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General results on the centroids of Lie triple algebras are developed. Centroids of the tensor product of a Lie triple algebra and a
unitary commutative associative algebra are studied. Furthermore, the centroid of the tensor product of a simple Lie triple algebra

and a polynomial ring is completely determined.

1. Introduction

In recent years, Lie triple algebras (i.e., Lie-Yamaguti algebras
or general Lie triple systems) have attracted much attention in
Lie theories. They contain Lie algebras and Lie triple systems
as special cases ([1-6]). So, it is of vital importnce to study
some properties of Lie triple algebras. The concept of Lie
triple algebra has been introduced, originally, by Yamaguti as
general Lie triple system by himself, Sagle, and others. Since
Lie triple algebras are generalization of Lie algebras and Lie
triple system, it is natural for us to imagine whether or not
some results of Lie algebras and Lie triple system hold in Lie
triple algebras. Now, as a generalization of Lie triple algebra,
Hom-Lie-Yamaguti was introduced by Lister in [7].

Benkart and Neher studied centroid of Lie algebras in [8],
and Melville investigated centroid of nilpotent Lie algebras
in [9]. It turns out that result on the centroid of Lie algebras
is a key ingredient in the classification of extended affine Lie
algebras. The centroids of Lie triple systems were mentioned
by Benito et al. [10]. Now, some results on centroids of Lie
triple system and n-Lie algebras were developed in [11, 12].

In this paper we present new results concerning the
centroids of Lie triple algebras and give some conclusion of
the tensor product of a Lie triple algebra and a unitary com-
mutative associative algebra. Furthermore, we completely
determine the centroid of the tensor product of a simple
Lie triple algebra and a polynomial ring. The organization
of the rest of this paper is as follows. Section1 is for basic
notions and facts on Lie triple algebras. Section 2 is devoted

to the structures and properties of the centroids of Lie triple
algebras. Section 3 describes the structures of the centroids of
tensor product of Lie triple algebras.

2. Preliminaries

Definition 1 (see [1]). A Lie triple algebra (also called a Lie-
Yamaguti algebra or a general Lie triple system) g is a vector
space over an arbitrary field F with a bilinear map denoted by
xy of g x g into g and a ternary map denoted by [x, y,z] of
g X g X ¢ into g satisfying the following axioms:

(a) xx =0,

(b) [x,x, y] =0,

(©) (xy)z+(yz)x+(zx) y+[x, y, z]+[y, 2, x]+[z, x, y] = 0,
(d) [xy,z,w] + [yz, x, w] + [zx, y,w] =0,

(e) [x, y,zw] = ([x, y, zDw + z([x, y, w]),

() ([x, y, vD [z, w, v]) = [[x, y, 2], w, v] + [2[x, y, w], v],

where x, y,z,w, v € g.

Remark 2. Any Lie algebra is a Lie triple algebra relative to
xy = [x,y] and D(x, y)z = [[x, y],z], for x,y,z € g. If
D(x,y)z = 0, for all x,y,z € g, the axioms stated earlier
reduce to that of Lie algebra, and if xy = 0, for all x, y € g,
the axioms stated earlier reduce to that of Lie triple system.
In this sense, the Lie triple algebra is a more general concept
than that of the Lie algebra and Lie triple system.
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Definition 3 (see [1,2]). A derivation ofa Lie triple algebra g is
a linear transformation D of g into g satisfying the following
conditions:

(1) D(xy) = (Dx)y + x(Dy),
(2) D([x, y,z]) = [Dx, y,z] + [x, Dy, z] + [x, y, Dz], for
allx, y,z € g.

Let Der(g) be the set of all derivation of g; then Der(g) is
regarded as a subalgebra of the general Lie algebra gl(g) and
is called the derivation algebra of g.

Definition 4. A Lie triple subalgebra I of g is called an ideal if
gl cland[g,I,g] C 1.

Definition 5. A Lie triple algebra g is perfectif ¢ = gg =
(89,4l

Definition 6. Let I be a nonempty subset of g; we call Z(I) =
{x e g | xa = [x,a,y] = 0,foralla € I,y € g} the
centralizer of I in g. In particular, Z(g) = {x € g | xg =
[x, g, g] = 0} is the center of g.

Definition 7. Suppose that I is an ideal of the Lie triple algebra
g, on the quotient vector space

%:{x:x+l|‘v’x€g}. (1)
Define the operator: D(x, )(z) = D(x, y)z,X y = xy, where
x, ¥,z € g. Then g/I is also a Lie triple algebra, and it is called
a quotient algebra of g by I.

3. The Centroids of Lie Triple Algebras

Definition 8. Let g be a Lie triple algebra over a field F.
The centroid of g is the transform on g given by I'(g) =
[y € Endg(g) | y([x, 3, 2]) = [y(x), y 2] w(xy) = ((x))
y, forall x, y,z, € g}.

