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A class of fractional-order BAM neural networks with delays in the leakage terms is considered. By using inequality technique and
analysis method, several delay-dependent sufficient conditions are established to ensure the uniform stability of such networks.
Moreover, the sufficient conditions guaranteeing the existence, uniqueness, and stability of the equilibrium point are also obtained.
In addition, three simulation examples are given to demonstrate the effectiveness of the obtained results.

1. Introduction

The bidirectional associative memory (BAM) neural net-
works models, first proposed and studied by Kosko [1], have
been widely applied within various engineering and scientific
fields such as pattern recognition, signal and image process-
ing, artificial intelligence, and combinatorial optimization
[2]. In such applications, it is of prime importance to ensure
that the designed neural networks are stable [3].

In hardware implementation of a neural network using
analog electronic circuits, time delay will be inevitable and
occur in the signal transmission among the neurons [4],
which will affect the stability of the neural system and may
lead to some complex dynamic behaviors such as oscillation,
divergence, chaos, and instability or other poor performances
of the neural networks [5]. In this case, the time delay may
substantially affect the performance of the recurrent neural
networks. Therefore, the study of stability for delayed neural
networks is of both theoretical and practical importance.
In the past few decades, a considerable number of suffi-
cient conditions on the existence, uniqueness, and stability

of equilibrium point for delayed BAM neural networks were
reported under some assumptions; for example, see [2-17]
and references therein.

In recent years, since the theory and application of
fractional differential equations gradually developed [18-20],
efforts have been made to study the complex dynamics of
fractional-order neural networks. In [21], the authors firstly
introduced a new class of cellular neural networks with
fractional order. The peculiarity of the new cellular neural
networks model consisted in replacing the traditional first
order cell with a noninteger order one. The introduction of
fractional-order cells, with a suitable choice of the coupling
parameters, led to the onset of chaos in a two-cell system of a
total order of less than three. A theoretical approach, based on
the interaction between equilibrium points and limit cycles,
was used to discover chaotic motions in fractional cellular
neural networks. In [22], the authors investigated the exis-
tence of chaos by using the harmonic balance theory. A circuit
realization of the proposed fractional two-cell chaotic cellular
neural networks was reported and the corresponding stra-
nge attractor was also shown. In [23], the authors presented



an algorithm of numerical solution for fractional differential
equations and investigated chaos control and synchroniza-
tion in a fractional neuron network system. In [24], the
authors proposed a fractional-order Hopfield neural network
and investigated its stability by using energy function. In [25],
a new type of stability and synchronization, «-exponential
stability and a-synchronization, was investigated for a class
of fractional-order neural networks. Several criteria were
derived for such kind of stability of the addressed networks
by handling a new fractional-order differential inequality. In
[26], chaos and hyperchaos for fractional-order cellular neu-
ral networks were investigated by means of numerical simu-
lations. The existence of chaotic and hyperchaotic attractors
was verified with the related Lyapunov exponent spectrum,
bifurcation diagram, and phase portraits. In [27], the authors
investigated stability, multistability, bifurcations, and chaos
for fractional-order Hopfield neural networks. In [28], the
synchronization problem was studied for a class of fractional-
order chaotic neural networks. By using the Mittag-Leffler
function, M-matrix and linear feedback control, a sufficient
condition was developed ensuring the synchronization of
such neural models with the Caputo fractional derivatives.
In [29], a class of fractional-order neural networks with
delay was considered; a sufficient condition was established
for the uniform stability of such networks. Moreover, the
existence, uniqueness, and stability of its equilibrium point
were also proved. In [30], the authors introduced memristor-
based fractional-order neural networks. The conditions on
the global Mittag-Leftler stability and synchronization were
established by using Lyapunov method for these networks.
In [31], the authors investigated the finite-time stability for
Caputo fractional neural networks with distributed delay
and established a delay-dependent stability criterion by using
the theory of fractional calculus and generalized Gronwall-
Bellman inequality approach. In [32], the global projective
synchronization for fractional-order neural networks was
investigated. Based on the preparation and some analysis
techniques, several criteria were obtained to realize projec-
tive synchronization of fractional-order neural networks via
combining open loop control and adaptive control.

Recently, some authors considered the uniform stability
of delayed neural networks; for example, see [33-36] and
references therein. In [33], the local uniform stability of
competitive neural networks with different time-scales under
vanishing perturbations was investigated; several stability
conditions were established based on Gershgorin’s Theorem.
In [34], the authors considered the uniform asymptotic
stability and global asymptotic stability of the equilibrium
point for time-delays Hopfield neural networks. Several
criteria of the system were derived by using the Lyapunov
functional method and the linear matrix inequality approach
for estimating the upper bound of the derivative of Lyapunov
functional. In [35], the authors showed the uniform stability
and existence and uniqueness of the equilibrium point of
the fractional-order complex-valued neural networks with
time delays firstly. In [36], the authors discuss the exis-
tence and global uniform asymptotic stability of almost
periodic solutions for cellular neural networks. By utilizing
the theory of the almost periodic differential equation and
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the Lyapunov functionals method, some sufficient conditions
were obtained to ensure the existence and global uniform
asymptotic stability. To the best of our knowledge, however,
there are few results on the uniform stability analysis of
fractional-order BAM neural networks.

