111(0 +/3DIJ] )(6j+5j)
i (51)

+ BD2,F2 (0) + BD2,F? (0) (87 + )2]

If one chooses B = \/(1 + 2JTP] + H)/Y > 0, then for
any constant ¢ > 0 and [l¢| < g, there ist' = ¢ (g) > 0, such
that e " E{V(x(t,))} < 1forall t > t'. According to Defini-
tion 3, we have E||x(¢, t,, )| < Bforallt > t'. In other words,

system (3) is mean-square uniformly ultimately bounded.
This completes the proof. O

Discrete Dynamics in Nature and Society

(47)

Note from (25), we know that there exists a constant
vector B, such that

E{V (x(t)} < BE[x(t)Pe . (2
Thus, combining (50) and (52) leads to
e POBE |x (1) + @1 PT+ H
Y

e PIBE |x (1)
Y

_ﬁ(t_to) 2
_ e BE ||x (t,)| +N,

Y
where N = (8~'&*J"PJ + H)/Y.

Elx ®I

IN

N B ]:(P]+H (53)

Theorem 11. If all of the conditions of Theorem 10 hold, then
there exists an attractor Ay for the solutions of system (3),

where Ay = {p € ngo | Ello(s)lls < B, t > t,}.

Proof. If one choose B = \/(1 + ﬁ‘I&ZJTP])/Y > 0, The-
orem 10 shows that for any ¢, there is t' > 0, such that
Elx(t,ty, )l < Bforallt > t'. Let Ay = {p € L% |
Elo(s)lls < Bt > to}. Clearly, Ay is closed, bounded, and
invariant. Furthermore, lim,_,  sup 1nfyeAE lx(t;0,¢) — yll =

0. Therefore, Az is a stochastic attractor for the solutions of
system (3). O

Corollary 12. In addition to all of the conditions of Theorem 10
that hold, if ] = 0 and Fj(O) = 0, then system (3) has a trivial
solution x(t) = 0, and the trivial solution of system (3) is mean-
square exponentially stable.
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Proof. If ] = 0 and F;(0) = 0, then it is obvious that system
(3) has a trivial solution x(t) = 0. From Theorem 10, one has

E|x(t0,9)|" < Ke®, vg, (54)
where K = E|[V(x(0))|*/Y. Therefore, the trivial solution

of system (3) is mean-square exponentially stable. This com-
pletes the proof. O

In practice, parameter uncertainties in neural networks
are always unavoidable, in order to explain such a phe-
nomenon. In this section, we will investigate the mean-square
uniform ultimate boundedness of the switching stochastic
systems with uncertainties by applying the average dwell
time.

Now, we consider the switched stochastic Cohen-Gross-
berg neural networks with unknown parameters as follows:

dx () = —a (x (1)) | B(x () — (A, (£) + AA, (1))

F(x(t)) = (B, (t) + AB, (t)) F (x (t — 7 (2)))

= (Co () +AC, (1))
[ O 0 0 ¢ys 0 0 ¢yg ¢yg O

* P 00 0 Pps 0 Py O 0
* % Pz 00 0 ¢y 0 Py O
%k Py s 0 0 Pug Py O
* * * % ngiss 0 0 0 0 0
* * * * ¥ P O 0 0 0

Ay = * * * * * * ¢, 0 0 0
* * * * * * * (A/Siss 0 0
£ % k& & % ox koo 0
® * * * * * ® * *  dio
* % k% k% k% k%

L * * * * * * * * * *
i1 = _iz [ﬁpz -20,P0, + AH1TH1 +eD, + P+ E
T 2
i Zim Q3D1] ,

$is = PA;

$is = BiB;,

$ig = PC;s

b2 = Qi

Ping = Ping = 0s

$izz = T Q2>

1

J K(t-9)F(x(s))ds—J | dt

+o(t,x(t),x({t—-1()))dw(t).
(55)

Theorem 13. For a given constant f > 0, & > 0, & > 0,
& > 0, & > 0, if there exist positive scalars A;, positive-definite
matrix P, = diag(p;1, pin>---» Pin)» L = diag(y, Ly, .. .5 1),
D; = diag(D;;, Dy, ..., D), (i = 1,2), Qp, Qi Qi3 Qs R,
S,, Z,, Z;, U, and any matrices M, M5, M, with appropriate
dimensions such that the following condition holds:

Ay My My Mg
* -l 0 0

<0, (56)
* * -5l 0
* * *  —gl
P < M, (57)
where
0 0 1
0 0
0 0
0 0
0 0
0 0
0 0 <0,
0 0
0 0
0 0
$n O
* P ]

1
ST+ Ty ™Qy + 7, Quy + € ™MQu + Ty R+ (T — T,) S;
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b3y = ¢i39 =0,
1

T
$iag = AILIL - Q3D, + @I - (1-1) Qs
‘/’i45 =0
bis = D,
¢i49 =0,
~ _ 1
b5 = F™MQu + LK (1) + €' Q,D, + 12,U; — D, + &

—Brum

e
bige = — R,
1 TM
—Brm
e
P = ——S.’

¢177 TM _ Tm i
— 1 T
Gigs = —(1— 1) Qy — D, + EI +&Ep Eg,

= T
$igo = —L; + &E; Ec,

$i0 = — (1 - ‘“) eiﬁTMUi’

aill = —eiﬁTMZi,

_ _,PuT
iz = ¢ Z;

S

w=[PHy 00000000000],

=

M,=[PH; 00000000000O0|,

My =[PHe 0000000000000,

then system (55) is mean-square uniformly ultimately bounded
for any switching signal with average dwell time satisfying

. InM
T, > T, = —=, (59)
B
W}.lere Mmax = %max/Ymin’ %max = ma‘xkeﬁ,]gign{%ik }’ Ymin =
min,; {Y; }.

Proof. Let us consider the same Lyapunov functional candi-
date

V, () = e x" (£) Py x (1)

t
+ Ty J P, T (6 Q,,,x(s)ds
t=Tpr

t
+ij Bls+Tn) T(S)Qz(x(s)ds
t-T1,

m

t
n j s+rM) T (s) Qs e (s)ds
t—‘r(t)

o(t)

+Jt PR (x () Q,  F (x(s)) ds
t—1(t)
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T
I+&ELE,,

(58)

0t
+ J J P xl (s) R,yx (s)dsdo
t+6

—Ty

T, (t
+ J J- e x" (s) o)X (s)dsdo
t+0

0
+TMI jt P (x () Uy F (x (5)) ds dO
—7(t) Jt+6

2

T 0 0 rt
AL
2 Jogy, Jo Jta

xT (s) ZyX (s)dsdA dO

J ,[ J x" (5) Zyx (s) ds dA dO
M t+A
+Zl r)j k. (G)J ﬁ(y+a>FJ; (xj (y))dyd&_

(60)

Then, we will compute the stochastic derivative of V(¢)
along the trajectory of system (55). Therefore, from
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Theorem 10, we merely need to obtain the idea of the follow-
ing equalities:

2eP T () Pax (x () AA,; (£) F (x (t))
= 2" P (x (1) Hy Gy (1) E4 F (x (1)),
2eP T () Pac (x () AB; (t) F (x (t — 7 (£)))

= 2¢" P (x (1)) Hp Gp (t) Eg F (x (t — 7 (1)), (6

2Pt 5T (t) P (x (2)) AC; (¢) Jt K({t-s)F(x(s)ds
= 2¢MPa (x (1)) Ho G, ()
-E¢ Jt K(t—s)F(x(s))ds.

Moreover, by assumption (H5) and Lemma 7, we obtain

2¢Px" (t) Pa (x (1) Hy G, (t) Eo F (x (1))

—2. T

Seﬁts;ocx (t)PHAH Px(t)+e £1F (x(t))

¢y 0 0 O §7>i15 0 0 ‘7’1’18 bio O
* oy 000 0 g 0 Py 0O
% 3 00 0 ¢z 0 ¢y O
wox Py bus 00 0 Pug diyy O
* * * * (75155 o 0 o0 0 O
~ ook kx e 00 0 0
B = * * * % * * ¢ 0 0 0
* * * * * * * (7)1'88 0 0
* * * * * * * * (7)1.99 0
* * * * * * * * *  Pio
* * * * * % % * * *
L * * * * * * % * * *
P <A,
‘/’,11

P, -2Q,PQ, +AHH +eQ,D, +P+—I+T eﬁMQ +7T, P Q. +eﬁMQ + TR + (T3 —
4ﬁ M il i3 M

13

. EZiEAiF (x(),
2¢7 x" (t) Pa (x (1)) Hp G, (t) Eg F (x (t — 7 (1))
—2 T

< eﬁtsf o x (t)PHBH Px(t)