By (a)-(f), we can conclude that if ¢ € I'(g), then we
have y([x, y,z]) = [v(x), y,z] = [x,¥(y),z] = [x, y, ¥ (2)],
y(xy) = (W(x))y = x(y(y)), forall x, y, z, € g.

From the definition, it is clear that the scalars will always
be in the centroid.

Proposition 9. If g is perfect, then the centroid I(g) is
commutative.

Proof. Forall x, y,z € g,¢,y € I'(g), we have ¢y ([x, y,2]) =
[v(x),¢(y), 2] = yé(lx, p,2]), dylxy) = w(x)p(y) =
y(xy). O

Proposition 10. Let g be a Lie triple algebra over a field F and
B a subset of g. Then;

(1) Z(B) is invariant under I'(g),
(2) every perfect ideal of g is invariant under T'(g).

Proof. (1) For any v € I'(g), x € Z,(B), y € B, z € g, we
have [y(x), y,z] = [y(x), y,2z] = yIx, y,2] = 0, (y(x))z =
y(xz) = 0, and [z, y,¥(x)] = ylz, y,x] = 0, z(y(x)) =
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y(zx) = 0. Therefore, y(x) € I'(g), which implies that Z (B)
is invariant under I'(g).

(2) Let ] be any perfect ideal of g; then J = JJ =[], ], ]].
For any y € ], there exist a,b,c,d,e € J, such that y = ab =
[c,d, e], and then we have y(y) = y(ab) = (y(a))b € Jg <
Ly(y) = y(le.dsel) = [, y(d)e] € [, g,g] € J. Hence [ is

invariant under I'(g). O

Definition 11. Let ¢(g) <€ Z(g) and ¢(gg) = ¢([g,g,4]) = 0;
then ¢ is called a central derivation.

The set of all central derivation of g is denoted by C(g).
Clearly, C(g) < I'(g) and C(g) is an ideal of I'(g). A more
precise relationship is summarized as follows.

Next, we will develop some general results on centroids
of Lie triple algebra.

Proposition 12. If g has no nonzero ideals I and ] with
[g,1,]1 =0, I] =0, then I'(g) is an integral domain.

Proof. Clearly,id € I'(g). If there exist y, ¢ € I'(g), w #0,¢#0
such that yo = 0, then there exist x,y € ¢ such that
y(x) #0and ¢(y) #0. Then, [, y(x), p()] = y¢([g, x, y]) =
0, (W(x))(¢(y)) = wep(xy) = 0. Therefore, y(x) and ¢(y) can
span two nonzero ideals I, J of g such that [g,I,]J] = IJ] = 0,
which is a contradiction. Hence, I'(g) has no zero divisor; it is
an integral domain. O

Theorem 13. If g is a simple Lie triple algebra over an algebra-
ically closed field F, then T'(g) = Fid .

Proof. Let ¢ € I'(g) < Endg(g). Since F is algebraically
closed, ¢ has an eigenvalue A. We denote the corresponding
eigenspace to be E; (¢p) = {v € g | ¢(v) = A(v)}, so E;(¢p) 0,
for any v € E,;(¢),x,y € g, and we have ¢([v,x,y]) =
[p(v), x, y] = Alv, x, y],((vx)) = p(v)x = (AWv)x = A(vx),
so [v,x, y] € E,(¢$),vx € E;(¢). It follows that E;(¢) is an
ideal of g. But, g is simple, so E, (¢) = g; thatis, E; (¢) = Aid,.
This proves the theorem. 0

When I'(g) = Fid, the Lie triple algebra g is said to be
central. Furthermore, if g is simple, g is said to be central
simple. Every simple Lie triple algebra is central simple over
its centroid.

Proposition 14. Let g be a Lie triple algebra over a field F; then

(1) g is indecomposable if and only if I'(g) does not contain
idempotents except 0 and id ;

(2) if g is perfect, then every ¢ € I(g) is symmetric
(f(la,b,cl,d) = f(ald,c, b)), f(ab,c) = f(a,bc))

with respect to any invariant form on g.

Proof. (1) If there exists ¢ € I'(g) which is an idempotent and
satisfies ¢ # 0, id, then (/)Z(x) = ¢(x), for all x € g. We assert
that Ker ¢ and Im ¢ are ideals of g. In fact, for any x € Ker ¢
and y,z € g, we have ¢([x, y,z]) = [¢(x), ¥,2] =0, P(xy) =
(¢(x))y = Oy = 0, which implies [x, y,z] € Ker¢,
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xy € Ker¢. For any x € Im ¢, there exists a € g such that
x = ¢(a). Then, we have

[ y.z] = [¢(@),y.2] = ¢([a. y.2]) € Im¢, Vy.zegq

xy=¢(@)y=¢(ay) eIm¢, Vyeq.
(2)

This proves our assertion. Moreover, Ker ¢nIm ¢ = 0. Indeed,
if x € Ker ¢ NIm ¢, then there exists y € g such that x = ¢(y)
and 0 = ¢(x) = ¢2(y) = ¢(y) = x. We have a decomposition
x = ¢(x) + y, for all x € g, where ¢(y) = 0. So, we have
g = Ker ¢ @ Im ¢, which is a contradiction.