Motivated by the above discussions, the objective of
this paper is to study the uniform stability analysis of
fractional-order BAM neural networks with delays in the
leakage terms. In order to demonstrate the stability of our
proposed model, a novel norm which can be found in [29, 35]
will be introduced, and several delay-dependent sufficient
conditions ensuring the uniform stability of our model will
be established. Incidentally, when it comes to the proof of the
existence, uniqueness, and stability of the equilibrium point
of the proposed model, we will utilize the common norm for
convenience.

The rest of the paper is structured as follows. In Section 2,
we will present the proposed model and recall some necessary
definitions and lemmas. In Section 3, a sufficient criterion
ensuring the uniform stability of such neural networks is pre-
sented and the existence and uniqueness of the equilibrium of
the model is also demonstrated. Three numerical examples
are presented to manifest the effectiveness of our theore-
tical results in Section 4. Finally, the paper is concluded in
Section 5.

2. Model Description and Preliminaries

In this paper, we consider the following fractional-order BAM
neural networks with delays in the leakage terms:

D%x; (t) = —a;x; (t — 0) + ZCiJ'Fj (yj (t))
j:l

+ iszVj (}’j(f—‘l’)) +1, i=12,...,n,
=1

€))
D%;(t) = =bjy;(t — o) + ZdjiGi (x; (1))
i=1
+iqﬁUi (x;t-1)+]:, j=12,....m,
i=1
or in the vector form

D*x(t)=-Ax(t-0)+CF(y®))+PV(y(t-1))+1,

D (t) = =By (t - 0) + DG (x (£)) + QU (x (t = 7)) + J,
(2)

where D* denotes Caputo fractional derivative of order «,
0 <a < Lx(t) = (x(),%(t)s...,x,(E)" € R, y(t) =
(1 (), y,(1), ... ,ym(t))T e R"™, x,(t), and yj(t) are the state
of the ith neuron from the neural field Fx and the jth neuron
from the neural field Fy at time t, respectively; F;(y) and
V;(y) denote the activation functions of the jth neuron from
the neural field Fy and G;(x) and U;(x) denote the activation
functions of the ith neuron from the neural field Fy; I; and
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J; are constants, which denote the external inputs on the ith
neuron from Fy and the jth neuron from Fy, respectively; the
positive constants g; and b; denote the rates with which the ith
neuron from the neural field Fy and the jth neuron from the
neural field Fy will reset their potential to the resting state in
isolation when disconnected from the networks and external
inputs, respectively; the constants ¢;;, p;;, d;, and q;; denote
the connection strengths; the nonnegative constants o and t
denote the leakage delay and the transmission delay, respec-
tively; A = diag(a,, a,,...,a,) and B = diag(,, b,, ..., b,,) are
diagonal matrices, C, D, P, and Q are the connection weight
matrices; and I = (I, I,, .. .,In)T and J =(J;, )5, --- ,]m)T are
the external inputs.

The initial conditions associated with system (1) are of the
form

x;(s)=y;(s), se[-y0],i=12,...,n

7i(s) = ;(s),

where y = max{o, 7}, and it is usually assumed that y;(s),
¢j(s) € C([-y,0],0),i =1,2,...,n,and j = 1,2,...,m, with
the norm given by |y = Y, SUPye(y,0] {e” ly;(t)]} and
IO = X7, supyer_yor e 1,01

Throughout this paper, we make the following assump-
tion.

(H) The activation functions Fj(-), Q;(), Vj(-), and U;(+)
are Lipschitz continuous; that is, there exist constants F; > 0,
G; > 0,V; > 0,and U; > 0 such that

€)
se[-p,0], j=12,....m,

|F; () - F;(v)| < Fjlu -,
|Gl- (u) - G; (v)| <Gjlu-v|,
V() -V, 0| <V lu-vl,
|U,» (w) - U; (V)I <Ulu-vl,

foranyu,v e R,i=1,2,...,n,and j=1,2,...,m.
To prove our results, the following definitions and lemma
are necessary.

Definition I (see [18]). The Riemann-Liouville fractional inte-
gral with fractional-order « > 0 of function f(t) is defined as
follows:

1

WSO = s

j; -0 f@dn, ()

where I'(+) is the Gamma function and I'(t) = IOOO " letdt.