+eP e FT (x(t -7 (1) EREgF(x(t—7 (1)),

ZeﬁfPioc (x () He G, (t) Eg, Jt K(t—-s)F(x(s)ds

1=2. T

<eﬁte ax (t)PHCHC x ()

T

+efle, (J_too K (t-s)F(x(s)) ds>

-EpEg Jt K (t—s)F (x(s))ds.
(62)

Then, along a similar way to Theorem 10, it can be deduced
that

o O o o o O o o o O
l

S O O O O O o o o o o

RS

(63)

*

¢i12-

) Si

2 2
T Trr— _ — —1—
+ TMZ,. + TMZ,. ~Q,D, +¢& '@ PH, Hy P, + &, & P,Hy Hy P, + &;'@ P,Hc H(. P,

E/Sils = P (x (1) A
(7)1'18 = P (x (1)) B;,

‘7’1’19 = P (x (1)) C;.
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By using Schur’s complement lemma, the LMI (56) is
equivalent to

(¢ 0 0 0 ¢5 0
—ill
iy 00 0 ¢y
* * Py 0 0 0
* * * Gy Pus 0
* * * * ¢i55 0
% * * * * ¢i66
Ay =
- * * * * * *
* * k * * *
* * * * * *
* * k * * *
* * * * * *
| % % * % %

where

¢

1
i = =7 [PR 2R, MIITI, + eQ,D; + P,
1
+ @I +1,ePQ, +1,PmQ, + P ™MQ,
12 T~

+ TR+ (T = T,) S; + TMZi + TMZi -Q,D,

-1 T -1 T (65)
+é& BHy Hy P, +e¢ PHg Hy P,

+ &5 P,H HE P,

1)
$is = PA,
$is = PB,
¢i19 = PC.

Supposing a(x(t))a(x(t)) < I and multiplying both sides
of LMI (64) by

diag{o (x (t)),,I,I,I,I,I,I,I,1,1,1}, (66)

we derive the LMI A}; < 0.

Therefore, when t € [t;,t;,,), the i th subsystem is
activated. From the proof of Theorem 10 and (53), there exists
a positive constant vector B; , such that

Elx @)

_B,E Ix (t0)|F e P + g'&?1TPT + H
< v

3

(67)

= MikE ||x (tk)||2 e_ﬁ(t_tk) + Nik’

Discrete Dynamics in Nature and Society

0 ¢ug o 0 0 0

0 ¢pg O 0O 0 0O

$iz; 0 dy 0 0 0

0 dug dwo 0 0 0

0 0 0 0 o 0

0 0 0 0 o0 0

¢, 0 0 0 o0 o |% (64)
% g 0 0 0 0

¥k ‘751'99 0 0 0

ok ok gy 00

* * * * 51’11 0

% * % * % 51‘12-

where Mik = ?Bik/Yik, Yik = minkeﬁ,lsgn{lmin(Pi)}’ Nik =

(B'&J"PT + H)/Y, .
As the system state is continuous, it follows from (67) that

Elx @)

3 B, E|x(t)| e + pa? " P + H
< v

3

= ME | () P+ N, <
< er:o In M;, -pt=t0) p " x (to)"Z + [ Mik e Pt N,

+MikM-

L1

e_ﬁ(t_tkil)Nikfl

+M, M, M, PN ...
L R 3

-2

+M, M; M, M ePN, +N; |
k k-1 k-2 1 1 k

max max

< e(k+1)1anax—,8(t—t0)E HX (to)"2 + [Mk N

(k-1) (k-2) 2
+ Mmax Nmax + Mmax Nmax +eeet Mmameax
+ Mmameax + Nmax]

S Mgy Mo B E L (1)

(1 _ M(k+1))

max

N

max

1-M

+

max

<M,

maxeln MmaxNa(tfto)iﬁ(titO)E “X (tO) "2

(1 _ M(k+1))

max

N

max

1-M,

+

max
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Mo 10 Mia=(B—In My T)0t0) || (to)"2

Y,

(B pr+ H) (1-8&D D)
+ Y. -8 .

min

max

max

(68)

If one chooses

5oL, ('@ P+ H) (1 - 8ED y&ED)
Ymin - %max (69)