On the other hand, suppose g has a decomposition g =
g; ®¢,. Then for any x € g, wehave x = x; + x,, x; € g;, i =
1,2. We choose ¢ € T'(g) such that ¢(x;) = x, and ¢(x,) = 0.
Then, ¢2(x) = ¢(x;) = x; = ¢(x). Hence, ¢ is an idempotent.
By assumption, we have ¢ = O or ¢ = id. If ¢ = 0, then x; =0,
implying g = g,. If ¢ = id, then x, = 0, implying g = g;.

(2) Let f be an invariant F-bilinear form on g. Then
f(la,b,cl,d) = f(ald,c,b]), f(ab,c) = f(a,bc),for all a,b,
¢,d € g. Since g is perfect, for ¢ € I'(g), we have

f(¢(lab.c]).d) = f([a. ¢ (b),c].d)
=f(a,[d.c.¢ ®)]) = £ ([a, ¢ ([d:c,b])])
= f(a[¢@),c.b]) = f([a,b.c], ¢ (),
f(¢(ab),c) = f(a(p®),c)
= f(a,¢(b)c) = f(a.bd(c))

= f(ab,¢ ().
(3)

The result follows. O

Remark 15. Set L(x)(y) = xy, L(x, y)(z) = [x, y,z], R(x)(y)
= yx,R(x, ¥)(z) = [z,x, y],for all x, y, z, € g; then we call
L(x), and L(x, y) the left multiplication operator of g; R(x)
and R(x, x) right multiplication operator of g. Denote by
Mult(g) = Multg(g) the subalgebra of Endg(g) generated by
the left and right multiplication operators of g. Then, I'(g) is
the centralizer of Mult(g).

Theorem 16. Letm : g, — @, be an epimorphism of Lie triple
algebra; for any f € Endg(g;;Kerm) := {g € Endg(g,) |
g(Kerm) ¢ Kermt}, there exists a unique f € Endg(g,) satis-

fringme f = f om. Moreover, the following results hold.
(1) Themap g, © Endg(g;;Kerm) — Endg(g,), f =

f is a homomorphism with the following properties:

Tgna (Mult (g;)) = Mult (g,), 77,4 ([(g;) N Endyg
(g1;Kerm)) < T(g,). There is a homomorphism my :
I'(g;) N Endg(g;;Kerm) — I(gy), f = f.
IfKerm = Z(g,), then every ¢ € I'(g,) leaves Ker m inva-
riant; that is, 7 is defined on all of I'(g;).
(2) Suppose g, is perfect and Kermm € Z(g,); then my :
I'(g;) N Endg(g,; Kerm) — I(g,), f — f isinjective.

(3) If g, is perfect, Z(g,) = 0, and Kerm C Z(g,), then
np : T(gy) — [(g,) is a monomorphism.

Proof. (1) It is easy to see that 7,y is @ homomorphism.
Since Kerm is an ideal of g, and all left and right multi-
plication operators of g, leave Ker 7 invariant, Mult(g,) <
Endg(g,; Ker7). Furthermore, for the left multiplication
operator L(x, ¥), L(x) on g,, we have m o L(x, y) = L(m(x),
n(y)) e, e L(x) = L(n(x)) o m, so mpq(L(x,y)) =
L(n(x), (), mpaq(L(x)) = L(m(x)). For the right multi-
plication, we have the analogous formula . 4(R(x, ¥)) =
R(m(x), m(y)), mpnq(R(x)) = R(m(x)). Moreover, 7 is an
epimorphism, so 7y, 4(Mult(g,)) = Mult(g,). Now, we show
that 71p,4(I'(g;) N Endg(g;; Kerm)) € I'(g,). Let ¢ € I'(g;) N
Endg(g,; Ker ). Forany x', y',z' € g,, thereexistx, y,z € g,
such that 7(x) = ', n(y) = y',n(z) = z'. Then, we have

$([x..'])
= ¢ (n([x 2.2])) =7 (¢ ([x. 3.2]))
=7 ([ (1).2]) = [7(x), ¢ (7 (1)), 7 (2)]
=[x.¢(y').2'] =n([¢(x). 1.2])
= (¢, 7 (y), 7 @] =[$(x).y.7]
=1 ([x0¢@)) =[1x),71(»).¢mE@)] (@)
=[xy 8 ()],

¢(x'y')
=p(r )7 (y) = ¢ (7 (x)) = 74 (xy)
= (¢m) (r () = ($(+')) Y =7 (x (¢ (1)
=7 (x) (mp () = %' (¢ (1)) = %' (6 (¥")).

which proves ¢ € I'(g,).

