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1. Introduction

As well known, in the investigation of qualitative behaviors of solutions, stability,
convergence, boundedness, oscillation, and so forth of solutions are very important problems
in theory and applications of differential equations. For example, in applied sciences, some
practical problems concerning mechanics, the engineering technique fields, economy, control
theory, physics, chemistry, biology, medicine, atomic energy, information theory, and so forth
are associated with certain higher-order linear or nonlinear differential equations. Ever since
Lyapunov [1] proposed his famous theory on the stability of motion, For some papers
published on the qualitative behaviors of solutions of nonlinear second-and third-order
differential equations, the readers can referee to the papers of Afuwape and Omeike [2, 3],
Ezeilo [4, 5], Meng [6], Tejumola [7, 8], Tung [9-11], Omeike [12], and the references listed
in these papers as well as one can refer to the books of Reissig et al. [13, 14]. The motivation
for the present work has been inspired basically by the paper of Afuwape and Omeike [2]
and the papers listed above. Our aim here is to extend the results established by Afuwape
and Omeike [2] to nonlinear differential equation (1.4) for the convergence of all solutions of
this equation. In 2008, Afuwape and Omeike [2] considered third-order nonlinear differential
equations of the form

X +ax+g(x)+h(x) =p(t,x,x,%), (1.1)
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and by introducing a Lyapunov function they discussed the convergence of solutions for
this equation. During establishment of the results, Afuwape and Omeike [2] defined the
following relations with respect to the functions g and h:

g(y2) —g(y1)
Y2~ Y1

0<b< <by < o, (1.2)

for any pair of constants v, 11 (y2 # y1) and

5< h(x2) = h(x1)

X2 — X1

0< < kab, (1.3)

for any pair of constants x;, x1 (x2 # x1), where k < 1 is a positive constant.
In this paper, we consider nonlinear differential equation of the form

X+ f(%) + g(x) + h(x) = p(t, x, %, %), (1.4)

where the functions f, g, h, and p are continuous in their respective arguments, with the
functions f, g, and h are not necessarily differentiable. In addition to (1.2) and (1.3) we
assume that

f(z2) = f(z1)

Zy —Z1

O<a< <ap< oo, (1.5)

for any pair of constants z, z1 (z2 # z1).
By convergence of solutions we mean, any two solutions x; (f), x»(t) of (1.4) are said
to converge to each other if

x(t) —x1(f) — 0, X(f) %1 (t) — 0, ¥ (f) — X1(t) — 0 (1.6)

ast — oo.

2. Main Results

The following results are established.

Theorem 2.1. Suppose that f(0) = g(0) = h(0), and that
(i) there are constants a > 0, ag > 0 such that f(z) satisfies inequalities (1.5),
(ii) there are constants b >0, by > 0 such that g(y) satisfies inequalities (1.2),

(iii) there are constants 6 > 0, k < 1 such that for any ¢, (1 #0), the incrementary ratio for h
satisfies

(h(g+n)-h())
1

lies in I (2.1)

with I = [6, kab],
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(iv) there is a continuous function ¢(t) such that

|p(t x2, 2, 22) = p(t, x1, 1, 21) | < P {lx2 — x1] + |2 — 1| + |22 — 21|} (2.2)
holds for arbitrary t, x1, Y1, 21, X2, Y2, 22, and satisfies
t
j ¢”(T)dr < Dit (2.3)
0

for some constant Dy > 0, where v is a constant in the range 1 < v < 2.
Then all solutions of (1.4) converge.

A very important step in the proof of Theorem 2.1 will be to give estimate for any two
solutions of (1.4). This in itself, being of independent interest, is giving as follows.

Theorem 2.2. Let xi(t),xy(t) be any two solutions of (1.4). Suppose that all the conditions of
Theorem 2.1 are satisfied, then for each fixed v, in the range 1 < v < 2, there exist constants D5, Ds,
and Dy such that for t, > t;,

tr
S(tz) < DzS(tl) exp{—D3(t2 - tl) + D4f (l)v(T)dT}, (24)
3]

where
S(t) = {bxa(t) =1 (O] + [at) - 51 (O] + [2(8) - 52 (O] }. (25)

We have the following corollaries when x;(t) = 0 and #; = 0.

Corollary 2.3. Suppose that p = 0 in (1.4) and suppose further that conditions (i), (ii), and (iii) of
Theorem 2.1 hold, then the trivial solution of (1.4) is exponentially stable in the large.

Also, if we put ¢ = 0in (2.1) with 77 (17 #0) arbitrary, we get the following.