Definition 2 (see [18]). The Caputo fractional derivative of
fractional-order « of function f(¢) is defined as follows:

« neo A"
D f(t) = L f®
o (6)
_ _ yna-1 ¢(n)
T a o) L (t-1) [ (r)dr,

0

where n is the first integer greater than «; thatis,n—-1 < « < n.

Particularly, when 0 < « < 1,

Df(t) =

T J;O t-1)"f (r)dr. (7)

Definition 3. 'The solution of system (1) is said to be uniformly
stable if for any ¢ > 0, there exists § = §(¢) > 0 such that,

for any two solutions (x(t), y(t))T, (E(t),y(t))T, of system (1)
with initial functions (y(t), (p(t))T, (W(t)@(t))T, respectively,
it holds that

IX®)-x®l<e,  [yO-y®]<e (8)

for all t > 0, whenever

v -v©| <8 [6©)-¢©)|<d sel-0]

9)
where
[v () -y )| =) sup {7 |y;(s) -y ()]},
i=15€[-y,0]
[¢) -0 =3 sup {e*[¢;)-¢;0]}
j=1 se[—y,0]
(10)

I (1) = x (O = Y sup {e™ [x; (1) — x; ()]}
i=1 t

[y -y @] =Y supfe” [7,0 -5 0}
j=1t

Lemma 4 (see [20]). Letn be a positive integer such thatn—1 <
a < if y(t) € C""'[a,b], then

n-1 (k) (a)

Dy (0= 0=
k=0 :

(t — a)k. )

In particular, if 0 < « < 1 and y(t) € Cla, b], then
I'Dy(t)=y(®) - y(a). (12)

Remark 5. It is noted that when the leakage delay o = 0,
the system (1) becomes the following fractional-order BAM
neural networks with delay

D%x; (1) = —ax; (1) + Y iF; ()
=1

+ ZpijVj (yj (t- T)) + 1,
- (13)

DY, (t) = =bjy; (t) + Y d;;G; (x; (1))
izl

+ qu,-Ui (x; (t =)+ T},
i1



with initial conditions

x;(s) =y;(s), se[-T,0],
(14)
yi(s)=¢;(s), se[-7,0],
fori=1,2,...,m,j=12,...,m

3. Main Results

Theorem 6. Under assumption (H), the system (1) is uniformly
stable, if S; > 0, T, > 0, and ST, > S,T, hold, where

T, =1 - max {b}e ‘
1<i<n 1<j<m J

$2= 2 max {lo Fi} + 3 max {{py] vi} ™
T, = Y max{|d;| G} + Y max {|g;| U} e
j=r =" j=1
(15)
Proof. Assume that (x(t), y(t))T = (x(8),..., x,(t), ¥, (1),
s YT and x(1), )T = X (1), X (0, T, (),

7m(t))T are any two solutions of system (1) with the initial
conditions (3), then

D*(x;(t) —x;(t)) = —a; (x; (t —0) — x; (t — 0))

+ 6 (F (7, 0) - F; (v, 1))
=

+25(V; (7, - 1)
P

-V, (3 t-1)),
i=1,2,...,n,

D" (7;(6) - y; (1) = =b; (7, (t = 0) - y;(t - 0))

+ Zdﬁ (Gi (% (D) - G; (x; (D))

+Yq; (U (x; (t - 7))
i=1

U (x; (t - 1)),
j=L2,...,m
(16)
From Lemma 4, we can obtain

X; () = x; (t) =y, (0) - y; (0)

+ 1% [-a; (% (t - 0) - x; (t — 0))

+ 26 (F (7, 0) = F; (5, 0))
j=1
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+ 22 (V; (7, =)
j=1
Vi (y; e =1))].
i=12,...,n,
;)= y;(8) = ¢;(0) — ¢; (0)
+ 1% [ (3, (t = 0) - y; (t - 0)

+ Zdl’ (x; (1)) - G; (x; (1))

+ q;: (U; (%; (¢ - 7))
i=1

~U; (x; (t - T)))] >
j=L2,...,m
17)
Further, we have that
e % (1) — x; (1)

—t

1“()

<e ' |, (0) - y; (0)] +

X Lt (t—s)"

X [ai [x; (s = 0) = x; (s — 0)|
(18)

+Z| il [E; (7 9) = F; (3, 9))|

+ 21l v, 56 - )
e
=V (7 (s=D)|] s
e [7; 0=y, )
<e[$;(0)—¢; (0)] +

X J-Ot (t-s)*"!