(2)If ¢ = 0 for, ¢ € TI(g,) N Endg(g,;Kerm), then
n(¢(g,)) = ¢((g,)) = 0, which means that ¢(g,) <
Kerm ¢ Z(g,). Hence, ¢([x, y,z]) = [¢p(x), y,z] = 0, d(xy) =
(p(x)y) = 0, for all x, y,z € g,. Furthermore, since g, is a
perfect ideal, we can get ¢ = 0.

(3) We can see that 7(Z(g,)) € Z(g,) = 0, which follows
that Z(g,) < Kerm. So, Kerm € Z(g,). From (1), we know
that i : I'(g;) — T(g,) is a well-defined homomorphism,
which is an injection by (2). O

Proposition 17. If the characteristic of F is not 2, then

C(g) =T'(g) N Der(g). (5)

Proof. If v € T(g) N Der(g), then by the definition of I'(g)
and Der(g), for all x, y,z € g, we have y(xy) = (y(x))y +
x(w(y), y([x, y,2]) = [y(x), y, 2]+ [x, (), 2]+ [x, y, w(2)],
and y(xy) = (w(x))y = x(y(), v([x, y,2]) = [w(x), y,z] =
[x,¥(»),2] = [x, y,¥(2)], so y(ag) = y([g,8,¢]) = 0and
y(g) € C(g). It follows easily that I'(g) N Der(g) < C(g).



To show the inverse inclusion, let ¢ € C(g); then 0
1//([36)’, Z]) = [I//(.X), )’aZ] = [xs 1//()’)> Z] = [x>ys I/I(Z)],O
v(xy) = (y(x))y = x(y(y)). Thus, y € I'(g) N Der(g).

This implies that C(g) = I'(g) N Der(g). O

Lemma 18. Let I be a nonzero I(g)-invariant ideal of g,
V(I) = {y € I(@)y(I) = 0}, and let Hom(g/I, Z,(I)) be the
vector space of all linear maps from g/1 to Z ,(I) over F. Define
T(I) = {f € Hom(g¢/I,Z,(I)) | f([x,3.2]) = [f(%),y,2] =
[x, f().z] =[x f@Lf&Y) = (fX)y = x(fON}
wherex,y,z € g/1. Then one has the following.

(1) T(I) is a subspace of Hom(g/I, Zg(I)) andV (I) = T(I)

as vector spaces.

(2) If T(I) = Fid;, thenT(g) = Fid,®V (I) as vector spaces.

Proof. (1) It is easily seen that V(I) is an ideal of the
associative algebra I'(g). To prove (1) consider the following
map « : V(I) — T(I) given by

a(y)(y) — v (), (6)

where v € V(I)and y = y + I € g/I. The map « is well
defined. If y = y;, then y — y, € [,andsoy(y — y;) = 0.1t
follows easily that « is injective. We now show that « is onto.
For every f € T(I), set Viig = 6, I//f(x) = f(x),forall x €
g. It follows from the definition of T'(I) that, for all x, y, z € g,
yxp) = fED) = F@y = x(Fyxnzl) =
FEF2) = [f@, 2] =[x fG).2) = [% 1, f()]. Thus,
vy € I'(g), and so Yy € V(I),t//f(I) = 0. But, OC(I//f) =f
implies that « is onto. It is fairly easy to see that o preserves
operations on vector spaces from g/I to Zg (I). This proves (1).

We now prove (2). If I(I) = Fid |, then for all v €
I(g), wl; = Aidy, for some A € F. If y # Aid,, let ¢(x) = Ax,
for all x € g;then y € I'(g) and v — ¢ € V(I). Clearly,
Y = ¢ + (v — @). Furthermore, Fidg NV(I) =0, and so (2) is
proved. O

Lemma 19. Let g be a Lie triple algebra; then @D is a deriva-
tion for ¢ € I'(g), D € Der(g).

Proof. If x, y,z € g, then
@D (xy) = ¢ (D (x)) y + x(D(y))) = (¢D (x)) y
+x(¢D(y)),
@D ([x,3:2]) = ¢ ([D(x), y. 2]
+ [%.D(y),2] + [x, 7. D(2)])
= [¢D (x),y,2] + [x,9D (). 2]

+ [x, ¥, 9D (2)]. o
7

Thus, @D is a derivation. O

Theorem 20. Let g be a Lie triple algebra, and for any ¢ €
I'(g), D € Der(g), then one has the following.

(1) Der(g) is contained in the normalizer of I'(g) in
End (g).
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(2) D¢ is contained in I'(g) if and only if D is a central
derivation of g.

(3) @D is a derivation of g if and only if [ D, @] is a central
derivation of g.

Proof. For any ¢ € I'(g), D € Der(g), and x, y,z € g,

D¢ (xy) = D (¢ (x) y) = (Do (x)) y + (¢ (x)) (Dy)
= (D¢ (x)) y + 9D (xy) - (9D (x)) y.

