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This paper addresses the self-excited vibration problems of maglev vehicle-bridge interaction system which greatly degrades the
stability of the levitation control, decreases the ride comfort, and restricts the cost of the whole system. Firstly, two levitationmodels
with different complexity are developed, and the comparison of the energy curves associated with the two models is carried out.
We conclude that the interaction model with a single levitation control unit is sufficient for the study of the self-excited vibration.
Then, the principle underlying the self-excited vibration is explored from the standpoint of work acting on the bridge done by the
levitation system. Furthermore, the influences of the parameters, including the modal frequency andmodal damping of bridge, the
gain of the controller, the sprung mass, and the unsprung mass, on the stability of the interaction system are carried out. The study
provides a theoretical guidance for solving the self-excited vibration problems of the vehicle-bridge interaction systems.

1. Introduction

Compared with the conventional rail-way systems, the elec-
tromagnetic maglev system (EMS) has advantages of lower
noise, less exhaust fumes emission, less maintenance cost,
and the ability to climb steeper slopes, which is a new kind
of urban transport that has been widely concerned in recent
years [1–3].

The rapid development and enormous advantages of
maglev system sketch a bright future for its commercial
applications. However, the self-excited vibration of bridge is
a burning issue to be solved. It occurs when the vehicle is sus-
pended upon the guideway, standing still or moving at very
slow speed [4]. It degrades the safety of bridge and durability
of bridge. Furthermore, the self-excited vibration deteriorates
the stability of the levitation system. The American maglev
technologies (AMT) system achieved successful levitation
in Florida on a bridge mounted to the earth on a concrete
foundation but later encountered difficulties in achieving
stable levitation when the vehicle was moved to an elevated
bridge installed on the Old Dominion University campus
[5]. It was believed that the flexibility of the bridge, which

employed 90-feet long, was the main reason that contributed
to the difficulties of achieving a stable levitation.

For the maglev CMS04 system of China, the self-excited
vibration may occur if the parameters of PD controller are
unsuitable. Figure 1 shows the recorded data from Tangshan
maglev engineering base when the self-oscillation occurs.

According to Figure 1, when the self-excited vibration
occurs, the electromagnet will vibrate vertically. Further-
more, the vibrations of electromagnet will be transferred
to the cabin of vehicle, which is harmful for the riding
comfort for passengers. Besides, the current fluctuations of
the electromagnet impact the power system violently, which
may lead to its collapse.

To explore the principle underlying the self-excited vibra-
tion and solve it, extensive researches have been reported.
The derivation of bifurcation equations and numerical
simulation using the center manifold method are carried
out [6]. They believed that the bifurcations, such as the
homoclinic, Hopf bifurcation, secondary Hopf bifurcation,
and chaos are the causes of self-excited vibration. In [7]
the authors believed that the self-excited vibration is due
to the improper frequency relationship between various
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Figure 1: Recorded data from field when the self-oscillation
occurred.

components of the system. In [8] the authors believed that the
self-excited vibration is more likely to occur if the difference
between the modal frequency of bridge and the natural
frequency of controller is sufficiently small. The influences of
signal delay on the stability of nonlinear levitation system are
studied by [9–11].The analysis shows that when the time delay
reaches a critical value, the system will undergo a subcritical
bifurcation, and the periodic vibration will occur.

The bridge in the maglev route is simply supported, and
its span is large compared with other dimensions, and the
vertical deflection of the bridges is small compared with its
span when the self-excited vibration occurs.

In almost all the published literatures [12, 13], the elevated
bridge is modeled as a Bernoulli-Euler beam. A consensus in
maglev field has been reached, which will be adopted in this
paper.

However, the development of the levitation model is
relatively complicated. There have been many magnetic
levitation models created for different purposes. Generally,
these models are classified into two categories, one for the
research of dynamics [14] and the other for the analysis and
synthesis of the control system [15].

For the first kind, to obtain a precise and creditable
dynamic response, the details of the system should be consid-
ered in all directions, so that this kind of model is relatively
complicated. For the second kind, to simplify the process of
analysis and synthesis of the control system, some inessential
parts should be neglected and only the quintessential parts
should be included.

For the analysis and synthesis of the self-excited vibration,
various models with different complexities are adopted in
published literatures. In [2], it is believed that the secondary
suspension system of the vehicle can be neglected in the
analysis, and the model of a single levitation unit-bridge
coupled system was adopted. However, in [16], the structure

of a single levitation unit-bridge with secondary suspension
systemwas included. In [17], a complicated interactionmodel
with a levitation module and secondary suspension system
are developed.

Yet as of today, to the authors’ knowledge, no effective
theoretical method has been reported for the selection of a
suitable minimum interaction model. As we all known, the
rather larger error may be introduced if an oversimplified
levitation model is selected. On the contrary, the theoretical
derivation may be hard to be carried out if a complicated
levitation model is adopted.

Therefore, a minimum interaction model with essential
parts for the exploration of the principle underlying the
self-excited vibration should be determined. In this paper,
an index 𝑄 that reflects the essence of the self-excited
vibration will be defined. The feasibility of the index is
analyzed. Furthermore, aminimum interactionmodel will be
determined according to the comparison of the index 𝑄.