>0,

then for any constant ¢ > 0 and ||| < g thereis t' =t'(o) >0,
such that B, eMNo! Mrax=(FIn Muo TEH0) e (¢ Y12 < 1 for
allt > t'. According to Definition 3, we have E||x(t, t,, ¢)|| <
B for all t > t'. In other words, the switched stochastic
Cohen-Grossberg neural networks system (55) is mean-
square uniformly ultimately bounded. This completes the
proof. O

Theorem 14. If all of the conditions of Theorem 10 hold, then
there exists an attractor Ay for the solutions of system (55),

. b ~
where Ay = {p € Lg, | Elo(s)lleo < B, t >t}
Proof. If one chooses

1 (BT P7+ H) (1-8& D /YD)
B=\y -+ Yoo — B (70)

min min

>0,

then Theorem 10 shows that, for any ¢, there is t' > 0; we
B ! x b
have E|x(t, to,?)ll < Bforallt > t.~Let A = {p € L, |
Elo(s)lles < B,t = ty}. Clearly, Ag is closed, bounded,
and invariant. Furthermore, lim,_,, sup inf z_[lx(; £y, ¢) —

yll = 0. Therefore, A is an attractor for the solutions of sys-
tem (55). ]

Corollary 15. In addition to all of the conditions of Theorem 13
that hold, if ] = 0, Fj(O) = 0, then system (55) has a trivial
solution x(t) = 0, and the trivial solution of system (55) is
mean-square exponentially stable.

Proof. If ] = 0, Fj(O) = 0, then it is obvious that system (55)
has a trivial solution x(t) = 0. From Theorem 10, one has

E|x (t:t0, 9)|* < Ye P, g, (71)
where Y = (8B, &0 " Mract 0 Muas/ T 000) ry - Bllx(£0)[12,

Therefore, the trivial solution of system (55) is mean-
square exponentially stable. This completes the proof. O
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Remark 16. It is noteworthy that the time-varying delay (t)
restricts the interval [7,,, T),] and the lower bound of time
delay 7,, may not be equal to 0. In previous work, such as
(19, 24, 26, 37], the well-used Lyapunov functional, in which
the time delay information is from 0 to an upper bound

0 t
Typ 18 of the form J . L+0. In this paper, a new Lyapunov
—tM
functional is constructed, which contains the information of
Ty t
the lower bound of time delay 7,,,, and is of the form J i f .
-7y Jt+6

Thus the methods in the paper can be adopted to discuss
the dynamic behaviors of interval stochastic switched Cohen-
Grosberg neural networks with time delays. Therefore, the
time-varying from 7,, to 7, is more general and less conserv-
ing of the neural networks models. If the lower bound of time
delay 7,, = 0, then our results will turn into the traditional
time delay results.

Remark 17. It is known that noise disturbance is a major
source of instability and poor performances in neural net-
works in real neural networks. If o(t, x(t), x(t — 7(t))) = 0,
the switched stochastic Cohen-Grossberg neural networks
(8) degenerate into the ordinary switched Cohen-Grossberg
neural networks, which have been studied for exponential
stability in [22] and robust stability in [37]. In addition, when
a;(x;(t)) = 1,i = 1,2,...,n, the switched Cohen-Grosberg
neural networks will turn into the famous switched Hopfield
neural networks; this has been investigated in [28] without
distributed time delay and for global robust asymptotic
stability in [32] with finite distributed time delay. However,
the infinite distributed time delay was not taken into account
in neural networks. Therefore, our developed results in this
paper are more comfortable and general than those reported
in [28, 32, 37].

Remark 18. If N = 1, then the switched stochastic Cohen-
Grossberg neural networks (8) degenerate into the ordi-
nary stochastic Cohen-Grossberg neural networks without
being switched. The attractor and boundedness for stochastic
Cohen-Grossberg neural networks with delays have been
discussed in [35] by LaSalle-type theorem and stability has
been studied in [2, 18, 19]. So our results generalize these
previous results.

Remark 19. The triple integral terms

0 0 t
J J J FxT (s) Zx (s) ds dA db,
0 Jt+A

™

(72)

-7, 0 (t .
J J J P xT (s) Zx (s)dsd) do
0 Jt+A

™

considered in this paper lead to new dynamic criteria. We
make full use of Lemma 6 and do not ignore any terms,
which can reduce some conservatism of proposed method.
This can be verified from the numerical examples discussed
in Section 5.