Then, we get (D¢ — D)(xy) = ((D¢ — @D)(x))y. On the
other hand, we have

Do ([x. y,2]) = D([¢p(x), y,2])
= [Dg(x),y.2] + [¢(x),D(y).2]
+[p (%), . D(2)] )
= [Dg (x), y,z] + 9D ([x, y,2])
- [¢pD (%), y.2].
So, (Dg — eD)([x, y,2z]) = [(D¢ — @D)(x), y,z]; this is
[D,¢] = Dy — ¢D € I'(g). This proves (1). From Lemma 19
and (1), D¢ is an element of I'(g) if and only if 9D € I'(g) N
Der(g). Thanks to Proposition 17, we get the result (2). It

follows from (1), Proposition 17, and Lemma 19 that the result
holds. O

Now, we study the relationship between the centroid of a
decomposable Lie triple algebra and the centroid of its factors.

Theorem 21. Suppose that g is a Lie triple algebra over F and
g = g, ® g, with g, and g, being ideals of g; then

IF(g)=T(g)®l(g)aC(l)eC(2), (10)

as vector spaces, where C(1) = {¢ € Hom(g;,q;) | ¢(g;) <
2(8) 9(8:9;) = 9[95.9,6,] = 0}, C(2) = {9 € Hom(g,,
82) | 9(g5) € Z(a1), 9(8191) = ¢[g1> 81> 9:] = 0.

Proof. Letm; : ¢ — g; be canonical projections for i = 1, 2;
then 7,, 71, € I'(g) and 71; + 7, = id;. So we have for ¢ € I'(g),

@ =TT, Q71| + T QTT, + T, QTT) + T, QTT,. (11
Note that m;¢7; € I'(g) for i, j = 1,2. We claim that

I'(g) = mTI'(g)m +m I (g) m, + I (g) my + 7,1 (g) 7,
(12)

It suffices to show that 71, T'(g)7r; N 7;T(g)7, (other cases are
similar). For any ¢ € m,T(g), N m,I'(g)m,, there exist f; €
I'(g),i = 1,2, such that ¢ = m, fym; = 7, f,7,. Then, @(x) =
7, fom,(x) = 1y fom,(m,y(x)) = m, f,(0) = 0, for all x € g, and
so @ = 0. Let F(g),»j = nil“(g)rrj, i, j = 1,2. We now prove that

[(8)y, =T(g,)>
I(g)y =C;.

(@), =T(g)),
I(g);, =C,,

(13)
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Since ¢(g,) = 0 for ¢ € I'(g);;, we have (pIgll € T'(g;)- On
the other hand, one can regard I'(g,) as a subalgebra of I'(g)
by extending any ¢, € I'(g;) on g, being equal to zero; that
is, @o(x1) = @o(x1),@p(x,) = 0, for all x; € ¢;,x, € g,.
Then ¢, € I'(g) and ¢, € I'(g);. Therefore, I'(g),; = I'(g,)
with isomorphism o : I'(g);; — I(g,),0(¢p) = q)|gl, for all
¢ € I'(g);,- Similarly, we have I'(g),, = I'(g,).

Next, we prove that I'(g),, = C,. If ¢ € T(g),, there exists
¢, in I'(g) such that ¢ = 77,7, For x; = x; + x; € g, where
x}‘( €g;,i=1,2andk =1,2,3, we have

¢ (x1%,) = m o, (x1x,)
= mo (x1%3)
=1, ((pox1) x3) =0,
¢ ([x1> %5, x3]) = mporm ([x1, %3, x3])
= mgo ([x1, %3 %3])
= m ([goxt x5, x3]) = 0,
(9 (x1)) %, = ¢ (x,%,) =0,

[@ (x1) > %2 %3] = @ ([x1, x5, x3]) = 0.

Then, ¢(g) € Z(g) and ¢(gg) = ¢[g, g, gl = 0. It follows that
?lg,(8,) € Z(81), 9ly, (828,) = ¢y ([, 85, 6,]) = 0, and so
(plgz € C,.

Conversely, for ¢ € C,, expending ¢ on g (also denoted

by ¢) or by ¢(g,4,) = ¢lg;,6;,6,] = 0, we have m,pm, = ¢
and ¢ € I'(g),,. This proves that I'(g),, is isomorphic to C,
with the following isomorphism:

7(¢) = ¢ | T(g),, (15)

for all ¢ € I'(g),,. Similarly, we can prove that I'(g),; = C,.
Summarizing the aforesaid discussion, we have

T(g)=T(g)®Tl(s)eC(1)aC(2). (16)

The proof is completed. O

7:1(g);, — Gy,

A generalized version of Theorem 21 is stated next with-
out proof.

Theorem 22. Suppose that g is a Lie triple algebra over F and
with a decomposition of ideals g = g, ® g, ®- - - @4g,,. Then, one
has

I(g)=T(g)® -l (g,)® (®1gi¢j3mczj) , (17)
as vector spaces, where C;; = {9 € Hom(g; g;) | ¢(g;)
Z(gj), ¢(g:9;) = ¢lg;, 85,01 =0, for 1 <i# j<m}.