Furthermore, based on the developed minimum interac-
tionmodel, the principle underlying the self-excited vibration
will be explored from the standpoint of work acting on the
bridge done by the levitation system, and the frequency range
of the vibration will be analyzed if the self-excited vibration
occurs.

It has been observed that the PD controller cannot
stabilize the vehicle-bridge interaction system completely
when the vehicle is suspended on different bridges still. To
solve the problem of self-excited vibration, the method to
tune the parameters of controller and design the parameters
of the bridges will be studied in this paper. To study the effects
of varying parameters on closed-loop pole locations, the root
locusmethod is adopted in this paper. In turn, these locations
provide important information on the time and frequency
responses, which are useful for the design guidance for the
maglev system.

This study is engineering oriented, and the purpose of this
research is to develop a minimum model that is capable of
exploring the principle underlying the self-excited vibration
and mastering the influences of each parameter on the
stability of the interaction system.

2. The Modeling of Vehicle-Bridge
Interaction System

Considering the complexity of self-excited vibration, the
overall dynamic models with details may result in a difficult
analysis to draw useful conclusions. Hence, aminimum inter-
action model containing quintessential parts associated with
the occurrence of self-excited vibration should be developed.

2.1. The Modeling of Levitation System. The side view of the
urban maglev vehicle, CMS04, is shown in Figure 2. It con-
sists of ten levitation modules, which are designed to enable
transmission of vertical force to support the vehicle body,
to transmit lateral force to guide the train, and to transmit
longitudinal forces for braking and traction force. This is to
say, the levitation module is the minimum construction and
dynamical unit.



Mathematical Problems in Engineering 3

Unit 1 Unit 2Bridge

Cabin

Module 1

Module 2

Module 3

Figure 2: The side views of the CMS04 maglev system.

The module consists of four electromagnets. Each pair of
adjacent electromagnets is controlled by a controller and is
appointed as a levitation unit in this paper.This is to say, there
are two levitation units for a levitation module.

Strictly speaking, the ten levitationmodules of vehicle are
lightly coupled by the movement of the cabin. However, if
the overall maglev vehicle system is selected as a subject of
model for the principle underlying the self-excited vibration,
themodelmay be too complicated to carry out the theoretical
investigation.

Generally, the influences of the interaction between
the ten levitation modules on the stability of the vehicle-
bridge interaction system are neglected.Therefore, the overall
system may be divided into ten independent subsystems,
and each subsystem consists of a module, air-springs, and
equivalent cabin, which are shown in Figure 3.

If the above subsystem is selected as a subject of the levi-
tationmodel, the dynamic coupling between the two adjacent
levitation units, the dynamics behavior of the air-springs,
and the noncollocation between the sensors and actuators
will be considered in all directions. Hence, the conclusions
based on this subsystemwill be creditable. Furthermore, if the
above factors do not significantly affect the essence of the self-
excited vibration of the vehicle-bridge interaction system,
then a simpler model, shown in Figure 4, may be preferable
for the explanation of the self-excited vibration.

To explain the feasibility of the interaction model with a
single levitation unit, an index 𝑄 that reflects the essence of
the self-excited vibration should be defined. Generally, the
index 𝑄 should possess a clear physical meaning to guide
the optimization design and a brief format to carry out the
theoretical derivation easily.

It has been observed that the bridge vibrates vertically
when the self-excited vibration occurs. With the passage of
time, the amplitude of vibration increases until the failure of
the levitation system or self-oscillation with constant ampli-
tude.

Generally, the growth of the vibration amplitude is
attributed to the work done by the electromagnetic force
acting on the bridge. Evidently, if the separation angle
between the vertical velocity of the bridge ̇𝑦

𝐵
(𝑡) and the

electromagnetic force 𝐹
𝐸
(𝑡) acting on the bridge is less than

0.5𝜋, the levitation system will export energy to the bridge,
leading to the amplitude growth of the vibration. On the
contrary, the amplitude of the vibration will decay to zero.
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Figure 3:The interactionmodel with a module, the air-springs, and
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Figure 4: The interaction model with a single levitation unit.

Therefore, the transfer function between ̇𝑦
𝐵
(𝑡) and 𝐹

𝐸
(𝑡)may

be available for the definition of the index 𝑄 to carry out the
comparison of the two levitation models, shown in Figures 3
and 4.

Firstly, the corresponding models should be developed.
Considering the similarity of the two models and the limited
length of the paper, only the dynamic equations of the
interaction system with a module, the air-springs, and cabin
are listed.

In light of Figure 4, the vertical displacements of the
bridge are

𝑦
𝐵1

= 𝑞
1
sin (𝜆

1
𝑥
𝐵1

) , (1)

𝑦
𝐵2

= 𝑞
1
sin (𝜆

1
𝑥
𝐵2

) . (2)

The levitation gaps measured by the gap sensor are

𝛿
1
= 𝑦
𝐸1

− 𝑦
𝐵1

, (3)

𝛿
2
= 𝑦
𝐸2

− 𝑦
𝐵2

. (4)

However, for the dynamic of the levitation system, its elec-
tromagnetic forces are associated with the averaged electric
clearances 𝛿

𝑖
between the upper surface of the electromagnets

and the lower surface of the guideway, which can be given as

𝛿
1
= (0.75𝑦

𝐸1
+ 0.25𝑦

𝐸2
) − 𝑞
1
sin (𝜆

1
(𝑥
𝐵1

+ 𝐿
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)) ,

𝛿
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𝐸2
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1
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1
(𝑥
𝐵2

− 𝐿
𝐸
)) .