X [bj |7j (s—a)—yj (s—a)'

F()

+ Y |dil G % (5) - G, (% (9)]
i=1

+ Z "in| |Ui (x;(s-1)
i=1

- U, (x; (s - T))” ds
(19)

fori=1,2,...,n,j=12,...,m.
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It follows from assumption (H) and inequality (18) that
e X (1) — x; (1)]

<e ' |, (0) - y; (0)] + a1

S )

x Jt (f _ S)oc—le—(t—s+a)e—(s—a)

X |x; (s —0) = x; (s — 0)| ds
Kol

X Jt (t—s5)* e e
0
x|F; (75 9) = E; (5 9))| ds
i 1
" le P4 T (@

t a1 —(t=s+1) _—(s—7)
8 Jo (t=s)""e e

x|V; (7 (s =) = V; (3 (s = )| ds
<e [, (0) —y; (0)] + aiﬁ

t
% J (t _ S)oc—le—(t—s+a)e—(s—a)
0

x|§i(s—0)—x,~(s—0)|ds
Shlrik
xJ-t(t—s)“ ~(=s) s'y] (s) - yJ(s|ds
0
< 1
+J_:ZI|Pif|ij

x Jt (t _ s)oc—le—(t—s+r)e—(s—r)
0
X '}j(s—r)—yj(s—r)|ds

o 1
=e " [y, (0) —v; (0)] + “T @

“ j 7 (¢ — )¢ t51) 7 6-0)
0

x[y;(s—0) - y; (s —0)|ds

1 (t s+0) —(s o)
H)J“ o

x |x; (s —0) = x; (s — 0)| ds

= ¢ [,(0) ~y; ()] +a

m
+ Z |Cij|FJ
j=1

t
X J (t—s)* le e Vi) = y; (s)| ds
0

< 1
+ AV —
; |p'J| T (“)
% J-T( S) -1 7(t S+T) 7(5 T)
0
X '$j(s—r)—</>j(s—‘r)|ds
+ i |pl| V.L
= '] Jr(a)
t
% j (t _ s)oc—le—(t—s+‘r)e—(s—r)

T

x'ij(s—‘r)—yj(s—r)|ds
b
T(a)
X JO (t—y-0) e e
x|v; (v) —wi (y)| dy
t—o ~ (- V) —y
G ), v
x |%; (y) - x; ()| dy

+Z| | Jr(a)

¥,(s) = y;(s)|ds

t
x J- (t-s)te e
0

UL 1
+;|Pif|"fm

<[ t=p=a PG (B) - 4, (B)]dB

Z 1
+;|Pz’j|‘/jm

<[ a-p- e P (8- ()] ap

< sup {e_t AGER" (t)l}

te[-y,0]

+a; sup {eft AGER (t)l} e’
te[-y,0]



1 ‘ a-1_—60
x—j 610 do
F(oc) t—

+asup (e [%; (1) = x; (0)]}
t

t—o

0 e ?do
(06) 0

+ max {| IJ|F}ZS‘1P {e |yJ ®) -y (t)l}

1<jsm

_1 —
u“ e “du
0

* fgif;{lpﬂlv 5 s {e'[f,0-4,0)} e

j=1t€ [-y,0]

1 (" .-
X J VleVdy
F(oc) t—1

+ max |p,]|V Zsup e |y](t) y](t)|

1<j<m

1 t—1
X —— J vVleVdy
I'(a) Jo

< sup {e” |y, (0 -w; ]}

te[-y,0]

[, () ~y; (1) | } e

+a; sup {e_t
te[~y,0]

+asup (e [x; () = x; (B)]}
t

+ max {leg| Fj} 3 sup {e”[5; (- y; 0]}
=1

1<j<m

e | v) 3 s (e 0 -0y 0])
2

+ max {IPzJIV}ZsuP{e ;0= 0}

1<jsm

= sup {e” [,() - y; ()]}

te[-y,0]

+ae sup {e” [, (1) - v; (1)]}

te[-y,0]
+ aie_asup {e_t [x; () - x; (t)|}

+ max | |Fj}||7(t)—y(t)"

1<j<m

+ max {|p1]|V}e_T ||¢(t) ‘/’(t)"

1<j<m

+ max |p,J|V e [y -y)|.

1<j<m

(20)

Abstract and Applied Analysis

From (20), we can get
I%(®) = x Ol = Ysup{e % (1) - x O]}
i=1
< v @ -y O]+ maxia}e™ [y ) -y @)

e’ x () —x 0

+ max {a;}

+ Y max {lo)| £} 7 0 - y 0]
=177

n
+Zmax {| --|V-}e_T
Ligjsm Pl Vi

=1 ==
Wllich imphes

[l (&) = x ()]l

n n -7
- Yo MAXy gy {|Cz]' Fj} + Qi MAXygjcyy {'pij' Vj} e

1 — max, e, {ai} e’

x|y ) -y +

1+ max1<l<n{ e
i} e

max lsz<n{ -

x|y @) -y @) +

Zz 1 max1<]<m {'Pz]' V
n

1 —max, ;. {al}

x[@®) - ¢ @)

S Sy —
=2o-yol+ 2o -vol
1 1
S, 1—
+Hpw-9@].
1
(22)

