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A new hybrid projection algorithm is considered for a finite family of A;-strict pseudocontractions.
Using the metric projection, some strong convergence theorems of common elements are obtained
in a uniformly convex and 2-uniformly smooth Banach space. The results presented in this paper
improve and extend the corresponding results of Matsushita and Takahshi, 2008, Kang and Wang,
2011, and many others.

1. Introduction

Let E be a real Banach space and let E* be the dual spaces of E. Assume that | is the
normalized duality mapping from E into 2F" defined by

J(x) = {x* €E : (x,x") = ||x|* = ||x*||2}, Vx € E, (1.1)

where (-, -) is the generalized duality pairing between E and E*.
Let C be a closed convex subset of a real Banach space E. A mapping T : C — C is
said to be nonexpansive if

ITx = Ty| < [lx -y, (1.2)
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for all x,y € C. Also a mapping T : C — C is called a A-strict pseudocontraction if there
exists a constant A € (0,1) such that for every x,y € C and for some j(x —y) € J(x — y), the
following holds:

(Tx =Ty, j(x-y)) < |lx -yl - AT - D)x - T -Thy]|" (1.3)

From (1.3) we can prove that if T is A-strict pseudo-contractive, then T is Lipschitz
continuous with the Lipschitz constant L = (1 + 1) /\.

It is well-known that the classes of nonexpansive mappings and pseudocontractions
are two kinds important nonlinear mappings, which have been studied extensively by many
authors (see [1-8]).

In [9] Reich considered the Mann iterative scheme {x,}

X1 = (L—ap)xy +a,Tx,, x1€C (1.4)

for nonexpansive mappings, where {a,} is a sequence in (0,1). Under suitable conditions,
the author proved that {x,} converges weakly to a fixed point of T. In 2005, Kim and Xu
[10] proved a strong convergence theorem for nonexpansive mappings by modified Mann
iteration. In 2008, Zhou [11] extended and improved the main results of Kim and Xu to the
more broad 2-uniformly smooth Banach spaces for A-strict pseudocontractive mappings.

On the other hand, by using metric projection, Nakajo and Takahashi [12] introduced
the following iterative algorithms for the nonexpansive mapping T in the framework of
Hilbert spaces:

xo=x€C,
Yn = anXp + (1 - an)Txy,
Co=1{z€C:|lz=yul <llz-xall}, (1.5)
Qn={zeC:{(xp—z,x—x,) >0},

Xn1 = Pc,ng,x, n=0,1,2,...,

where {a,,} C [0,a],a € [0,1), and Pc,ng, is the metric projection from a Hilbert space H onto
C, N Q,. They proved that {x,} generated by (1.5) converges strongly to a fixed point of T.
In 2006, Xu [13] extended Nakajo and Takahashi’s theorem to Banach spaces by using
the generalized projection.
In 2008, Matsushita and Takahashi [14] presented the following iterative algorithms
for the nonexpansive mapping T in the framework of Banach spaces:

xg=x€C,
Cpo=cof{zeC:|z-Tz| < tyllxn — Txyll},
(1.6)
D,={zeC:{(x,—z J(x—x,)) >0},

Xn+l = PC,,nan, n=0,12,...,
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where coC denotes the convex closure of the set C, ] is normalized duality mapping, {t,} is a
sequence in (0, 1) with t, — 0, and Pc,np, is the metric projection from E onto C, N D,,. Then,
they proved that {x,} generated by (1.6) converges strongly to a fixed point of nonexpansive
mapping T.

Recently, Kang and Wang [15] introduced the following hybrid projection algorithm
for a pair of nonexpansive mapping T in the framework of Banach spaces:

xgo=x€C,

Yn = ayT1x, + (1 - “n)TZan
(1.7)
Cp=cof{zeC:|lz-Tiz||+ |z - Toz|l < tu]|xn — vu||},

Xp+1 =Pc,x, n=0,1,2,...,

where coC denotes the convex closure of the set C, {a,} is a sequence in [0, 1], {t,} is a
sequence in (0,1) with t, — 0, and Pc, is the metric projection from E onto C,. Then, they
proved that {x,} generated by (1.7) converges strongly to a fixed point of two nonexpansive
mappings T; and T>.

In this paper, motivated by the research work going on in this direction, we introduce
the following iterative for finding fixed points of a finite family of \;-strict pseudocontractions
in a uniformly convex and 2-uniformly smooth Banach space:

xgo=x€C,

N
Yn = Zan,iTixm
i=1
(1.8)

N
C, =E{z eC: lez—TizH <t || xn —yn”},

i=1

Xpi1=Pc,x, n=1,2,...,

where coC denotes the convex closure of the set C, {a,;} is N sequences in [0,1] and
Zfﬁl an; = 1 for eachn > 0, {t,} is a sequence in (0,1) with t, — 0, and P, is the metric
projection from E onto C,,. we prove defined by (1.8) converges strongly to a common fixed
point of a finite family of \;-strictly pseudocontractions, the main results of Kang and Wang
is extended and improved to strictly pseudocontractions.