(5)
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Suppose that the number of turns of a single electromag-
net is 𝑁, the pole area is 𝐴, and the magnetic permeability
of vacuum is 𝜇

0
. Then, for a single electromagnet, the

relationship between the controlled voltage 𝑢
𝑖
(𝑡) and current

𝑖
𝑖
(𝑡) is

𝑢
1 (𝑡)

2
= 𝑖
1 (𝑡) 𝑅 +

𝜇
0
𝐴𝑁
2

2𝛿
1 (𝑡)

̇𝑖
1 (𝑡) −

𝜇
0
𝐴𝑁
2
𝑖
1 (𝑡)

2𝛿
2

1
(𝑡)

̇
𝛿
1 (𝑡) ,

(6)

𝑢
2 (𝑡)

2
= 𝑖
2 (𝑡) 𝑅 +

𝜇
0
𝐴𝑁
2

2𝛿
2 (𝑡)

̇𝑖
2 (𝑡) −

𝜇
0
𝐴𝑁
2
𝑖
2 (𝑡)

2𝛿
2

2
(𝑡)

̇
𝛿
2 (𝑡) .

(7)

Here, 𝑅 is the resistance of a single electromagnet. The
electromagnetic forces acting on the bridge are

𝐹
𝐸1 (𝑡) =

𝜇
0
𝐴𝑁
2

2
(

𝑖
1 (𝑡)

𝛿
1 (𝑡)

)

2

, (8)

𝐹
𝐸2 (𝑡) =

𝜇
0
𝐴𝑁
2

2
(

𝑖
2 (𝑡)

𝛿
2 (𝑡)

)

2

. (9)

When the vehicle is suspended on the bridgewithoutmoving,
the forces acting on the module include the gravity, the
pressures from the distortion of the air springs, and the elec-
tromagnetic forces. The dynamic equations of first levitation
modal are given as

𝐽
𝐸
𝐿
−1

𝐸
𝛼̈
𝐸 (𝑡) = 2𝑘

𝑠
(𝑦
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)
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𝐸2 (𝑡) − 2𝑘
𝑠
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𝐸
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𝐸2 (𝑡)
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𝑠
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𝐸2
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) .

(10)

The forces acting on the cabin of vehicle include the gravity
and the counteracting force from the distortion of the air
springs. The dynamic equations of the cabin are given as

𝑚
𝐶

̈𝑦
𝐶 (𝑡) = 𝑘

𝑠
(𝑦
𝐸1

− 𝑦
𝐶1
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𝐶𝐸0
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𝑠
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𝑠
( ̇𝑦
𝐸2
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𝐸1
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𝑠
( ̇𝑦
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− ̇𝑦
𝐶1

)
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) + 𝑐
𝑠
( ̇𝑦
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) .

(11)

According to (6) and (8), the steady current of the electro-
magnet is

𝑖
0
=

𝛿
0

𝑁
√

(𝑚
𝐸
+ 𝑚
𝐶
) 𝑔

𝜇
0
𝐴

. (12)

Due to its clear physical meaning, the excellent perfor-
mance, and easily engineering implementation, the integral-
type PD control is the most widely used controller in
engineering practice, which is preferred in this study. The
integral-type PD controller is given by

𝑖exp 1 (𝑡) = 𝑘
𝑝
[𝑦
𝐸1 (𝑡) − 𝑦

𝐵1 (𝑡) − 𝑧
0
] + 𝑘
𝑑

̇𝑦
𝐸1 (𝑡) + 𝑖

0
,

𝑖exp 2 (𝑡) = 𝑘
𝑝
[𝑦
𝐸2 (𝑡) − 𝑦

𝐵2 (𝑡) − 𝑧
0
] + 𝑘
𝑑

̇𝑦
𝐸2 (𝑡) + 𝑖

0
.

(13)

Here, 𝑖exp(𝑡) is the desired current flowing through the
electromagnet and 𝑘

𝑝
and 𝑘

𝑑
are the coefficients of the pro-

portionality and damping term of the controller, respectively.
To accelerate the response of the actuators, a cascaded current
controller with feed-forward is used [15, 18]. Consider

𝑢
1 (𝑡) = 𝑘

𝑐
[𝑖exp 1 (𝑡) − 𝑖

1 (𝑡)] + 2𝑅𝑖
1 (𝑡) ,

𝑢
2 (𝑡) = 𝑘

𝑐
[𝑖exp 2 (𝑡) − 𝑖

2 (𝑡)] + 2𝑅𝑖
2 (𝑡) .

(14)

The dynamic model of the interaction system with a
module, air-springs and cabin is developed.