—0 n
where §; = 1 + max . {a}e™, S = X max,,

“P,‘j'Vj}e_T-
Similarly, it follows from assumption (H) and inequality
(19) that

AGESA0]

d]1| G; } + Z 1 MaAXy ey {'jS| Ui} e’

1 — maxy_ e, {b]} e’

Z] 1 max <i<p {
<

+MaxX; ey, {bj} e’

1
X [x () —x @I +
— max .y, {bj} e’
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=1 MaXgicp |q11' U

— MaX; gy, {bj} e’

x o) - ¢<t)||

|[w @®) —v @)

= % I% (£) = x (1)) + % |6 @) -o )

T, \—
tr @ -yl
(23)

where T; = 1 + max, ;,ible’, T, =

{|q]‘i|Ui}eiT-
Substituting (23) into (22), we can obtain

z] 1 max <i<p

£ - x (0] < i—z [% 120 - x O

1
T, —
tp 6@ -¢w)|
+%‘ IIW(t)—w(t)II]

+ §—3 v -y + 2— 6@y -¢@)|
1 1

= S T1 || &) —x @l
ST, + ST, —
+ ST [y ) -y @)
82T3 + S4T1 ||(/5 (t) ¢(t)||
(24)
By using condition S, T} > S,T5, (24) implies
— + 85T,
I (t) - x (O < W v @& -y @
(25)
S§,T; +S,T
+ ﬁ l6@&) - ).

And, substituting (22) into (23), we can get
FO-yols 2 | EFO-yol

-y

+§'—‘1‘ [6@) -¢ (t)||]

T, — T, —
v e -¢®]+ 7 wo-yol

7
T S
o IIy(t) y @
T,S, + T3S
Sl JORLA0
T,8; + TS, —
_ t) — t)| -
YOS v @ -y
(26)
By using condition S, T} > S,T,, (26) implies
T,S, + T5S
7 ® -yl < 28— ||¢><t) ¢
(27)
1,8+ T,S,
)l -
YT T, lv @ -v®)
If we take
_ & &
t t < =
[y -y ©l < (S,Ty + S;Ty) [ (S, T, - S, T,) 26,
_ e €
®-¢0 < ! =L,
“¢ ¢ " (8,15 +8,T,) [ (S, Ty = S,T,) 26,
(28)
where
61 = M, 62 = M‘ (29)
ST, -S,T, ST, -S,T,
From (25), we can obtain
[x (@) - x (Ol < &. (30)
If we take
_ € €
¢ (1)~ ()] < ? =2,
“ " (T8, + T5S,) [ (T} S, = T,S,) 2685
& &
t B < =
[y ®-vOl < s rsy s~y ~ 20,
(31)
where
T,S, + T;S 1,8, +T,S
5, = 2t T3 e Rt
T TS, - TS, YT TS, - TS, (32)
from (27), we can get
[y ® -y ® <& (33)

From (30) and (33), we say that, for any € = max{e,, &,} >
0, then there exists a constant § = ¢/ max{d;,0¢} > 0, 85 =
max{d,,d,}, or §; = max{é,, 85} such that |[x(¢) — x()|| < ¢,
I7(t) = yOll < & when [w(t) - w@®)ll < 8, $(t) - pD)] <
0, which means that the solution of system (1) is uniformly
stable. The proof is completed. O



Theorem 7. Under assumption (H) and the conditions of
Theorem 6, the system (1) has a unique equilibrium point,
which is uniformly stable if Wy < min, ., {bj} and W, <
min,;_,{a;} hold, where

Wi = 3 max {leg| B3} + 3 max {l] Vi
(34)
W2 - zllsiSn dﬂ|Gl} 11<1<n 'qﬂ|U
Proof. Let a;x; u; , b] y] = v;.‘, and construct a mapping
Y(u,v) : R™ — R™™" defined by
Y (u,v) = (Y; (w,v), Y, (u,v),..., Y, (u,v),
. (35)
n+1 (u) V) n+2 (u) V) Yn+m(u) V)) >
where
v; m v;
Y (u,v) = Z Gj J(b_] +Z;Pijvj b_] +1;
=
(36)

Yo (,v) = ZdﬂG< ) Zqﬂ z(_> I

i=1

fori=1,2,...,n,j=12,...,m
Now, we will show that Y(u, v) is a contraction mapping
on R™". In fact, for any two different points (u,v) =

T — _ — _
(WUpsee s Uy Vs vy,) and (U, V) = (U, .., Uy, Vs 5 V)
we have

1Y (@, %) = Y (w, v)]

m V.
Sy
=1 j
S ICIORIE)
j=1li= g
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<( Zl lmaX1<]<m | ]'P +Zl lmaxl<]<m |p1]|v )

min, ., {bj}
m
x 3 |7 -l
j=1

Z] 1 rnaX1<1<n {
+

min, ., {ai}

4] G + ¥}t maxicicn {[a;| Ui >

n

XZlai —ui|

i=1

= { }Z|V _V|

ming e,

12'”

min 1 <1<n

(37)