Remark 20. It should be mentioned that the nonlinear output
function in [2, 18, 24, 35, 37, 38] is required to satisty F;(0) =
0; however, in our paper, the assumption condition was
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deleted. In assumption (H1), the constants §; and 6: are
allowed to be positive, negative, or zero, whereas the constant
0; 1is restricted to be zero or positive in [2, 18, 26, 35].
Moreover, assumption (H2) is weaker than those given in
[26, 35] since they are required to be differentiable of the
amplification function a(x(t)). The usual condition (H3)
required to the behaved function B(x(t)) is differentiable in
[18, 37] or satisfies (ﬂj(u) - /)’j(v))/(u -v) >v,(u,veR)or
B;(0) = 0 in [26]. If we take f3;(x(t)) = x(t)e* /|, obviously,
the assumption (H3) in this paper holds; yet, the conditions
in [26] can not be achieved.

4. Ilustrative Examples

In this section, we present examples to show the effectiveness
of the proposed method. Let N = 2 and consider the switched
stochastic neural networks with two subsystems.

Example 1. Consider the following switched stochastic
Cohen-Grossberg neural network (73) with unknown param-
eters:

dx (t) = —a(x (1)) [B(x 1) — (A; + AA; (t)) F (x (1))

—(B;+AB; (1)) F(x(t — (1)) - (C; + AC; (1))
(73)

--r K(t—s)F(x(s))ds—]] dt
+o(t,x(t),x({t—-1())dw(t),

where AA,(t), AB;(t), AC,(t) are uncertainties, satisfying
AA(t) = HyGu (DE,, AB(t) = Hy Gy (H)Eg, ACi(t) =
HeGe (t)Eq, where G4, Gy, G are normal bounded
matrices. Let a(x(t)) = diég(3 + sin(x;),3 + cos(x,)),
Bi(x;(1)) = 2x;(t), fi(x;(t)) = tanh(x;(¢)) (i = 1,2), K(t) =
diag(Ze_(3/2)t,(1/2)e_2t), J = (2,3)T and the connection
weight matrices are as follows.

Subsystems 1. Consider

5 2
Av=ly 5 )
6 -2
Bi=l; 4 )
o (82
L7 \-5 2)’
(74)
05 0
Ear=\o 04)
0.1 0.3
Es ={ 0 04)
0.1 0
Ec.={ o o7
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Subsystems 2. Consider

2 3
A=\, )
9 3
Bi={_54)
2 2
=l 5)
01 0
Es={ 0 02)
o (010
B 7\03 02)°
(75)
03 0
Ee.={ o 0s)
n_ (050
1"\ o o05)°
(oo
27\o 01)

30
HAizHBi:HCiz 0 5 5

sint 0
GAi (t) = GB,- (t) = Gc,. (t) = ( ) .

0 cost

Just from assumptions (HI) and (H2), we can obtain « =
2,a=4,b=158; =0,8; =1,7,,=0.1,7), = 0.6,i = 1,2,
p=0.51=1,K(1) = diag(4, 1/2).

Therefore, for f = 2, by solving LMIS (56) and (57), we
get

(01551 0
P =1x10 s
0  0.1551
o0 - 1.3273 -0.0001
117\ -0.0001 1.3550 )’

17.8857 —0.0011
-0.0011 18.0732 )’

1.4294 0.0001
0.0001 1.3633)°

33.2092  0.0020
0.0020 39.9381)/°

Qx
Qs
Qq

Si

3.7674 —0.0002
—-0.0002 3.7960 )’
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R 3.6154 —0.0002
17\ -0.0002 3.6527
U - 42.8137 -0.0140
17\ -0.0140 43.1853 )’
;o 11.3563 —0.0003
17\ -0.0003 11.3904 )’
> _ 11.4414 -0.0003
17\ -0.0003 11.4748
6.3948 0
L1: >
0 63948
,(0.1885 0
P,=1x10 ,
0 0.1885
0. - 1.5297 —0.0001
1271 -0.0001 1.6248

and Society

20.2951 -0.0004
0.0004 20.5209

1.7322 0.0002
0.0002 1.6554

40.2433 0.0049
0.0049 47.6254

2168 -0.0001
0.0001 4.2518

0.0001 4.1437

47.0352 -0.0358
0.0358 47.1122

12.4873

-’
@+
ol
e
= (oo °°°1)
e (!
a7
(

12. 5300)

_ 12.5778
Z =
12.6198
(69869
- 6.9869
A, =178,
A, =2.18.