2. Preliminaries

In this section, we recall the well-known concepts and results which will be needed to prove
our main results. Throughout this paper, we assume that E is a real Banach space and C is a
nonempty subset of E. When {x,} is a sequence in E, we denote strong convergence of {x,}
tox € E by x, — x and weak convergence by x,, — x. We also assume that E* is the dual
space of E, and ] : E — 2F is the normalized duality mapping. Some properties of duality
mapping have been given in [16].
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A Banach space E is said to be strictly convex if ||x + y||/2 < 1 forallx,y e U = {z €
E :||z|| = 1} with x#y. E is said to be uniformly convex if for each € > 0 there is a 6 > 0 such
that for x, y € E with ||x]|, |ly|]| £ 1 and |[x - y|| > €, ||x + y|| £ 2(1 - 6) holds. The modulus of
convexity of E is defined by

6 (e) = inf{l - ”x;—yH Al ) €1 llx - ]| 2 e}. @2.1)
E is said to be smooth if the limit
i 291l .
exists for all x, y € U. The modulus of smoothness of E is defined by
pe(®) = sup 3 (lx+yll + =yl =1+ Il < LIyl <. 23)

A Banach space E is said to be uniformly smooth if pg(t)/t — 0ast — 0. A Banach space E is
said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such that pg(t) < ctf.

If E is a reflexive, strictly convex, and smooth Banach space, then for any x € E, there
exists a unique point xy € C such that

o = x|} = min]ly - ]| (2.4)

The mapping Pc : E — C defined by Pcx = xq is called the metric projection from E onto C.
Let x € E and u € C. Then it is known that u = Pcx if and only if

(u-y,J(x-u)) >0, VyeC (2.5)
For the details on the metric projection, refer to [17-20].

In the sequel, we make use the following lemmas for our main results.

Lemma 2.1 (see [21]). Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds

o+ yl)> < llxl? + 2(y, T(x)) +2|| Ky |)* (2.6)

forany x,y € E.

Lemma 2.2 (see [11]). Let C be a nonempty subset of a real 2-uniformly smooth Banach space E
with the best smooth constant K > 0 and let T : C — C be a A-strict pseudocontraction. For
a € (0,1)N(0,1/K?], we define Tyx = (1—a)x +aTx. Then T, : C — E is nonexpansive such that
F(T,) = F(T).



Journal of Applied Mathematics 5

Lemma 2.3 (demiclosed principle, see [22]). Let E be a real uniformly convex Banach space, let
C be a nonempty closed convex subset of E, and let T : C — C be a continuous pseudocontractive
mapping. Then, I — T is demiclosed at zero.

Lemma 2.4 (see [23]). Let C be a closed convex subset of a uniformly convex Banach space. Then for
each v > 0, there exists a strictly increasing convex continuous function y : [0,00) — [0, o0) such
that y(0) = 0 and

(

forallm 21, {p;}iy € A™, {z;}iLy C CN By, and T € Lip(C, 1), where A™ = {{po, pu1, ..., pim}
0<pu (0<j<m andz;":oyj =1}, B, = {x € E : ||x|| £ r}, and Lip(C,1) is the set of all
nonexpansive mappings from C into E.

), (2.7)

>s max (||z; -z - |72 - Tz

0<j<k<m

T<Zm%>-ﬁhﬁ%
=0 =0

3. Main Results
Now we are ready to give our main results in this paper.

Lemma 3.1. Let C be a closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space E with the best smooth constant K > 0, and T : C — C be a \-strict pseudocontraction. Then

foreach r > 0, there exists a strictly increasing convex continuous function y : [0,00) — [0, 00) such
that y(0) = 0 and

(-

forall m > 1, {p;}iy € A™ {z}y ¢ C N B, where a € (0,1) N (0,A/K?], A™ =
(o pirs s pim) 10 < i O j <m) and S0y =1), B, = [x € E: ||| < ).

> <a max (||zj - Tzj|| + llzx — Tzll), (3.1)

0<j<k<m

m m
T{ 2wz ) = 24Tz
j=0 j=0

Proof. Define the mapping T, : C — C as Tyx = (1 — a)x + aTx, for all x € C. Then T, is
nonexpansive. From Lemma 2.4, there exists a strictly increasing convex continuous function
y:[0,00) — [0, 00) with y(0) = 0 and such that

(

T <Z#;’Zf> = 2 uiTaz)
=0 =0

> < max (||zj - zk|| = || Tazj — Tazk||)- (3.2)

T 0<j<k<m
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Hence
m m m m
(T 2wz ) - 2mTz| ) =r{ ||Tel 2omi7i ) - 20Tz
j=0 j=0 j=0 =0
< max (===l =Tz =T
< jmax (|l2j = Tezil| + llzi - Tuzil)
= aOSJI?(l%;(m(”Z]‘ = TZ]'” + ||Zk - Tzk||).
This completes the proof. O

Theorem 3.2. Let C be a nonempty closed subset of a uniformly convex and 2-uniformly smooth
Banach space E with the best smooth constant K > 0, assume that for each i (i = 1,2,...,N), T; :
C — Cisa \j-strict pseudocontraction for some 0 < A; < 1 such that ¥ = mgﬁ(n) #0. Let {ay,;}
be N sequences in [0,1] with Y| ay; = 1 for each n > 0 and {t,} be a sequence in (0,1) with t, — 0.
Let {x,} be a sequence generated by (1.8), where co{z € C : 3N, ||z - Tiz|| < tyl|x, — Ynl|} denotes
the convex closure of the set {z € C : S, ||z = Tiz|| < tallxy — yull} and Pc, is the metric projection
from E onto Cy,. Then {x,} converges strongly to Pgx.