By using conditions W, <
min,_;.,{a;}, (37) implies

min,j,,{b;} and W, <

IY @%) =Y )l < Y |5, - v)|
j=1

+ 3 |7 - w) = 1@ - W),
i=1
(38)

which implies that Y(u,v) is a contraction mapping on
R™". Hence, there exists a unique fixed point (u",v*) =

(uy,... .,v,*n)T such that Y(u™,v*) = (u*,v"); that
is

® ok
sUL Vs

-en7)-$n(7)

N

(39)
v —ZdﬂG< >+ZqJ,U,<%> Jj»
l i=1
fori=1,2,...,n,j=1,2,...,m. Thatis
i, +Z’J J( P+ Zu J(yj) i=0
7 (40)

n n
3+ 3,606+ S (51 41, =0,
i=1 i=1

fori=1,2,...,n, j=1,2,...,m, which implies that (x*, y*)
is an equilibrium point of system (1). Moreover, it follows
from Theorem 6 that (x*, y™) is uniformly stable. The proof
is completed. O

Corollary 8. Under assumption (H), the system (13) is uni-
formly stable, if S, > 0, T, > 0, and S, T, > S,T, hold, where

Tl—l—max{b}

S, =1 -max{a}, max b,

1<i<n
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(41)

Proof. Similar to the proof of Theorem 6, we can obtain the
above Corollary 8; thus, we omit it. OJ

Corollary 9. Under assumption (H) and the conditions of
Corollary 8, the system (13) has a unique equilibrium point,
which is uniformly stable if W, < min, ., {b;} and W, <
min, ;. {a;} hold, where

LM=

2 max | Fif + 2 max {]py| Vit
(42)

m m
Wa = 2 max{ld;| Git + 3 max {[a| Ui}
J= J=

Proof. Similar to the proof of Theorem 7, we can obtain the
above Corollary 9; thus, we omit it.
O

Remark 10. In [25], the authors investigated «-stability and a-
synchronization of fractional-order neural networks without
delays. In [28], the authors introduced a class of fractional-
order chaotic neural networks without delays and discussed
the synchronization of such networks. In [29], the authors
took the constant delay into account and discussed the
dynamic analysis of a class of fractional-order neural net-
works with constant delay. In [35], the authors investigated
the uniform stability of fractional-order complex-valued
neural networks with constant delay. Different from the
previous works, here, we have viewed the stability analysis
of fractional-order BAM neural networks with delays in the
leakage terms.

Remark 11. In [29, 35], several delay-independent stability
conditions were given for fractional-order neural networks
with constant delay. In this paper, a delay-dependent
stability condition was provided. It is known that delay-
dependent conditions are usually less conservative than
delay-independent ones, especially in the case when the
delay size is small [10]. In addition, the positive constants ;
(i = 0,1,...,n) in the model of [29] was required satisfying
0 <¢g<1( =0,1,...,n). However, the obtained results
in this paper show that when the leakage delay ¢ > 0, the
positive constants ¢; > 1 (i = 0,1,...,n) and bj >1( =
0,1,...,m) could be possible, and the simulation
examples in the next section verify the validity of our
results.

4. Examples

Example 1. Consider the following fractional-order BAM
neural networks with delays in the leakage terms:

D*x; (t) = —a;x; (t - a)+z,] F;(y;(®)

j=1

+Zp1] (yjt-0)+1, i=12
(43)
2
D%, (t) = =b;y; (t - 0) + ¥ d;;G; (x; (£))

i=1

+Zq]1 i

where & = 0.95, 0 = 0.25, 7 = 0.50, A = diag(0.55,0.60),
B= diag(0.50, 0.50),

x;,t-1)+];, j=12,

[1.22 0.80 ] 0.55 043
C= 10.65 —0.45|° b= [—0.32 0.42] ’
p= [0.38 —0.32]
- 10.45 0.80 |’
_ [-0.62 0.34] _ T
Q= 045 1.10] I1=10.84,1.22]",
T
J = [-0.48,0.75] ", (44)
G, (%) = G,y (x) =U, (x) =U, (x)

1
= —(x+1+|x-1]),
5 (e 11+ = 1)

F(»)=FE()=Vi(y)=V,(y)

5o W+ 1+ 1y =1)).