(76)

Taking F j(O) = 0, ] = 0 and using (59), we can obtain the
average dwell time 7, > 7, = max{6.6718, 6.8237}. Therefore,
one can choose 7, = 7. The simulations of arbitrary switching
signal with the average dwell time 7, = 7 can be shown in
Figure 1.

17

25+t

15+

Switching signal

0.5F

0 5 10 15 20 25 30 35 40 45 50
t(s)

FIGURE 1: Arbitrary switching signal with the average dwell time 7, =
7.

0 10 20 30 40 50 60 70 8 90 100

— x()
— xz(t)

FIGURE 2: The mean-square exponential stability with the initial
value as x, = [-8, 8].

The mean-square exponential stability of system (55) with
the initial value as x, = [-8,8] can be shown in Figure 2.
With the help of MATLAB, the time evolutions of state
variables of the system (55) can be shown in Figure 3. In the
above conditions, phase portraits of simulations under initial
condition of the system (55) are shown in Figure 4.

5. Conclusion

This paper has studied the problem of boundedness for a class
of switched stochastic Cohen-Grossberg neural networks
with both average dwell time and norm-bounded parameter
uncertainties. By employing multiple Lyapunov-Krasovskii
functionals (25) and (60), we formulate a method that derives
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t(s)

— x;(t)
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FIGURE 3: The mean-square uniformly ultimate boundedness.

45 7
4t
351
31

= 25t

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4
x,(t)

FIGURE 4: The attractor set A.

new sufficient conditions guaranteeing the mean-square uni-
formly ultimate boundedness, the existence of an attractor,
and the mean-square exponential stability. A numerical
example has been presented to demonstrate the effectiveness
and the merits of the proposed method. It is expected that
the approach presented in this paper can be easily extended
to analyze other neural networks.

Competing Interests

The authors declare that they have no competing interests.

Acknowledgments

The work is partially supported by the National Natu-
ral Science Foundation of China (numbers 11101053 and

Discrete Dynamics in Nature and Society

71471020), China Postdoctoral Science Foundation (numbers
2014M550097 and 2015T80144), Hunan Provincial Natural
Science Foundation (number 16JJ1015), Scientific Research
Fund of Hunan Provincial Education Department (number
15A003), and Hunan Provincial Innovation Foundation for
Postgraduate (number CX2015B373).

References

[1] C. Huang, Y. He, and L. Huang, “New results on network
of neurons with delayed feedback: periodical switching of
excitation and inhibition,” Physics Letters A, vol. 366, no. 3, pp.
190-194, 2007.

[2] C. Huang and J. Cao, “Convergence dynamics of stochastic
Cohen-Grossberg neural networks with unbounded distributed
delays,” IEEE Transactions on Neural Networks, vol. 22, no. 4, pp.
561-572, 2011.

[3] L. Wan and Q. Zhou, “Asymptotic behaviors of stochastic
Cohen-Grossberg neural networks with mixed time-delays,”
Applied Mathematics and Computation, vol. 225, pp. 541-549,
2013.

[4] Q. Zhu and J. Cao, “Robust exponential stability of markovian
jump impulsive stochastic Cohen-Grossberg neural networks
with mixed time delays,” IEEE Transactions on Neural Networks,
vol. 21, no. 8, pp. 1314-1325, 2010.

[5] J. Caoand Q. Song, “Stability in Cohen-Grossberg-type bidirec-

tional associative memory neural networks with time-varying

delays,” Nonlinearity, vol. 19, no. 7, pp. 1601-1617, 2006.

W. Xiong and J. Cao, “Global exponential stability of discrete-

time Cohen-Grossberg neural networks,” Neurocomputing, vol.

64, no. 1-4, pp. 433-446, 2005.

[7] Q. Zhu and J. Cao, “ pth moment exponential synchronization
for stochastic delayed Cohen-Grossberg neural networks with
Markovian switching,” Nonlinear Dynamics, vol. 67, no. 1, pp.
829-845, 2012.

[8] X. Yang, J. Cao, and W. Yu, “Exponential synchronization of
memristive Cohen-Grossberg neural networks with mixed
delays,” Cognitive Neurodynamics, vol. 8, no. 3, pp. 239-249,
2014.

[9] R.Brause, “Medical analysis and diagnosis by neural networks,”
in Medical Data Analysis, pp. 1-13, Springer, Berlin, Germany,
2001.

[10] Q. Zhu, X. Li, and X. Yang, “Exponential stability for stochastic
reaction-diffusion BAM neural networks with time-varying
and distributed delays,” Applied Mathematics and Computation,
vol. 217, no. 13, pp- 6078-6091, 2011.