Corollary 2.4. If p #0 and hypotheses (i), (ii), and (iii) of Theorem 2.1 hold for arbitrary n(n#0) ,
and ¢ = 0, then there exists a constant Ds > 0 such that every solution x(t) of (1.4) satisfies

lx(H)] <Ds,  |x(H)] < Ds, ()] < Ds. (2.6)

3. Preliminary Results

On setting x = i,y = z, (1.4) can be replaced by an equivalent system

x=1y, y=z z=-f(z)-g(y) —h(x)+p(t,x,y,z). (3.1)
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Let (x;(t),yi(t),zi(t)), i = 1,2, be any two solutions of (3.1) such that

o< f(z2) = f(z1) <

ap (z2#z1),

Zy — 21
b< 8(y2) - g(y1) <h (ptw), (3.2)
Y2—W
5< M <kab (x2%#x1),
X2 — X1

where ag, a, by, b, 5, and k are finite constants, and k will be determined later.
Our investigation rests mainly on the properties of the function, W = W (x, — x1, > —
Y1, 22 — z1) defined by

2W = B(1 - B)bP(x2 — x1)> + pb(y2 - y1)” +aba ™ (y2 - y1)°

+aa Nz —z1)* + {(ma=z1)+a(y2— 1) + (1= B)b(x2 — x1) }

) (3.3)

where 0 < f <1 and a > 0 are constants.
Following the argument used in [5], we can easily verify the following for W.

Lemma 3.1. (i) W(0,0,0) = 0.
(ii) There exist finite positive constants D¢, D7 such that

Dé{(xz -x1)*+ (y2 - ]/1)2 +(z2 - Zl)z} <SW< D7{(x2 —-x1)*+ (y2 - y1)2 +(z2 - Z1)2},
(3.4)

where
1 . _ _
Dg = Emm{ﬂ(l—ﬂ)bz,b<ﬂ+txa 1>,¢Xﬂ 1}/ (3.5)
and using the inequality |x||y| < (1/2)(x* + y?),

D7 = 2 max{b(1-p)(1+b+a),b(p +aa™) +a(l+a+b(1-f),1+aa +a+b(1-p)).
(3.6)

If we define the function W (t) by
W(XZ(t) - xl(t), yz(t) - (t), Z2 (t) —Z1 (t)) (37)

and using the fact that the solutions (x;, y;, zi), i = 1,2, satisfy (3.1), then S(t) as defined in
(2.5) becomes

S = {xa(®) =1 + [12(H) = y1 (O] + [22(8) - 21O} (38)
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Lemma 3.2. Assume that the conditions (i), (ii), and (iii) of Theorem 2.1 are satisfied. Then, there
exist positive finite constants Dg and Dqg such that

dd—vf < —2DgS + DoS'?|0), (3.9)

where 6 = p(t, x2, Y2, 22) = p(t, x1, 11, 21).-
Proof of Lemma 3.2
Differentiating the function W in (3.3) along the system (3.1) we obtain

) aw
WZ7=—W1—Wz—W3—W4—W5—W6—W7+W3, (310)

in which

Wi = {nb(1 - )Y H(xo, 1) (2 = 31 + malG vz, y1) = b(1- B)] (v~ 1)’
+ &aa F(z0,21) (22 - 21)° + (F(z2,21) - @) (22 - 1)},

Wa = {12b(1 - B)H(xz, 1) (x2 = 1) + aa ™ F(z2,21) (22 - 71)°
+ (14 aa™) (v - x1)(22 - 20) Hxo, x1) |,

Wa = {ysb(1 - ) H(xz, x1) (x2 = 1) + 20 [G(y2,y1) ~b(1 = B)] (v2 - 1)°
+ a(xo - x1) (2 - y1) H(xa, 1)},

Wy = {yab(1- B)H(xz, 1) (x2 — 1) + aa ™ F(z2,21) (22 - 71)°
+ b(1 = p)(x2 = x1)(22 = 21)[F (22, z1) - al},

Ws = {ysb(1 - B H (xz, 1) (x2 = x1)* + 15[ G (2, y1) = b(1 = B)] (2 = 1)
+b(1 - ) (2 —x1) (v2 - v1) [G(y2, 1) - b] },

We = {§4““_1F(22f 21)(z2 - 21)” + 1a[G(ya, 1) = b(1- B)] (v2 - v1)”
+ (1+aa™) (y2 - 91) (22 - 20) [G(y2, 1) - b |,

Wy = {&saa™ F(z2,21) (22 - 21)” + 152 [G (2, y1) = b(1 - B)] (v2 — 1)
+a(y2 — 1) (22— 21)[F(z2,z1) - al},