By calculation, F, = F, =V, =V, =01,G, =G, =
U =U, =028 =1-060e"” = 05327, T, =1-
0.5¢ %% = 0.6106, S, = 1.22 x 0.1 + 0.65 x 0.1 + (0.38 x
0.1 + 0.80 x 0.1)e”* = 0.2586, and T, = 0.55 x 02 +
0.42 x 0.2 + (0.62 x 0.2 + 1.10 x 0.2)e”"> = 0.4026, which
satisty $; T} > S,T,; according to Theorem 6, when we select
the appropriate initial values, the system (43) could realize
uniform stability. Furthermore, we have W, = 1.22 x 0.1 +
0.65x0.1+0.38 x0.1+0.80x0.1 =0.3050 < minlsjsz{bj} =
0.50, W, =0.55%x0.2+0.42x0.2+0.62x0.2+1.10x 0.2 =
0.5380 < min,_;,{a;} = 0.55; by utilizing Theorem 7, we can
obtain that the system (43) has an unique equilibrium point
which is uniformly stable.

In order to check the validity of Theorems 6 and 7, the
following five cases are given: case 1 with the initial values

(%1, % V1> ¥5)" = (=2.5,4.0,3.5,-5.0)", case 2 with the initial
values (xl,xz,yl,yz)T = (6.5,-3.0,-7.0,4.5)", case 3 with
the initial values (x;, x,, yl,yz)T (3.0,8.0,-1.5,-2.0)",

case 4 with the initial values (xl,xz,yl,yz)T =
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FIGURE 1: Transient states of the fractional-order BAM neural networks in Example 1 with a = 0.95, 0 = 0.25, and 7 = 0.50.

(-6.5,-7.0,7.5,8.0)7, and case 5 with the initial values
(X1, %5 V15 ¥5)" = (4.0,2.0,1.5,1.0)". The time responses of
state variables are shown in Figure 1.

When ¢ = 0, consider the following three cases:
case 1 with the initial values (x,%, ¥, ¥,)" =
(3.0,8.0,—1.5, —2.0)T, case 2 with the initial values
(X1, %5 V15 ¥5)" = (~6.5,-7.0,7.5,8.0)", and case 3 with the
initial values (xl,xz,yl,yz)T = (4.0,2.0,1.5,1.0). The time
responses of state variables are shown in Figure 2 with the
leakage delay o = 0.

Example 2. Consider the following fractional-order BAM
neural networks with delays in the leakage terms:

2
D*x; () = —a;x; (t - ) + ) ;F; (v; (1))
=1

2
+ 3PV (it -0)+1L, i=1.2
j=1

2
D%;(t) = =b;y; (t - o) + zdjiGi (x; (1)
i=1

2
+ ijiUi (x;t-1)+],, j=12,
=

(45)

where & = 098, 0 = 0.20, T = 0.40, A = diag(0.50, 0.65),
B = diag(0.55,0.42),

[0.55 ~0.75] 0.76 0.42
©= 085 066 |0 P~ [0.39 —0.68]’
p_ [ 022 046]
= |-075 082
~ [-0.24 0.65] - T
Q= |37 os5]0 1= [0:50.-045],

J = [-0.20,0.30]",
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FIGURE 2: Transient states of the fractional-order BAM neural networks in Example 1 with « = 0.95, 0 = 0, and 7 = 0.50.

Gl<x)=Gz(x)=1—10(|x+1|+|x—1|),
Ul(x):Uz(x):%(|x+1|+|x—1|),
1
E()=FH0)=(y+1f+]y-1),

1
Vi) =V () = 35 v+ 1]+ 1y - 1))
(46)

By calculation, F, = F, = 2/15,V; =V, = 1/15,G, =
G, = 1/5,U, = U, = 1/10,S; = 1 - 0.65¢ > = 0.4678,
T, =1-0.55¢"% = 0.5497, S, = 0.75 x 2/15 + 0.85 x 2/15 +
(0.46x1/15+0.82x1/15)e”** = 0.2665,and T, = 0.76 x 1/5 +
0.68 x 1/5 +(0.65 x 1/10 +0.55 x 1/10)e”* = 0.3684, which
satisty S, T} > S,T,; according to Theorem 6, when we select
the appropriate initial values, the system (45) could realize
uniform stability. Furthermore, we have W, = 0.75 x 2/15 +

0.85%2/15+0.46x1/15+0.82x1/15 =0.2987 < min, ., {b;} =
0.42,W, =0.76 x 1/5 + 0.68 x 1/5 + 0.65 x 1/10 + 0.55 X
1/10 = 0.4080 < min,_;_,{a;} = 0.50; by utilizing Theorem 7,
we can obtain that the system (45) has an unique equilibrium
point which is uniformly stable.

In order to check the validity of Theorems 6 and 7, the
following five cases are given: case 1 with the initial values
(%15 X0 Y15 ¥5) T = (=2.5,4.0,3.5,-5.0)", case 2 with the initial
values (x;, %y, ¥1, ¥,)" = (6.5,-3.0,-7.0,4.5)7, case 3 with
the initial values (x,,%,, ¥, ;)" = (3.0,8.0,-1.5,-2.0)",
case 4 with the initial wvalues (x,x,, ¥, yz)T =
(-6.5,-7.0,7.5,8.0)7, and case 5 with the initial values
(%1, x5, yl,yZ)T = (4.0,2.0,1.5, l.O)T. The time responses of
state variables are shown in Figure 3.