[11] L.Liuand Q. Zhu, “Almost sure exponential stability of numer-
ical solutions to stochastic delay Hopfield neural networks,”
Applied Mathematics and Computation, vol. 266, pp. 698-712,
2015.

[12] Q. Zhu, R. Rakkiyappan, and A. Chandrasekar, “Stochastic sta-
bility of Markovian jump BAM neural networks with leakage
delays and impulse control,” Neurocomputing, vol. 136, pp. 136-
151, 2014.

[13] X. Yang and J. Cao, “Stochastic synchronization of coupled
neural networks with intermittent control,” Physics Letters,
Section A: General, Atomic and Solid State Physics, vol. 373, no.
36, pp. 3259-3272, 2009.

[14] X.Yang, Q. Zhu, and C. Huang, “Lag stochastic synchronization
of chaotic mixed time-delayed neural networks with uncertain
parameters or perturbations,” Neurocomputing, vol. 74, no. 10,
pp. 1617-1625, 2011.

[6



Discrete Dynamics in Nature and Society

(15]

(16]

(17]

(20]

[25]

(26]

(27]

[28

(29

(30]

X. Yang and J. Cao, “Synchronization of discontinuous neural
networks with delays via adaptive control,” Discrete Dynamics
in Nature and Society, vol. 2013, Article ID 147164, 9 pages, 2013.

C. Huang, H. Kuang, X. Chen, and E Wen, “An LMI approach
for dynamics of switched cellular neural networks with mixed
delays,” Abstract and Applied Analysis, vol. 2013, Article ID
870486, 8 pages, 2013.

M. A. Cohen and S. Grossberg, “Absolute stability of global
pattern formation and parallel memory storage by competitive
neural networks,” IEEE Transactions on Systems, Man, and
Cybernetics, vol. 13, no. 5, pp. 815-826, 1983.

J. Cao and J. Liang, “Boundedness and stability for Cohen-
Grossberg neural network with time-varying delays,” Journal of
Mathematical Analysis and Applications, vol. 296, no. 2, pp. 665-
685, 2004.

C. Huang and J. Cao, “On pth moment exponential stability
of stochastic Cohen-Grossberg neural networks with time-

varying delays,” Neurocomputing, vol. 73, no. 4-6, pp. 986-990,
2010.

W. Xie and Q. Zhu, “Mean square exponential stability of
stochastic fuzzy delayed Cohen-Grossberg neural networks

with expectations in the coefficients,” Neurocomputing, vol. 166,
pp. 133139, 2015.

Q. Zhu and X. Li, “Exponential and almost sure exponential
stability of stochastic fuzzy delayed Cohen-Grossberg neural
networks,” Fuzzy Sets and Systems, vol. 203, pp. 74-94, 2012.

X. Yang, “Existence and global exponential stability of periodic
solution for Cohen-Grossberg shunting inhibitory cellular neu-
ral networks with delays and impulses,” Neurocomputing, vol.
72, no. 10-12, pp. 2219-2226, 2009.

C. Huang, Z. Yang, T. Yi, and X. Zou, “On the basins of attrac-
tion for a class of delay differential equations with non-mono-
tone bistable nonlinearities,” Journal of Differential Equations,
vol. 256, no. 7, pp. 2101-2114, 2014.

J. Cao, G. Feng, and Y. Wang, “Multistability and multiperiodic-
ity of delayed Cohen-Grossberg neural networks with a general
class of activation functions,” Physica D: Nonlinear Phenomena,
vol. 237, no. 13, pp. 1734-1749, 2008.

C. Huang and J. Cao, “Almost sure exponential stability of
stochastic cellular neural networks with unbounded distributed
delays,” Neurocomputing, vol. 72, no. 13-15, pp. 3352-3356, 2009.

X. Fu and X. Li, “LMI conditions for stability of impul-
sive stochastic Cohen-Grossberg neural networks with mixed
delays,” Communications in Nonlinear Science and Numerical
Simulation, vol. 16, no. 1, pp. 435-454, 2011.

X. Yang, C. Huang, and J. Cao, “An LMI approach for exponen-
tial synchronization of switched stochastic competitive neural
networks with mixed delays,” Neural Computing and Applica-
tions, vol. 21, no. 8, pp- 2033-2047, 2012.