4. The Centroids of Tensor Product of
Lie Triple Algebras

Definition 23. Let A be an associative algebra over a field F,
where the centroid of A is the space of F-linear transforms

on A given by I'(A) = {¢ € Endp(A)p(ab) = ag() =
¢(a)b,for all a,b € A}; then I'(A) is an associative algebra
of Endg(A). If g is be a finite-dimensional Lie triple algebra
over F, let g ® A be a tensor product of the underlying vector
spaces A and g. Then, g ® A over a field F with respect to the
following 2-ary and 3-ary multilinear operation:

[x1 ®ay, %, ® a5, X3 ® as] = [x), %5, %3] ® a,005, (18)
(%, ®a) (%, ®a,) = (x,%,) ® ayay,

where x; € g, a; € A, i=1,2,3. This Lie triple algebra g® A
is called the tensor product of A and g. For f € Endg(g) and
¢ € Endg(A), there exists a unique map f ® ¢ € Endp(g® A)
such that

(f®p)(x®a)=f(x)®¢(a), Vxeg acA (19)

The map should not be confused with the element f ® ¢ of
the tensor product Endg(g) ® Endg(A). Of course, we have a
canonical map as the following:

w : Endg (g) ® Endg (A)
(20)
— Endp (g®A): fop+— f®g.

It is easy to see that if ¢ € T'(g) and v € T'(A), then p®y €
I'(g ® A). Hence, I'(g) ®T(A) € T'(g ® A), where I'(g) ®'(A)
is the F-span of all endomorphisms ¢ ® y.

Definition 24. The transformation ¢ € I'(g ® A) is said to
have finite g-image, if for any a € A, there exist finitely many
ai...,a, € Asuch that

¢(g®Fa)cg®Fa +--+g®Fa,. (21)

It is easy to see that I'(g)®T(A) < {¢p € T(g® A) |
¢ has finite g-image}. In addition, ¢ € I'(g ® A) has finite
g-image, if (g ® 1) € g ® Fa; + --- + g ® Fa, for suitable
a; € A.

Lemma 25. Let g be a Lie triple algebra over F and A a unitary

commutative associative over F. Let {a,}, .5 be a basis of A, and
let ¢ € T(g ® A). Define ¢, € End ¢(g) by

p(xel)= ) ¢ (x)ea, (22)

reR

then all ¢, € I'(g).



Proof. For x,,x,,x; € g, we have

¢ ([x x5 %3] ®1) = Z‘/’r ([x1, %5, x3]) ® @, ¢ (%, x,)

reR

= Z (/57 (xlxl) ® a‘r’

reR

¢([xpxpx5]@1) = ([, @ L x, 0L, x;©1])

[p(x;01),x,01,x;®1]

2 16 (%), %0, x5] @ 4,

reR

=[x;81L,¢(x,®1),x;®1]

=) [x1¢ (%), %3] @4,

reR

=[x, 8L, L¢(x;01)]

= Z [x1, %5, ¢, (x3)] ®a,,

(p(x1x)®1) =d((x;®1) (x,©1))
= Z(pr (xle) ® a,

=(¢(x;@1))(x,®1)
= Z (¢, (%) x,) ®a,

=(x81)(¢(x,01))
=) (v (¢ () ®a,

reR
(23)

Hence, one has
¢, ([xl’x2>x3]) = [‘/’r (xl),xz,x3] = [x1’¢r (xz),x3]
= [xl’x2’¢r ('xS)] >

¢ (x1%2) = (¢ (1)) %2 = %, (6 (x2)) 5
(24)

forall x; € g. So all ¢, € T'(g). O

Proposition 26. Let g be a perfect Lie triple algebra over F,
and let A be a unitary commutative associative over F which is
free as a F-module. Then, one has the following.

(1) If g is perfect, then ¢ ® A is perfect too.
(2) If g is finitely generated as a Mult(g)-module (or as a

I'(g)-module), or if g is a central and a torsion-free F-
module, then every ¢ € I'(g ® A) has finite g-image.

(3) If I(g) is a free F-module and the map w of Definition
23 is injective, then T(g)®T(A) = {¢ € T(g® A) |
¢ has finite g-image}.
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Proof. The definition of perfect shows that (1) holds. Let
M = Mult(g). It follows that M®id € Mult(g ® A) from A is
unital. Since g is finitely generated as a Mult(g)-module, we
can suppose ¢ = Mx, +--- + Mx, for x|,...,x, € g. Fix
¢ € (g ® A) and a € A. There exist finite families {x;;} C g
and {aij} C A such that

¢(x;®a) = inj ®a;;, (25)
i

for 1 <i < n. Hence,

$(@oa) = Yo (MBid) (xa)

(26)
= Z (M ®id) (xij ® ai]-) c Zg ® a;.
ioj

i,j

Since g ® A is perfect, the centroid I['(g ® A) is commutative.
By replacing M with I'(g) we can use the same argument
aforementione to show that every ¢ € I'(T ® A) has finite
g-image, if g is a finitely generated I'(g)-module.