2.2. The Modeling of Bridge. Generally, the elevated bridge of
the maglev route is simply supported, and the span is greatly
larger compared with other dimensions, and the vertical
deflection of the bridges when the self-excited vibration
occurs is small compared with its span. Generally, the
elevated bridge is modeled as a Bernoulli-Euler beam [2],
which will be adopted in this paper. Based on the above
assumptions, the motion of bridge can be described by the
following differential equation

𝐸𝐼
𝑏

𝜕
4
𝑦 (𝑥, 𝑡)

𝜕𝑥4
+ 𝜌
𝑏

𝜕
2
𝑦 (𝑥, 𝑡)

𝜕𝑡2
= 𝑓 (𝑥, 𝑡) , (15)

where 𝐸𝐼
𝑏
is the bending stiffness, 𝜌

𝑏
is the mass per unit

length, and 𝑓(𝑥, 𝑡) is the electromagnetic force acting on
the bridge. For a simply supported bridge, the 𝑘th natural
frequency 𝜔

𝑘
and mode shape 𝜙

𝑘
(𝑥) are

𝜔
𝑘
= 𝜆
2

𝑘
√

𝐸𝐼
𝑏

𝜌
𝑏

,

𝜙
𝑘 (𝑥) = sin (𝜆

𝑘
𝑥) .

(16)

Here, 𝜆
𝑘
= 𝑘𝜋/𝐿. Usingmodal analysis method, the solutions

of (15) can be expressed by the linear superposition of modal
shapes. Consider

𝑦 (𝑥, 𝑡) =

∞

∑

𝑘=1

𝜙
𝑘 (𝑥) 𝑞𝑘 (𝑡) . (17)

Substituting (4) into (1), multiplying both sides of the
resultant equation by sin(𝑛𝜋𝑥/𝐿), and integrating both sides
from 0 to 𝐿, then

̈𝑞
𝑘 (𝑡) + 𝜔

2

𝑘
𝑞
𝑘 (𝑡) =

2

𝜌
𝑏
𝐿

∫

𝐿

0

𝑓 (𝑥, 𝑡) 𝜙𝑘 (𝑥) 𝑑𝑥. (18)
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Considering that the length of the electromagnet is approx-
imately 1/20 of bridge, the electromagnetic force may be
viewed as a concentrated force, taking into account themodal
damping of bridge; then,

̈𝑞
𝑘 (𝑡) + 2𝜉

𝑘
𝜔
𝑘

̇𝑞
𝑘 (𝑡) + 𝜔

2

𝑘
𝑞
𝑘 (𝑡) =

2

𝜌
𝑏
𝐿

𝑛

∑

𝑖=1

𝜙
𝑘
(𝑥
𝑐𝑖
) 𝐹
𝐸𝑖 (𝑡) .

(19)

Multiplying both sides of the resultant equation by 𝜙
𝑘
(𝑥
𝑐
)

gives

̈𝑦
𝑘 (𝑡) + 2𝜉

𝑘
𝜔
𝑘

̇𝑦
𝑘 (𝑡) + 𝜔

2

𝑘
𝑦
𝑘 (𝑡) =

2

𝜌
𝑏
𝐿

𝑛

∑

𝑖=1

𝜙
2

𝑘
(𝑥
𝑐𝑖
) 𝐹
𝐸𝑖 (𝑡) .

(20)

Here, 𝑦
𝑘
(𝑡) is the 𝑘th modal displacement of the bridge.

2.3. The Modeling Comparison of the Levitation Systems. It
has been observed that the self-excited vibration occurs when
the vehicle is suspended upon the guideway, standing still or
moving at very slow speed [4]. When the speed of vehicle is
larger than 10 km/s approximately, during the period of the
vehicle passing over a beam, the energy accumulated by the
bridge is limited, and the vibration amplitude of the bridge
is sufficiently small which cannot be observed. Hence, in
the present study, the vehicle is assumed to be standing still
without moving. In this situation, the crossing of the vehicle
between the joints of the beams is not considered.

When the vibration amplitude of the bridge is sufficiently
small, the interaction system is quasistatic, so that the
linearized model may be applied to explore the principle
underlying the self-excited vibration without introducing
noticeable errors.The linearized equationswith amodule, the
air-springs, and cabin in frequency domain are

𝑎
11
𝑦
𝐸1 (𝑠) + 𝑎

12
𝑦
𝐸2 (𝑠) + 𝑎

15
𝑖
1 (𝑠) = 𝑏

1
𝑠𝑞
1 (𝑠) ,

𝑎
12
𝑦
𝐸1 (𝑠) + 𝑎

11
𝑦
𝐸2 (𝑠) + 𝑎

15
𝑖
2 (𝑠) = 𝑏

2
𝑠𝑞
1 (𝑠) ,

𝑎
31
𝑦
𝐸1 (𝑠) + 𝑎

32
𝑦
𝐸2 (𝑠) + 𝑎

35
𝑖
1 (𝑠) + 𝑎

37
𝐹
𝐸1 (𝑠) = 𝑏

3
𝑠𝑞
1 (𝑠) ,

𝑎
32
𝑦
𝐸1 (𝑠) + 𝑎

31
𝑦
𝐸2 (𝑠) + 𝑎

35
𝑖
2 (𝑠) + 𝑎

37
𝐹
𝐸2 (𝑠) = 𝑏

4
𝑠𝑞
1 (𝑠) ,

𝑎
51
𝑦
𝐸1 (𝑠) + 𝑎

52
𝑦
𝐸2 (𝑠) + 𝑎

53
𝑦
𝐶1 (𝑠) + 𝑎

54
𝑦
𝐶2 (𝑠)

