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We find the least values p, g, and s in (0, 1/2) such that the inequalities H(pa + (1 - p)b,
pb+(1-p)a) > AG(a,b), G(ga+(1-q)b,qb+(1-g)a) > AG(a,b),and L(sa+(1-s)b,sb+(1-s)a) >
AG(a,b) hold for all a,b > 0 with a#b, respectively. Here AG(a,b), H(a,b),G(a,b), and L(a,b)
denote the arithmetic-geometric, harmonic, geometric, and logarithmic means of two positive
numbers a and b, respectively.

1. Introduction

The classical arithmetic-geometric mean AG(a,b) of two positive real numbers a and b is
defined as the common limit of sequences {a, } and {b, }, which are given by

(1.1)

Let H(a,b) = 2ab/(a + b), G(a,b) = +ab,L(a,b) = (a - b)/(loga — logb),
I(a,b) = (1/e)(¥"/a®)"/"?, A(a,b) = (a+b)/2, and M,(a,b) = [(a” +b")/2]"P(p#0)
and My(a,b) = v/ab be the harmonic, geometric, logarithmic, identric, arithmetic, and p-th
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power means of two positive numbers a and b with a #b, respectively. Then it is well known
that

min{a,b} < H(a,b) = M_1(a,b) < G(a,b) = My(a,b) < L(a,b)
1.2
<I(a,b) < A(a,b) = M_1(a,b) < max{a,b} (12

for all a,b > 0 with a#b.

Recently, the inequalities for means have been the subject of intensive research. In
particular, many remarkable inequalities for arithmetic-geometric mean can be found in the
literature [1-9].

Carlson and Vuorinen [2], and Bracken [9] proved that

L(a,b) < AG(a,Db) (1.3)

forall a,b > 0 with a#b.
In [3], Vamanamurthy and Vuorinen established the following inequalities:

AG(a,b) < I(a,b) < A(a,b),
AG(C[, b) < Ml/Z(a/ b)/

AG(a,b) < JZ—TL(a, b), (1.4)

AG(a%,b?)

Mia.b) < Eap

< Mj(a,b)

forall a,b > 0 with a#b.
We recall the Gauss identity [6, 7]

AG(Lr)X(r) = Z (1.5)

forr € [0,1) and r' = V1 —r2. As usual, X and & denote the complete elliptic integrals [8]
given by

ar/2 ~1/2 r& (1/2 7’1)2
2.2 _ , 2 rn
(1 — r?sin 9> de = EZ—T , K(r)=XK(1"),

x| =

0
(1.6)

ar /2 X (-
&) = f (1-rsince) a0 = T35 CUZICI2I 20 g1y 2 g (),

2
0 n=0 (Tl')

where (a,0) =1 fora#0, and (a,n) = Hz;é(a + k).
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For fixed a,b > 0 with a#b and x € [0,1/2], let

fi(x) =H(xa+ (1-x)b,xb+ (1-x)a), (1.7)
fo(x) =G(xa+ (1-x)b,xb+(1-x)a), (1.8)
fa(x) =L(xa+ (1-x)b,xb+ (1-x)a). (1.9)

Then it is not difficult to verify that fi(x), f(x), and f3(x) are continuous and strictly
increasing in [0, 1/2], respectively. Note that f1(0) = H(a,b) < AG(a,b) < f1(1/2) = A(a,b),
f2(0) = G(a,b) < AG(a,b) < f2(1/2) = A(a,b) and f3(0) = L(a,b) < AG(a,b) < f3(1/2) =
A(a,b).

Therefore, it is natural to ask what are the least values p, g, and s in (0,1/2) such that
the inequalities H(pa+ (1 — p)b,pb+ (1 — p)a) > AG(a,b), G(ga+ (1 - q)b,qgb+ (1 — g)a) >
AG(a,b),and L(sa+(1-s)b, sb+(1-s)a) > AG(a, b) hold for all a,b > 0 with a # b, respectively.
The main purpose of this paper is to answer these questions. Our main results are Theorems
1.1-1.3.

Theorem 1.1. If p € (0,1/2), then inequality

H(pa+ (1-p)b,pb+ (1-p)a) > AG(a,b) (1.10)

holds for all a,b > 0 with a#b ifand only if p > 1/4.

Theorem 1.2. If g € (0,1/2), then inequality

G(gqa+ (1-q)b,gb+ (1-q)a) > AG(a,b) (1.11)

holds for all a,b > 0 with a#b ifand only if g > 1/2 - /2/4.

Theorem 1.3. If s € (0,1/2), then inequality

L(sa+ (1-5s)b,sb+ (1-s)a) > AG(a,b) (1.12)

holds for all a,b > 0 with a#b if and only if s > 1/2 —/3/4.