Proof. (I) First we prove that {x,} is well defined and bounded.

It is easy to check that C, is closed and convex and ¥ C C,, for all n > 0. Therefore {x,, }
is well defined.

Put p = Pgx. Since F C C,, and x,,.1 = Pc,x, we have that

llotne1 = x| < [|p = x|] (3.4)

for all n > 0. Hence {x,} is bounded.

(I) Now we prove that ||x, — Tix,|| - Oasn — oo forallie {1,2,...,N}.

Since x,+1 € C,, there exist some positive integer m € N (N denotes the set of all
positive integers), {p;} € A™ and {z;};%, C C such that

m
Xt = D)
j=0

<tn, (3.5)

N
Dillzi = Tizj|| < tallxn =yl (3.6)
i=1
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forall j € {0,1,...,m}. Putry = supn21||xn - pll and A = minj;<n{Ai}. Take & € (0,1) N
(0, L/ K?]. It follows from Lemma 2.2 and (3.5) that

21"0
4
a

1
1 = Tixall = — || (Tiaxn = p) + (P = %) || < (3.7)

m 1 m m
T; Zﬂjz;' —Tixpe1|| £ = ||Tia Zﬂ;‘zj = Tiaxp|| + (1 - a) Z,szj = Xp41
j=0 a j=0 =0
2 m
< <— - 1> Z//ljzj — Xn+1
a =
2
S <_ - 1>tn
a
(3.8)
forallie {1,2,...,N}. Moreover, (3.7) implies
2r,
|l2cn = v < 70. (3.9)

It follows from Lemma 3.1, (3.5)—(3.9) that

m
Xne1 = D iz +
j=0

2Tz = Ti <Zﬂjzf>
=0 =0

N N
Z”xnﬂ —Tixpal £ Z

i=1 i=1

Domi(zi - Tizj)
=0
T; <Z,szj> = Tixp41
=0
m N
+ DM (Z”Zi - TiZf||>
=0 i=1
2niTizi =T <Z#;Zi> I

2N N1,
2+ tallyn =l + 3007 (¢ max (2~ Tizel + 1z~ Tiz ) )

0<k<j<

+ +

)

IN

2N
a

m
Xt = D7
j=0

IN

2N +2 N
< %tn + ;y‘l(élrotn) —0 asn— oo.
(3.10)
|y = Tixp|| — 0 asn— oo (3.11)

This shows that

forallie {1,2,...,N}.
(III) Finally, we prove that x, — p = Pgx.
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It follows from the boundedness of {x,} that there exists {x,,} C {x,} such that x,, —
vasi — oo. Since for each i € {0,1,...,N}, T; is a A;-strict pseudocontraction, then T; is
demiclosed. one has v € .

From the weakly lower semicontinuity of the norm and (3.4), we have

IN

llp = xI|

[lo - x|| < liminf||x,,| - x
1— 00
(3.12)

IN

lim sup||x,, — x| < [|p - x]|-

i— oo

This shows p = v and hence x,, — p asi — oo. Therefore, we obtain x,, — p. Further, we
have that

Jim [l — x| = [|p - x]|. (3.13)

Since E is uniformly convex, we have x, —x — p—x. This shows that x, — p. This completes
the proof. O

Corollary 3.3. Let C be a nonempty closed subset of a uniformly convex and 2-uniformly smooth
Banach space E with the best smooth constant K > 0, assume that T : C — C is a A-strict
pseudocontraction for some 0 < A < 1 such that F(T) #0. Let {x,,} be a sequence generated by

xgo=x€C,
Cp=co{zeC:|lz-Tz|| < tullxn — Txnl|}, (3.14)

Xps1 =Pc,x, n=0,1,2,...,

where {t,} is a sequence in (0,1) with t, — 0.co{z € C : ||z — Tz|| < ty||x,, — Tx,||} denotes the
convex closure of the set {z € C : ||z — Tz|| < ty||xy — Tx,||} and Pc, is the metric projection from E
onto C,,. Then {x,} converges strongly to Pgrx.

Proof. Set Ty = T,Tx = [ forall2 < k < N,and a1 =1, ayx = 0forall2 < k < N in
Theorem 3.2. The desired result can be obtained directly from Theorem 3.2. O

Remark 3.4. At the end of the paper, we would like to point out that concerning the
convergence problem of iterative sequences for strictly pseudocontractive mappings has been
considered and studied by many authors. It can be consulted the references [24-37].
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