+ 𝑎
57
𝐹
𝐸1 (𝑠) + 𝑎

58
𝐹
𝐸2 (𝑠) = 0,

𝑎
52
𝑦
𝐸1 (𝑠) + 𝑎

51
𝑦
𝐸2 (𝑠) + 𝑎

54
𝑦
𝐶1 (𝑠)

+ 𝑎
53
𝑦
𝐶2 (𝑠) + 𝑎

58
𝐹
𝐸1 (𝑠) + 𝑎

57
𝐹
𝐸2 (𝑠) = 0,

𝑎
71
𝑦
𝐸1 (𝑠) + 𝑎

72
𝑦
𝐸2 (𝑠) + 𝑎

73
𝑦
𝐶1 (𝑠) + 𝑎

74
𝑦
𝐶2 (𝑠) = 0,

𝑎
72
𝑦
𝐸1 (𝑠) + 𝑎

71
𝑦
𝐸2 (𝑠) + 𝑎

74
𝑦
𝐶1 (𝑠) + 𝑎

73
𝑦
𝐶2 (𝑠) = 0,

(21)

where 𝑎
11

= [𝑘
𝑝
𝑘
𝑐
𝑠 + (𝑘

𝑑
𝑘
𝑐

+ 1.5𝐹
𝑖
)𝑠
2
], 𝑎
12

= 0.5𝐹
𝑖
𝑠
2,

𝑎
15

= −(𝑘
𝑐
𝑠 + 2𝐿

0
𝑠
2
), 𝑎
31

= 1.5𝐹
𝑧
𝑠, 𝑎
32

= 0.5𝐹
𝑧
𝑠, 𝑎
35

= −2𝐹
𝑖
𝑠,

𝑎
37

= 𝑠, 𝑎
51

= (𝑘
𝑠
𝜂
3

+ 𝑐
𝑠
𝜂
3
𝑠 − 𝑠
2
), 𝑎
52

= (𝑘
𝑠
𝜂
4

+ 𝑐
𝑠
𝜂
4
𝑠),

𝑎
53

= −(𝑘
𝑠
𝜂
3

+ 𝑐
𝑠
𝜂
3
𝑠), 𝑎
54

= −(𝑘
𝑠
𝜂
4

+ 𝑐
𝑠
𝜂
4
𝑠), 𝑎
57

= 𝜂
1
,

𝑎
58

= 𝜂
2
, 𝑎
71

= (𝑘
𝑠
𝜎
1

+ 𝑐
𝑠
𝜎
1
𝑠), 𝑎
72

= (𝑘
𝑠
𝜎
2

+ 𝑐
𝑠
𝜎
2
𝑠),

𝑎
73

= −(𝑘
𝑠
𝜎
1

+ 𝑐
𝑠
𝜎
1
𝑠 + 𝑠

2
), 𝑎
74

= −(𝑘
𝑠
𝜎
2

+ 𝑐
𝑠
𝜎
2
𝑠),

𝑏
1

= [𝑘
𝑝
𝑘
𝑐
sin(𝜆
1
𝑥
𝐵1

) + 2𝐹
𝑖
sin(𝜆
1
𝑥
𝐵1

+ 𝜆
1
𝐿
𝐸
)𝑠], 𝑏
2

=

[𝑘
𝑝
𝑘
𝑐
sin(𝜆
1
𝑥
𝐵2

) + 2𝐹
𝑖
sin(𝜆
1
𝑥
𝐵2

− 𝜆
1
𝐿
𝐸
)𝑠], 𝑏

3
=

2𝐹
𝑧
sin(𝜆
1
𝑥
𝐵1

+ 𝜆
1
𝐿
𝐸
), and 𝑏

4
= 2𝐹

𝑧
sin(𝜆
1
𝑥
𝐵2

− 𝜆
1
𝐿
𝐸
).

According to (21), there are nine variables in eight
equations. Here, 𝑠𝑞

1
(𝑠) is defined as an input, and

[𝑦𝐸1(𝑠) 𝑦
𝐸2

(𝑠) 𝑦
𝐶1

(𝑠) 𝑦
𝐶2

(𝑠) 𝑖
1
(𝑠) 𝑖
2
(𝑠) 𝐹
𝐸1

(𝑠) 𝐹
𝐸2

(𝑠)]
𝑇

is defined as the states of the interaction system. Then,
the transfer functions 𝑇

1
(𝑠) = 𝐹

𝐸1
(𝑠)/𝑠𝑞

1
(𝑠) and 𝑇

2
(𝑠) =

𝐹
𝐸2

(𝑠)/𝑠𝑞
1
(𝑠) can be solved. Furthermore, the averaged work

in a period 𝑃
1
= sin(𝜆

1
𝑥
𝐵1

+ 𝜆
1
𝐿
𝐸
)/𝑇 ⋅ ∫

𝑇

0
𝐹
𝐸1

(𝑡)V
1
(𝑡)𝑑𝑡 and

𝑃
2
= sin(𝜆

1
𝑥
𝐵2

− 𝜆
1
𝐿
𝐸
)/𝑇 ⋅ ∫

𝑇

0
𝐹
𝐸2

(𝑡)V
1
(𝑡)𝑑𝑡 can be obtained

(Figure 5).
This is to say, half of the averaged work 𝑃

𝑀
= 0.5(𝑃

1
+𝑃
2
)

acting on the bridge will be gotten. Similarly, the interaction
system with a single levitation unit and its work 𝑃

𝑆
acting on

the bridge may be solved. Considering the limited length of
the paper, the derivation process is omitted here.