H. Huang, Y. Qu, and H.-X. Li, “Robust stability analysis of
switched Hopfield neural networks with time-varying delay
under uncertainty;” Physics Letters A, vol. 345, no. 4-6, pp. 345-
354, 2005.

A. Trofino, D. Assmann, C. C. Scharlau, and D. E Coutinho,
“Switching rule design for switched dynamic systems with affine
vector fields,” IEEE Transactions on Automatic Control, vol. 54,
no. 9, pp. 2215-2222, 2009.

J. Daafouz, P. Riedinger, and C. Iung, “Stability analysis and con-
trol synthesis for switched systems: a switched Lyapunov func-
tion approach,” IEEE Transactions on Automatic Control, vol. 47,
no. 11, pp. 1883-1887, 2002.

(31]

(33]

[34]

(36]

[37]

(38]

(39]

[41]

[42]

19

L. Wu, Z. Feng, and W. X. Zheng, “Exponential stability analysis
for delayed neural networks with switching parameters: average
dwell time approach,” IEEE Transactions on Neural Networks,
vol. 21, no. 9, pp. 1396-1407, 2010.

P. Balasubramaniam, V. Vembarasan, and R. Rakkiyappan,
“Global robust asymptotic stability analysis of uncertain
switched Hopfield neural networks with time delay in the leak-
age term,” Neural Computing and Applications, vol. 21, no. 7, pp.
1593-1616, 2012.

L. Xie, M. Fu, and C. E. de Souza, “H_,-control and quadratic
stabilization of systems with parameter uncertainty via output

feedback,” IEEE Transactions on Automatic Control, vol. 37, no.
8, pp. 1253-1256, 1992.

H. Huang and J. Cao, “Exponential stability analysis of uncer-
tain stochastic neural networks with multiple delays,” Nonlinear
Analysis: Real World Applications, vol. 8, no. 2, pp. 646-653,
2007.

L. Wan and Q. Zhou, “Attractor and boundedness for stochastic
Cohen-Grossberg neural networks with delays,” Neurocomput-
ing, vol. 79, pp. 164-167, 2012.

X. Mao and C. Yuan, Stochastic Differential Equations and
Applications, Horwood, Chichester, UK, 2nd edition, 2007.

K. Yuan, J. Cao, and H.-X. Li, “Robust stability of switched
Cohen-Grossberg neural networks with mixed time-varying
delays,” IEEE Transactions on Systems, Man, and Cybernetics,
Part B: Cybernetics, vol. 36, no. 6, pp. 1356-1363, 2006.

B. Liand D. Xu, “Mean square asymptotic behavior of stochastic
neural networks with infinitely distributed delays,” Neurocom-
puting, vol. 72, no. 13-15, pp. 3311-3317, 2009.

J. Hespanha and A. Morse, “Stability of switched systems with
average dwell-time,” in Proceedings of the 38th IEEE Conference
on Decision and Control, vol. 3, pp. 2655-2660, Phoenix, Ariz,
USA, December 1999.

J. Sun, G. P. Liu, and J. Chen, “Delay-dependent stability and sta-
bilization of neutral time-delay systems,” International Journal
of Robust and Nonlinear Control, vol. 19, no. 12, pp. 1364-1375,
20009.

Y. Y. Wang, L. Xie, and C. E. de Souza, “Robust control of a class
of uncertain nonlinear systems,” Systems & Control Letters, vol.
19, no. 2, pp. 139-149, 1992.

S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan, Linear
Matrix Inequalities in System and Control Theory, vol. 15 of Stud-
ies in Applied Mathematics, Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, Pa, USA, 1994.



Advances in Advances in Journal of Journal of

Operations Research Decision SCIenceS Applied Mathematics Algebra Probabilty and Statstics

W) ‘15' ‘
hE : i i

L
W
\ {4 2}

The Scientific
World Journal

Intfernationa\.Journa\ of )
Differential Equations

Hindawi
Submit your manuscripts at
http://www.hindawi.com

Advances in

Mathematical Physics

International Journal of

Combinatorics

Journal of : Journal of ; Mathematical Problems Abstract and ' Discrete Dynamics in
Complex Analysis Mathematics in Engineering Applied Analysis Nature and Society

International
Journal of Journal of

Mathematics and DISB[BIB M@Jhﬂmahﬂs

Mathematical
Sciences

Journal of nte urnal o Journal of

ction Spaces Stochastic Analysis Optimization