Now, suppose that I'(g) = Fid and that g is a torsion-free
F-module. Then there exist scalars k, € F such that ¢, = k,id.
Hence,

p(x®1) = Zer®ar. (27)
reR

Fix x € g; thenalmostall k,x = 0 and almost all k, = 0, which
in turn implies that ¢ has finite g-image.
From the aforementione discussion above, we get

I'(g) ®T(A) c {¢p €T (g® A) | ¢ has finite g-image} .
(28)

So, it suffices to prove that I'(g) ®T'(A) 2 {¢ € T(g® A) |
¢ has finite g-image}. We suppose that ¢ € I'(g® A) has finite
g-image, and then there exists a finite subset § < R such that
equation in Lemma 25 becomes as follows:

p(xel)= Y ¢ (x)®a, (29)

rey
For x, x,,x; € gand a € A, we get
¢ ([x1, x5, x3]®a) = p([x; @ Lx, @ 1, x;©4])

=[p(x,®1),x,01,x; 4]

= Z [¢r (xl) ’xZ,X3] ®a.a

regy

= Z‘/’r ([x1, %0 x3]) ® a,0,

¢((x1x,)®a) = ((x; 1) (x, ®a))
=(¢(x;®1)) (x, ®a)
= Z (¢, (x1) x;) ®a,a

regy

=) ¢ (%) @aa.

regy

(30)
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Since g is perfect, we can get

b= $,84,, (31)

regy

where A, is the left multiplication in A by a,. Let {y; | s € &}
be a basis of I'(g). Then, there exist a finite subset B ¢ & and
scalars k,, € F(r € §,s € B) such that

¢r = Zkrsll/s' (32)
seB
We then get
¢= Z ka% élr = ZWsé(/ss’ for ¢ = Zkrs/‘r'
re seB seB rey
(33)

Now we show that ¢, € I'(A). For any x,,x,,x5 € g,a,,a, €
A, we have

Z‘/’s ([x1> %2, x3]) ® ¢ (a14,)

s€B
= ¢ ([}, x5, %3] ® a1a,)

=[p(x,®a,),x,®a,,x;©1]

Z‘/’s (x1) @ ¢ (a1), %, ®ay,x;®1
seB

Z (v (1), x5, %3] ® b (a1) @,

seB

= Z‘//s ([21, %0, x3]) ® ¢ (1) @y,

seB

Z‘/’s (x12,) ® b (a,)

seB

(34)

=¢((xx)®a,) = (p(x, ®a)(x,®1))
Y (v (%)) () @ (a) 1

seB

Z‘/’s (x1x,) ® ¢ (a)) 1.

seB

Since [gg, g] = gg = g, we have
¥ () ® (¢ (aa) — ¢, (a)a) =0, (35)

seB
for all x € gand a;,a, € A. It follows that
Z‘Vs@#s =0, (36)
seB
where p; € Endg(A) is defined by p,(a,) = ¢(aa,) -
¢,(a,)a,, for all a, € A. Since w is injective, we also have
Y vi®u =0. (37)
s€B

So by the linear independence of the v, we get that y, = 0.
Then v, € I'(A). Hence ¢ € I'(g) ®T(A). O

Next, we will determine the centroid of the tensor product
of a simple Lie triple algebra and a polynomial ring. Here
after we study the centroid of Lie triple algebra over a filed
F. Let {e;} be a basis of the central derivation C(g) and {(pj}
a maximal subset of I'(g) such that {(pjlgg} and {(pj|[g)g’g]} are
linear independent. Then, we have the following result.

Theorem 27. Let Y denote the subspace of I'(g) spanned by
{(pj}. Then {ey, (pj} is a basis of I'(g) and I'(g) = ¥ & C(g) as
vector spaces.

Proof. Since {gojlgg} and {gojl[g)g)g]} are linear independent,
{goj} is linear independent in I'(g). By definition of {e, ¢;},
the {e, (pj} is independent in I'(g). For ¢ € I'(g) since {(pjlgg}
is a basis of vector spaces {¢|, | ¢ € T(g)}, and {q)jl[g’g)g]} isa
basis of vector spaces {¢l(, 44 | ¢ € I'(@)}, there exist g € F,
s € J (J is a finite set of positive integers) such that

Pliggal = zgs(/’s|[g,g,g]>

seJ

(38)
Plog = ng‘f’s|gg'
seJ
We then have
<(P B ZgS(PS) |[9)9,9] =0, ((P - ngq)s) |gg =0. (39)
s€J seJ
If y1, y5, y; € @, then
0= (‘P - Z%?’s) ([y1> y2 73])
sej
= [(wzgsfps)(yl),yz,ys],
seJ
0= (fp - ng%) (713n) = (((P - Z%%) (m)) ¥,
seJ s€J
(40)
It follows that
<(P - ng¢s> (g) cz (g) »
s€J (41)
¢ - ng(Ps’
sejJ

is a central derivation. So there exist r; € F,i € I (I is a finite
set of positive integers) such that

¢ - ng?’s = Z”i@* (42)
seJ i€l
Therefore,
9= ng(Ps + Z”ici- (43)
seJ iel
The proof is completed. O



Lemma 28. Let g be a simple Lie triple algebra, R = F[x,,
..exX,], and § = ¢ ® R; then one hasT(g) 2 Y ® R+ C(g) ®
Endg(R).