Assuming that the self-excited vibration occurs and the
vibration frequency 𝜔Vib is less than the crossing frequency
𝜔
𝑐
, the work acting on the bridge done by the levitation

system is negative, which means that the levitation system
absorbs the vibration energy. Together with the energy
dissipated by the modal damping of bridge, the vibration
energy of bridge will be consumed, which leads the amplitude
of the vibration decay to zero.

According to the analysis, we can conclude that the
vibration frequency of vibration will be greater than 𝜔

𝑐
. This

is to say, as long as the work acting on the bridge done by
the levitation is negative, no matter how large the averaged
quantity of work is, the stability of the interaction system
will be held in the range of [0 𝜔

𝑐]. Hence, the concave-
down curve of 𝑃

𝑀
at 1.6Hz (which is the natural vibration

frequency of air springs) does not affect the stability of the
interaction system.

On condition in which the vibration frequency 𝜔Vib is
greater than the critical frequency 𝜔

𝑐
, the work acting on the

bridge done by the levitation system will be positive, which
may lead to the growth of the vibration.Therefore, we should
pay more attention to the frequency range [𝜔𝑐 ∞].

The active character of the levitation system is the essence
of the self-excited vibration when the frequency is greater
than 𝜔

𝑐
. In light of the comparison between the powers 𝑃

𝑀

and𝑃
𝑆
, a high coherence is kept when the frequency is greater

than 𝜔
𝑐
.

Comprehensively, we can conclude that the interaction
model with a single levitation unit and a simply supported
Bernoulli-Euler beam is the minimummodel for the study of
the self-excited vibration.

3. The Influences of Parameters on
the Stability of the Interaction System

It has been observed that the PD controller cannot stabilize
the vehicle-bridge interaction system completely on different
bridges. However, yet as of today, to the authors’ knowledge,
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Figure 5: The comparison of the works done by different levitation
models.

few literatures about the influences of the system parameters
on the stability of the self-excited vibration based on the
minimum interaction model have been published.

To study the influences, the dynamic equations of the
minimum interaction system with a levitation unit and a
simply supported Bernoulli-Euler beam in frequency domain
are

−2𝐹
𝑧
𝑦
1 (𝑠) + 2𝐹

𝑧
𝑦
0 (𝑠) + 2𝐹

𝑖
𝑖 (𝑠) − 𝐹

𝑚 (𝑠) = 0,

𝑚
1
𝜎𝑠
2
𝑦
1 (𝑠) + (𝑠

2
+ 2𝜉𝜔𝑠 + 𝜔

2
) 𝑦
0 (𝑠) = 0,

(𝑘
𝑝
𝑘
𝑐
+ 2𝐹
𝑖
𝑠 + 𝑘
𝑑
𝑘
𝑐
𝑠) 𝑦
1 (𝑠) − 𝑘

𝑝
𝑘
𝑐
𝛿
0 (𝑠)

− (𝑘
𝑝
𝑘
𝑐
+ 2𝐹
𝑖
𝑠) 𝑦
0 (𝑠) − (𝑘

𝑐
+ 2𝐿
0
𝑠) 𝑖 (𝑠) = 0.

(22)

It has been observed that the bridge vibrates vertically
when the self-excited vibration occurs. With the passage of
time, the amplitude of vibration increases until the failure
of the levitation system or self-oscillation with constant
amplitude. To some extent, the fluctuation of the levitation
gap is the main marker of self-excited vibration. Therefore,
the transfer function between the levitation gap 𝛿(𝑡) and
desired levitation gap 𝛿

0
(𝑡) is creditable to judge the stability

of the interaction system.
Eliminating 𝑖(𝑠) and 𝐹

𝑚
(𝑠) of (22), the transfer function

between 𝛿(𝑠) and 𝛿
0
(𝑠) is

𝐺
0 (𝑠) =

𝛿 (𝑠)

𝛿
0 (𝑠)

= −
𝑏
1
𝑠
2

𝑎
5
𝑠5 + 𝑎

4
𝑠4 + 𝑎

3
𝑠3 + 𝑎

2
𝑠2 + 𝑎

1
𝑠 + 𝑎
0

.