Wg = {b(l -B)(x2—x1)+a(y—y1) + <1 + aa‘1>(zz - zl)}G(t),
(3.11)
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with

f(z2) = f(z1)

P(ZZIZl) = 20— 21 (ZZ#Zl)/

G(y2, 1) _ 8(v) ~s(y) (v2# 1), (3.12)
Y2—W

H ) = 22000 0,

and ¢;, 15, and y;, (i = 1,2, 3,4, 5) are strictly positive constants such that

&=L Xm=1 Y=L (3.13)

Also, let us denote F(z3,z1), G(y2, y1), and H(x2, x1) simply by F, G, and H, respectively. For
strictly positive constants ki, k», k3, k4, ks, and ks conveniently chosen later, we get

(1 + aa-l) (x2 - x1) (22 — 21) H
= {k1 (1 + aa‘1>1/2H1/2(x2 —x) + %k;l (1 + cxa‘1>1/2H1/2(zz —z1) }2
-2 (1 + zxa‘1>H(x2 —x)? - }ka(l + aa‘1>H(zz —z)?,
a(xy-x1)(v2-y1)H
= {1<2a1/2H1/2(x2 —x1) + %kglal/zHl/z(yz - 1) }2
— K2aH (x; — x1)* - }Lkz_ZaH(yz -y1)?,
b(1-p)(x2 - x1)(z2 - 21)[F - a]
_ {%k;lbl/z(l = B)VA[F = a] 2 (s — 1) + ksbV2 (1 = B) 2 [F - a] V(25 - 21) }2
- 1K2b(1 - B)F - al (2 = x1)? - Kb(1 - ) [F - al (22 - )"
b(1-p)(x2 = x1)(y2 - y1)[G - b]
~ {212 9) 16 - b (2 ) + K621 )16 - 112 (v —yl)}z

~Kb(1- P)[G - bl (w2 ~ 1) - kb1~ B)[G - D) (2 - 1)’
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<1 + aa‘1> (y2 —y1)(z2 — 1) [G - b]

1/2 2

= {k5<1 + aa‘1>1/2[G 0] (y2 - ) + %k5‘1<1 + zxa‘1> [G-b]"?(z, - zl)}

~i2(1+aa™)[G-b](y2-y1)* - }ka(l +aa)[G-bl(z2-=z1),
a(y2 - y1)(z2 — z1)[F - a]

2
- {%kglal/z[l-" - a]l/z(yz — 1) +kea'/*[F - al'?(z, - zl)}

- }Ikgza[l-" —a](y2 - yl)z - K2a[F - a](z - z1)?
(3.14)

Thus,
W, = {k1 (1 + aa‘1>1/2H1/2(x2 -x1) + %kl‘1<1 + aa‘1>1/2H1/2(22 - 21)}2
+ {yzb(l -pB)H - k%(l + aa‘1>H}(x2 - x1)?
+ {gzcxa’ll-" - %k{2<1 + aa*1>H}(zz -z1)?,
W :{k V2E1/2 (5, _ Lo o2, ?
3 ha (x2 —x1) + 2k2 a’"H'*(y2-11)
+{ysb(1- p)H - K2aH | (x2 - x1)?
1
+{malG-b(1-p)] - hi%at } (-1,
1.4 1/2 1/2 1/2 1/2 1/2 1/2 :
Wy = {EkS b (1 —ﬂ) [F - a] (x2 - xl) + k3b (1 —ﬂ) [F— a] (Zz - Zl)}
+ {y4b(1 -B)H - }Ikgzb(l - B)[F - a]}(xz —x1)?
+ {ggaa‘lF ~K2b(1-p)[F - a] }(z2 —z)?,
1/2 1/2 1/2 1 -11,1/2 1/2 1/2 2
Ws = {k4b (1= ) 771G = b] " (x2 = x1) + Sk 0 (1= p) 7 [G - ] (yz—yl)}
+{ysb (1= B)H — k3b(1 - B)[G - b] } (x2 - 1)

+ {malG-b(1-p)] - k(1 -HIG-11 }(a-v1)’
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1/2 1/2 2
W, = {k5<1 + aa’1> [G=b]"(y, — 1) + %k;l (1 + aa’1> [G-b]"%(z, - zl)}
+ {ma[G -b(1-p)] - ké(l + aa‘1>[G -b] }(yz - y1)2
+ {§4aa"1F - }ka(l + aa-l) [G - b] } (z2- 1),
1 2
W, = {zkglal/z[F - a]l/z(yz -y1)+ k6a1/2[F - a]l/z(zz - zl)}
1 _
+{msalG-b(1-p)] - gkalP -al f (-1’