When ¢ = 0, consider the following three cases:
case 1 with the initial values (x,x,, ¥, yz)T =
(-2.5,4.0,3.5,-5.0)7, case 2 with the initial values
(X1, %5 V> )" = (3.0,8.0,-1.5,-2.0), and case 3 with
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FIGURE 3: Transient states of the fractional-order BAM neural networks in Example 2 with « = 0.98, ¢ = 0.20, and 7 = 0.40.

the initial values (xl,xz,yl,yz)T = (-6.5,-7.0, 7.5,8.0)T.
The time responses of state variables are shown in Figure 4
with the leakage delay o = 0.

Example 3. Consider the following fractional-order BAM
neural networks with delays in the leakage terms:

2
D%x; (t) = —a;x; (t — 0) + Zciij (yj 1))
=1

2
+ Vi (yje-0)+ L i=12
=1
J ) (47)
D%y, (t) = =bjy; (t - 0) + Y d;;G; (x; (t))

i=1

2
+ quiUi (x; (t=7) + Jp j=1L2,
i-1

where & = 0.95, 0 = 0.50, T = 0.50, A = diag(1.30, 1.40),
B = diag(1.20, 1.15),

[0.45 0.25 -0.45 0.43
C= 10.36 —0.27]’ b= [ 0.29 0.35]’
P [ 0.38 0.33

~ [-045 0.52]°
_[062 034 3 T
Q_ h_0.36 _0-48]’ I— [0.84)1.22] >

J = [-0.48,0.75]",
G, (x) = G, (x) = U, (x) = U, (x)

1
= —(lx+1|+|x-1)),
10(| [ +] )
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FIGURE 4: Transient states of the fractional-order BAM neural networks in Example 2 with & = 0.98, ¢ = 0, and 7 = 0.40.

F(y)=FE(()=Vi(y)=V2(»)

1
= 1]+ -1,
(48)

By calculation, F, = F, =V, =V, =0.1,G, =G, =U, =
U, =02,8, = 1-1.4¢7%° = 0.1509, T, = 1-1.2¢"*> = 0.2722,
S, = 0.45x 0.1 + 0.36 % 0.1 + (0.38 x 0.1 + 0.52 x 0.1)e”"° =
0.1356,and T, = 0.45 x 0.2 + 0.35 x 0.2 + (0.62 x 0.2 + 0.48 x
0.2)e™%° = 0.3954, which satisfy S,T, > S,T,; according to
Theorem 6, when we select the appropriate initial values, the
system (47) could realize uniform stability. Furthermore, we
have W; = 0.45 x 0.1 + 0.36 x 0.1 + 0.38 x 0.1 +0.52 x
0.1 = 0.171 < miny_j,{b;} = 1.15, W, = 045 x 0.2 + 0.35 x
0.2+0.62x02+048x 0.2 = 0.38 < min,_,_,{a;} = 1.30; by
utilizing Theorem 7, we can obtain that the system (47) has
an unique equilibrium point which is uniformly stable.

In order to check the validity of Theorems 6 and 7, the
following five cases are given: case 1 with the initial values
(%15 X5, V15 yz)T = (~2.5,4.0,3.5,-5.0)", case 2 with the initial
values (xl,xz,yl,yz)T = (6.5,-3.0, —7.0,4.5)T, case 3 with
the initial values (xl,xz,yl,yz)T = (3.0,8.0,-1.5,-2.0)",
case 4 with the initial values (x;,%, ¥, ;)" =
(-6.5,-7.0,7.5, 8.O)T, and case 5 with the initial values
(X1, X5 Y1 ¥5)" = (4.0,2.0,1.5,1.0)". The time responses of
state variables are shown in Figure 5.

5. Conclusions

In this paper, the uniform stability for a class of fractional-
order BAM neural networks with leakage delays has been
discussed. Several sufficient conditions ensuring the uniform
stability of such systems have been derived based on inequal-
ity technique and analysis method. Meanwhile, the existence,
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FIGURE 5: Transient states of the fractional-order BAM neural networks in Example 3 with « = 0.95, ¢ = 0.50, and 7 = 0.50.

uniqueness, and uniform stability of the equilibrium point
have been investigated. Finally, three simulation examples
have been provided to demonstrate the effectiveness of the
obtained results.

We would like to point out that it is possible to extend our
main results to other complex systems [37-41] and establish
novel stability conditions with less conservatism by using
more up-to-date techniques in [42-46]. The corresponding
results will appear in the near future.
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