(23)

In this section, 𝑏
1

= 2𝑚
1
𝑘
𝑝
𝑘
𝑐
𝐹
𝑖
𝜎, 𝑎
5

= 2𝐿
0
𝑚
1
, 𝑎
4

=

𝑚
1
(4𝜉𝜔𝐿

0
+ 𝑘
𝑐
), 𝑎
3

= 2𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
+ 2𝑘
𝑐
𝜉𝜔𝑚
1
+ 2𝐿
0
𝑚
1
𝜔
2, 𝑎
2

=

2𝑘
𝑝
𝑘
𝑐
𝐹
𝑖
+ 𝑘
𝑐
𝑚
1
𝜔
2
+ 4𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
𝜉𝜔 + 2𝜎𝑚

1
𝑘
𝑐
𝑘
𝑝
𝐹
𝑖
− 2𝜎𝑚

1
𝑘
𝑐
𝐹
𝑧
−

2𝑘
𝑐
𝐹
𝑧
, and 𝑎

1
= −4𝜉𝜔𝑘

𝑐
𝐹
𝑧

+ 2𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
𝜔
2. According to

the characteristic roots of 𝐺
0
(𝑠), the stability analysis of the

interaction system near the equilibrium point is solved.
Furthermore, in maglev engineering, mastering the ten-

dency of the stability of the interaction system when the
parameters are varying is vital to stabilize the physical system.
The root locus method may be used to study the effects of
the varying parameters on closed-loop pole locations. For
the root locus method, only a varying parameter per analysis
should be adopted, so that a cluster of nominal parameters
should be determined in advance. Here, the parameters from
the maglev engineering practice are listed:

the parameters of controllers: 𝑘
𝑝

= 5500, 𝑘
𝑑
= 50, and

𝑘
𝑐
= 30,

the parameters of bridges: 𝜉 = 0.01, 𝜔 = 62.8, and
𝜌
𝑏
= 2000,

the parameters of vehicle: 𝑀
1
= 1150, 𝑚

1
= 500.

3.1.The Influences of the Parameters of Bridge. For the bridges,
the damping ratio 𝜉 and modal frequency 𝜔 are related to
the stability of the vehicle-bridge interaction system. The
characteristic equation of the transfer function (23) may be
written as

2𝐿
0
𝑚
1
𝑠
5
+ 𝑚
1
(4𝜉𝜔𝐿

0
+ 𝑘
𝑐
) 𝑠
4

+ (2𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
+ 2𝑘
𝑐
𝜉𝜔𝑚
1
+ 2𝐿
0
𝑚
1
𝜔
2
) 𝑠
3

+ (2𝑘
𝑝
𝑘
𝑐
𝐹
𝑖
+ 4𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
𝜉𝜔 + 𝑘

𝑐
𝑚
1
𝜔
2
+ 2𝜎𝑚

1
𝑘
𝑐
𝑘
𝑝
𝐹
𝑖

−2𝜎𝑚
1
𝑘
𝑐
𝐹
𝑧
− 2𝑘
𝑐
𝐹
𝑧
) 𝑠
2

+ (4𝜉𝜔𝑘
𝑝
𝑘
𝑐
𝐹
𝑖
+ 2𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
𝜔
2
− 4𝜉𝜔𝑘

𝑐
𝐹
𝑧
) 𝑠

+ 𝜔
2
(2𝑘
𝑝
𝑘
𝑐
𝐹
𝑖
− 2𝑘
𝑐
𝐹
𝑧
) = 0.

(24)

Considering that the damping ratio 𝜉 can be separated
from the characteristic equation (24), to plot the root locus
diagram by the command rlocus of MATLAB software, it
should be translated into the standard form as follows:

𝑑 (𝑠) + 𝜉 ⋅ 𝑛 (𝑠) = 0,

𝑑 (𝑠) = 2𝐿
0
𝑚
1
𝑠
5
+ 𝑘
𝑐
𝑚
1
𝑠
4
+ (2𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
+ 2𝐿
0
𝑚
1
𝜔
2
) 𝑠
3

+ (2𝑘
𝑝
𝑘
𝑐
𝐹
𝑖
+ 𝑘
𝑐
𝑚
1
𝜔
2
+ 2𝜎𝑚

1
𝑘
𝑐
𝑘
𝑝
𝐹
𝑖

−2𝜎𝑚
1
𝑘
𝑐
𝐹
𝑧
− 2𝑘
𝑐
𝐹
𝑧
) 𝑠
2

+ 2𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
𝜔
2
𝑠 + 2𝑘

𝑝
𝑘
𝑐
𝐹
𝑖
𝜔
2
− 2𝑘
𝑐
𝐹
𝑧
𝜔
2
,

𝑛 (𝑠) = 4𝜔𝐿
0
𝑚
1
𝑠
4
+ 2𝑘
𝑐
𝜔𝑚
1
𝑠
3

+ 4𝑘
𝑑
𝑘
𝑐
𝐹
𝑖
𝜔𝑠
2
+ (4𝜔𝑘

𝑝
𝑘
𝑐
𝐹
𝑖
− 4𝜔𝑘

𝑐
𝐹
𝑧
) 𝑠.

(25)

Then, the root locus diagram about the varying damping ratio
of the bridges with different modal frequencies, 5Hz and
20Hz, is shown in Figure 6.

According to Figure 6, when the damping ratio is less
than 1.0, the greater the damping ratio is, the better the
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Figure 6: The root locus about the varying damping ratios.

stability of the interaction system will be. However, the
damping ratio of the bridge is mainly determined by the
character of its material and is almost independent of its span
andmass per unit length. According to the field records from
the maglev engineering test, the damping ratio is about 0.01,
and the variation between different bridges is tiny.

Furthermore, for the bridges, whose first modal fre-
quency is 5Hz, the interaction system is stable no matter
how large the damping ratio is. However, for the bridge,
whose modal frequency is 20Hz, the self-excited vibration
may appear if the damping ratio is less than 0.05. Therefore,
the stability of the interaction system is closely related with
the modal frequency of the bridges.