2. Lemmas

In order to establish our main results we need several formulas and lemmas, which we
present in this section.
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For 0 < r < 1, the following derivative formulas were presented in [6, Appendix E, pp.
474-475]:

dK  E-17K dé  E-K

W - rr/z ! E - r
(2.1)
2
dr ’ dr r2’
21 B

The following Lemma 2.1 can be found in [6, Theorem 3.21(7) and Exercise 3.43(4)].

Lemma 2.1. (1) (1+7%)&(r) - 2r2K(r) is strictly increasing from (0,1) onto (0,1);
(2) <‘,(r)/r’1/2 is strictly increasing from (0,1) onto (7 /2, +0).

Lemma 2.2. Inequality

;X(r) 1- %rz >1 (2.3)
holds for all r € (0,1).
Proof. Let
f(r) =log [%X(r) 1- %ﬂ] . (2.4)
Then simple computations lead to
f(0) =0, (2.5)
B (Rt L e I
fin = K@) 2-1% rr'?(2 - r2)K(r)

It follows from Lemma 2.1 (1) and (2.6) that f'(r) > 0 for r € (0, 1), which implies that
f(r) is strictly increasing in (0, 1).

Therefore, inequality (2.3) follows from (2.4) and (2.5) together with the monotonicity
of f(r). O

Lemma 2.3. Inequality

2+/3 2+/3r
?r‘/((r) > log<—2 - \/§r> (2.7)

holds for all r € (0,1).
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Proof. Let

2+\f3r>. (2.8)

2/3
g(r) = 7\[7&/((1’) - log<2_ o

Then simple computations lead to

8(0) =0, (2.9)

. 243 Er) -1 K(r) 44/3 23 14312 &(r)
s (r) - T<J<(r) o : r:’z : > N - < rl3/Z r111;2 —231'>.

4-3 r(1+3r2)
(2.10)

Clearly the function r — (1 +372)/r3/2 is strictly decreasing from (0,1) onto (4, +0).

Then (2.10) and Lemma 2.1 (2) lead to the conclusion that g'(r) > 0 for r € (0,1). Thus, g(r)
is strictly increasing in (0, 1).

Therefore, inequality (2.7) follows from (2.8) and (2.9) together with the monotonicity
of g(r). O

3. Proof of Theorems 1.1-1.3
Proof of Theorem 1.1. Let A = 1/4, then from the monotonicity of the function fi(x) = H(xa +

(I1-x)b,xb+ (1-x)a)in [0,1/2] we know that to prove inequality (1.10) we only need to
prove that

AG(a,b) < H(Aa + (1 - )b, Ab + (1 - A)a) (3.1)

forall a,b > 0 with a#b.

From (1.1) and (1.7) we clearly see that both AG(a,b) and H(Aa+(1-1)b, Ab+(1-1)a)
are symmetric and homogeneous of degree 1. Without loss of generality, we can assume that
a=1>b.Lett=be (0,1)andr = (1-1)/(1+1), then from (1.5) we have

(t+3)@t+1)

HQa+ (1= )b, b+ (1-2)a) ~ AGla,b) = g = = 5. (3.2)
Let
Fi = ‘ +82(itt; 2 - 2Jf(t')' (33)
Then making use of (2.2) we get
Fy = 2021 T T __F(r), (3.4)

41+r) 20+nX@r)  8(1+nrX(r)
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where Fi(r) = (2/7)(4 — r*) X(r) - 4. Note that

0 2
Fi(r) =Z—(1(/2"§) r2"<4—r2>—4
n=0 .

n!)
.
Z [((11/ +2 1’;? <3n2 +2) 20D > 0,
Therefore, inequality (3.1) follows from (3.2)~(3.5). O

Next, we prove that the parameter p = A = 1/4 is the best possible parameter in (0, 1/2)
such that inequality (1.10) holds for all a,b > 0 with a#b.
Since for 0 < p < 1/2 and small x > 0,

1 1
AG(1,1-x) = M<2+ﬁx2) =1- Ex - 1—6x2 + o<x3>, (3.6)

Hpl-x)+1-p,(1-p)(1-x)+p)=1- %x+ <—p2+p— %>x2+o<x3>. (3.7)

It follows from (3.6) and (3.7) that inequality AG(1,1 -x) < H(p(1-x)+1-p, (1 -
p)(1 —x) + p) holds for small x only p > 1/4.

Remark 3.1. For 0 < p <1/2 and x > 0, one has

_ H(px+1-p,(1-p)x+p) .. 4[px+1-p[[(A-p)x+p] , .
Lo AG(, x) = Hm, (1 +x)7 K(x) = s (38)

Equation (3.8) implies that there does not exist p € (0,1/2) such that AG(1,x) >
Hpx+1-p,(1-p)x+p)forallx € (0,1).