Proof. Lety € I'(g), m € R. Then, we have

(vem)([xep.yeqzer])=(yem)([x y.z] ® pqr)
=y ([x y,2]) @ mpgr
= [y (x), y.2] @ mpgr
=[xy (y).z] @mpqr
=[xy, v (2)] ® mpqr,
[(yom)(xep).yegqzer]=y(x),y z]@mpqr,
[xep,(yem)(yeq),zer] =[xy (y).z] ®mpqr,
[x®p,y®q (yem)(zen] =[x yy ()] empqr,
(yem)((xep)(yeq)) = (yem)((xy)® pq)
=y (xy) ®@mpq

= (v (x) y) @ mpq,
(44)

(yom)(x®p))(yeq) = (yx)emp)(y®q)
= (v (%)) y ® mpq.

Thus ¢ ® m € I'(g). For any d € C(g) and f € Endp(R),d ®
f € I(g), we have
def)(xepyeqzer])
=d([xy.z])® f (par) =0,
[(def)(xep).yeqzer]
=[dx) e f(p).yeqzer]
=[dx).y.z]® f(p)ar =0,
[(xep)(de f)(yeq),zer]
=[xepd(y)®f(q).zer]
= [x.d(y).z]®pf (@)r =0,
[x®p.yeq(def)(zer)]
=[(xep)y®qd(z)e f(r)
=[x, y,d (2] ® paf (r) =
(de f)((xop)(yeq)) =d(xy)e f(pq) =0,
(de f)(xep))(yeq)=(dx)ef(p)(yeq)
=(d®y)e f(p)a=0,
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(xep)((def)(yeq)=(xep)(d(y)ef(q)

= (xd (y)) ® pf (q) = .
(46)

Hence ¥ ® R + C(g) ® Endg(R) < I'(g). O

Theorem 29. Let g be a simple Lie triple algebra, R =
Flx,,..., x,], andg=g®R. ThenT'(g) = I'(g) ® R.

Proof. From Lemma 28, we get T'(g)®R € T'(g). Now we prove
the opposite inclusion. Let {m,} be a basis for R,y € I'(g), p €

R,x,y,z € @, and let #;(—, p) be suitable maps in Endg(g)
such that

(x®p) = Z’% (x.p)® (47)

Then,

v([xepyelLzel])=[y(x®p),y®1,z®1]

[ ni(x,p)em,y®1,z®1
Z [ (x, p), y:2] ®

=y([xelyepzel])
=[xeLy(yep).zel]

= [mLZm (rp)em,ze1l

=Y [xn (3. p). 2] ®

i

=y([xel,y®lzep])
=[xeLyeLy(z®p)]

= [x@l,y®1>2ﬂi (Z’p)®mf
=Y ey om,
v(xep)(ye1) =) (n(xp)em)(yel)

=Y (n,(x.p) y) @m,
=(xep)(v(yel))
=) (un(yp)em

(48)
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while
v([x,y.z]®p) = Zm ([x,y.2], p) ® m;,

(49)
v(()ep) =Y (). p)em,

So, for eachiand p, we have ;(p[x, v, z],) = [5;,(x, p), ¥, 2] =
[, 7:(y, p), 2] =[x,y 1:(2, p)], mi(p, (xp)) = (n;(x, p), y) =
(x,n;(y, p)),for all x, y,z € g. Hence, #;(—, p) € I'(g). But
I'(g) = Fid. Therefore, #;(x, p) = A;(p)x, for all x € g, for
suitable scalars A;(p).

Thus, we may write

y(x@p)= A (p)xom, (50)

Since the right-hand side is in g®R, for each p, we get A,(p) =
0 for all except for a finite number of i. That is,

y(x®p) =) xoA(p)m. (51)
i=1
Then, the map
pip— YA (p)m; (52)

i=1

is well defined. Hence, we have y(x ® p) = x ® p(p). Thus,
[v(x®p).yelzel]=[xep(p).yelzel]
=[x y.z]@p(p),
[xepy(yel),zel]l=[xepyep(l),z01]
=[x y.z] @ pp (1),
(v(xep)(yel)=(xep(p)(yel) (53)
=(xy)®p(p)
=(xep)(v(yel))
=(xep)(yop)

=(xy)®pp(1).

Choose x, y, z € g such that xy #0, [x, ¥, z] # 0. Then we can
conclude that p(p) = pp(1), for all p € R. So p is determined
by its action on 1. Therefore, p € R. Thus,

v(xep)=(idep)(x®p), VpeR xeg  (54)
Thatis, y € id®R = I'(g)®R. So, we have I'(g) = I'(g)®R. [
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