+ {§5aa*1F - kéa[F - a]}(zz - z1)>%

(3.15)
Moreover, in view of (3.2), we obtain for all x;, z;(i = 1,2) in R,
W, >0, (3.16)
if
K < 2 ((i;[i))ab with H < 4§2Y2:x(1 ;)g) a’b (3.17)
and for all x;, y; (i =1,2) in R,
W3 >0, (3.18)
if
K2 < Y3(1;p) with H < w. (3.19)

Combining all the inequalities in (3.16) and (3.18), we have for all x;,y;,z;(i = 1,2 ) in R,

W,>0, W5>0, (3.20)
if
4 1-P)a 4 1-p)b
H <kab with k =min fayaa( Zﬁ )a, 12)5p (2 Pl . (3.21)
(ax+a) a

Also, for all x;,z;(i =1,2)in R,

W, >0, (3.22)
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if

ap—a <2< &a
456 7T (1-p)blag-a)’

forall x;, y;(i=1,2) in R,

Ws >0,
if
- _fp)iii_ ]
forall y;, z;i(i = 1,2) in fR,
We >0,
if
(a+@)(bo-b) o mpbe’
4¢aa ST (a+a)(by-b)’
and for all y;, z;(i = 1,2) in R,
W7 >0,
if
o <R sy
Further

Wi > 2D10{(x2 - x1)* + (y2 - yl)2 +(z2 - 21)2},

where 2D1y = min{y;b6(1 — ), m1abp, & a}, on the other hand

Ws < Dun{ (2 -31)*+ (v~ 31)" + (2~ 2)*} 00,

where Dq; = 2max{b(1 - f),a, (1 + aa™!)}.

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Bringing together the estimates just obtained for Wy, Wy, W3, Wy, W5, We, W7, and Wy
in (3.10) and using (3.8), we have

D < D5 (1) + Dus 2010001 (3.32)

This completes the proof of Lemma 3.2.

4. Proof of Theorem 2.2

This follows directly from [5], on using inequality (3.32). Let v be any constant in the range
1<v<2.Set2u=2-v,s0that 0 < u <1/2. We rewrite (3.32) in the form

aw
I DS < —-D1oS + D115Y%|0| = D1, SFW*, (4.1)

where
w* = (16l - DppS"/2) 81>, (42)

with Dy, = DloDl_ll, considering the two cases

(1) |9| < D1251/2 and
(ii) 16| > D1,S"?

separately. If |0] < D12S'/2, then W* < 0. On the other hand, if |6] > D1,S'/2, then the
definition of W* in (4.2) gives at least

w* < s(/2-1) g (4.3)

and also S'/2 < ||/ Ds. This implies that

51/201-20) < [gﬂ] e (4.4)
12
Therefore
1-2,
s1/2(-24) 9| < H)i]( ﬂ)x|9|, (4.5)
12

from which together with W*, we obtain

W* < Dyl (1), (4.6)
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@u-1)

where Di3 = D};" . Again due to (4.1) and using the estimate on W* for W*, we have

d_Ilz/ +D1pS < D11D135”|9|2(17”)

d (4.7)
< Dyt s(n),

where Dy = 3'"#D;;Dy3, which follows from

101 = |p(t, x2, y2,22) = p(t, %1, 11, 21) |

(4.8)
<pO{lx2— x|+ |y2 —y1| + |22 — z1l}-
In view of the fact that v = 2(1 — ), we obtain
Cl(i—I/:/ < -D1oS + D149”S, (4.9)
and on using inequality (3.4), we have
dd_vf + (D15 - Disd” ()W <0 (4.10)

for some positive constants D15 and Di¢. On integrating (4.10) from t; tot, (t, > t), we have
tr

W(t) < W(tl)exp{—D15(t2 —t1)+Dis| @7 (T)d"l'}. (4.11)
tr

Again, using Lemma 3.1, we obtain (2.4), with D, = D7Dg1,D3 = Dss5, and Dy = Dqg. This
completes the proof of Theorem 2.2.

5. Proof of Theorem 2.1

This follows from the estimate (2.4) and the condition (2.3) on ¢(t). Choose D; = D3D;1 in
(2.3). From the estimate (2.4), if

tz(i)v(T)dT < D3D;1 (tr — 1), (5.1)

t

then the exponential index remains negative for all £, —t; > 0. Then, ast = (f, —t;) — oo, we
have S(t) — 0, and this gives

x—x1 — 0, Yo—y1 —0, zy-2z1 —0, (5.2)

ast — oo. This completes the proof of Theorem 2.1.
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