Proof of Theorem 1.2. Let y = 1/2 — v/2/4, then from the monotonicity of the function f>(x) =
G(xa+ (1 -x)b,xb + (1 - x)a) in [0,1/2] we know that to prove inequality (1.11) we only
need to prove that

AG(a,b) < G(pa+ (1 - p)b,ub+ (1-p)a) (3.9)

for all a,b > 0 with a#b.
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From (1.1) and (1.8) we clearly see that both AG(a, b) and G(pa+(1-pu)b, ub+(1-p)a)
are symmetric and homogeneous of degree 1. Without loss of generality, we can assume that
a=1>b.Lett=be (0,1) andr = (1 -1t)/(1 +t), then from (1.5) we have

Glua+ (1= p)b,pb+ (1= p)a) = AG(a,b) = [+ (1= i) [t + (1= )] - 5

;-
(3.10)
Let
G(t) = \/[u+ (1= p)t] [ut + (1 - )] - %(t,). (3.11)
Then making use of (2.2) we have
G(t) = m [%X(r) 1- %rz - 1] : (3.12)

Therefore, inequality (3.9) follows from (3.10)—(3.12) together with Lemma 2.2. O

Next, we prove that the parameter g = y = 1/2 — v/2/4 is the best possible parameter
in (0,1/2) such that inequality (1.11) holds for all a,b > 0 with a #b.
Since for 0 < g < 1/2 and small x > 0,

G(gl-x)+1-q,(1-9)(1-x)+q)=1- %x+ %(—4112 +4q - 1>x2 +o<x3>. (3.13)

It follows from (3.6) and (3.13) that inequality AG(1,1 -x) < G(g(1-x)+1-g¢,(1 -
q)(1 - x) + g) holds for small x only g > 1/2 - v2/4.

Remark 3.2. For 0 < g <1/2and x > 0, one has

 Glgx+1-4,(1- 2 ,
lim (qx + Ag(l(’x)q)x+q) =31(1i1});\/[qx+1—q][(1—6l)x+q]x(x)=+°°- (3.14)

Equation (3.14) implies that there does not exist g € (0,1/2) such that AG(1,x) >
Glgx+1-gq,(1-q)x+gq) forall x € (0,1).

Proof of Theorem 1.3. Let p = 1/2 — +/3/4, then from the monotonicity of f3(x) = L(xa + (1 —

x)b,xb + (1 — x)a) in [0,1/2] we know that to prove inequality (1.12) we only need to prove
that

AG(a,b) < L(Ba+ (1-p)b,pb+ (1 -p)a) (3.15)

for all a,b > 0 with a#b.
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From (1.1) and (1.9) we clearly see that both AG(a,b) and L(fa+ (1-p)b, pb+(1-p)a)
are symmetric and homogeneous of degree 1. Without loss of generality, we can assume that
a=1>b.Lett=be (0,1)andr = (1 -t)/(1 +1t), then from (1.5) one has

L(Ba+ (1-p)b,pb+ (1-p)a) — AG(a,b)
_ V3(1-t) oz (3.16)
210g[<<2 - \/§>t +2+ \f3>/<<2 + \f3>t +2- \/§>] 2L(t)

Let
10 - vsa- T
210g[((2-v3)t+2+v3)/((2+3)t+2-v3)| 2K(E) (3.17)
Then from (2.2) we get
— Jr
o= 21+ 1)k (r) log((2+ V3r) /(2 V3r)) 8. (3.18)

where g(r) is defined as in Lemma 2.3.
Therefore, inequality (3.15) follows from (3.16)—(3.18) together with Lemma 2.3. O

Next, we prove that the parameter s = § = 1/2 — +/3/4 is the best possible parameter
in (0,1/2) such that inequality (1.12) holds for all a,b > 0 with a#b.
Since for 0 < s <1/2 and small x > 0,

L(s(I-x)+1-s5,(1-s)(1-x)+s)=1- %x+ 11—2<—4s2 +4s - 1>x2 + o<x3>. (3.19)

It follows from (3.6) and (3.19) that inequality AG(1,1 -x) < L(s(1-x)+1-5,(1 -
s)(1 - x) + s) holds for small x only s > 1/2 — /3/4.

Remark 3.3. For0 < s <1/2and x > 0, one has

. L(sx+1-s5,(1-s)x+s) .. 2 , 1-2s)(1-x) 3
lim, AG(1, ) = lim, ~ & (x) loglsx +1-9)/((A-s)x+s)] = G20

Equation (3.20) implies that there exist no values s € (0,1/2) such that AG(1,x) >
L(sx+1-s,(1-5s)x+s)forall x € (0,1).
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