Due to the existence of both linear term 𝜔 and quadratic
term 𝜔

2, the terms associated with the modal frequency are
hard to be separated from the characteristic equation (24).
This is to say, the characteristic equation cannot be translated
into the standard form. On this condition, the root locus
diagram about the varying modal frequency 𝜔 should be
plotted manually, which is shown in Figure 7.

According to Figure 7, the interaction system is unstable
if the modal frequency 𝜔 is greater than 57 rads−1 and less
than 230 rads−1. Considering that the first modal frequency
of the bridges in Tangshan maglev engineering base is less
than 62.8 rads−1 mostly, we can conclude that the lower
modal frequency of bridge is beneficial to the stability of the
interaction system.

In maglev field, a consensus has been reached that the
heavier the bridge is, the better the stability of the interaction
system will be. However, litter reasonable theoretical analysis
has been reported. The root locus diagram about the mass
per unit length 𝜌

𝑏
is shown in Figure 8. There are five root
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Figure 7: The root locus about the varying first modal frequencies.

contours, and only one contour is unstable when 𝜌
𝑏
is less

than 862 kgm−1.

3.2.The Influences of the Parameters of PD Controller. For the
maglev system, if a control scheme can stabilize the vehicle-
bridge interaction system for any kind of bridges, it may be
perfect. However, for the aforementioned PD controller, it
is incompetent unless the optimal parameters are selected.
To obtain the optimal parameters, the influences of each
parameter on the stability of the interaction system should
be studied extensively.
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Figure 8: The root locus about the varying mass per unit lengths.

First of all, the influence of the parameter 𝑘
𝑝
is shown in

Figure 9. There are five root contours, whose stabilities are
all related with the variation of 𝑘

𝑝
. Due to the symmetry

along real axis, the analysis may be simplified to the upper
three contours. For the first contour, the parameter 𝑘

𝑝
should

be less than 6280. For the second contour, the parameter
𝑘
𝑝
should be greater than 3700. For the third contour, the

parameter 𝑘
𝑝
should be greater than 3830. Comprehensively,

the parameter 𝑘
𝑝
should be less than 6280 and greater than

3830 in the normal case of others parameters.
For the integral-type PD controller, the velocity signal is

from the integration of the acceleration of the electromagnet.
The influences of the 𝑘

𝑑
are shown in Figure 10. Comprehen-

sively, 𝑘
𝑑
should be greater than 47.8. Besides, to some extent,

we can conclude that the greater the parameters 𝑘
𝑑
is, the

better the stability of the interaction system will be.
The inner loop (current feedback) accelerates the

response of the electromagnets. Generally, the greater the
parameter 𝑘

𝑐
is, the faster the response of the actuator will be.

According to Figure 11, we can conclude that the 𝑘
𝑐
should

be greater than 24.1. Besides, to some extent, the greater the
parameters 𝑘

𝑐
is, the better the stability of the interaction

system will be.

3.3. The Influences of the Sprung and Unsprung Mass. The
maglev vehicle is divided into two sections by air springs, an
unsprung section and a sprung section. Generally speaking,
the mass of unsprung section is reviewed as a constant
value. In spite of the unsprung mass being invariable after
the completion of its construction, the analysis about the
unsprung mass on the stability may be significant for the
design of the unsprung section, which is shown in Figure 12.

For the CMS04 maglev system, the mass of unsprung
section is about 500 kg, which is less than the critical value
961 kg. To a certain extent, the influence of the variation of
the unsprung mass on the stability of the interaction system
is insignificant.

The mass of the sprung section is uncertain due to the
addition of luggage and passengers. For a levitation unit,
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Figure 9: The root locus diagram about the varying 𝑘
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its sprung mass varies between 650 kg and 1250 kg. The
influence of the variation of sprungmass on the stability of the
interaction system is shown in Figure 13. Comprehensively,
the sprung mass should be greater than 1041 kg and less than
4140 kg. In light of the full load of sprung mass being less
than 1250 kg, in the case of normal parameters, the stability
of the interaction system with the full load is better than the
interaction system with no load.

4. Conclusions

After the investigation on the modeling and analysis of the
influences on the stability of the interaction system, we can
draw the following conclusions. Firstly, an index that reflects
the essence of the self-excited vibration is defined, and a
minimum interaction model containing a levitation unit and
a Bernoulli-Euler beam is developed. Secondly, the principle
underlying the self-excited vibration is explored. The active
character of the levitation above the critical frequency 𝜔

𝑐
is

the root. Thirdly, the influences of the parameters, including
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.
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Figure 12: The root locus about the varying unsprung masses.
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Figure 13: The root locus about the varying sprung masses.

the modal frequency and the damping ratio of the bridge, the
parameters of the controller, the sprung mass, and unsprung
mass of vehicle are analyzed according to the roots locus
method. To some extent, the lower modal frequency, the
larger damping ratio and mass per unit length, and the
higher gain of 𝑘

𝑑
and 𝑘

𝑐
are beneficial to the stability of the

interaction system, which provides a theoretical guidance for
solving the self-excited vibration problems.
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