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Abstract In this work, we present new soliton solutions
for thick branes in 4 + 1 dimensions. In particular, we con-
sider brane models based on the sine-Gordon (SG), ¢* and ¢°
scalar fields, which have broken Z, symmetry in some cases
and are responsible for supporting and stabilizing the thick
branes. The origin of the symmetry breaking in these models
resides in the fact that the modified scalar field potential may
have non-degenerate vacua. These vacua determine the cos-
mological constant on both sides of the brane. We also study
the geodesic equations along the fifth dimension, in order to
explore the particle motion in the neighborhood of the brane.
Furthermore, we examine the stability of the thick branes, by
determining the sign of the w? term in the expansion of the
potential for the resulting Schrodinger-like equation, where
w is the five-dimensional coordinate. It turns out that the ¢*
brane is stable, while there are unstable modes for certain
ranges of the model parameters in the SG and ¢° branes.

1 Introduction

Since there is no known fundamental principle requiring
spacetime to be (3 4 1)-dimensional [1,2], it has been sug-
gested that our observable Universe might be a (3 + 1)-
dimensional brane in a higher-dimensional space [3-5]. In
most models, there are one or more flat 3-branes embed-
ded discontinuously in the ambient geometry [6]. Moreover,
ideas with two 3-branes provide a very elegant description of
the large hierarchy between the scales of weak and gravita-
tional forces [6,7] and contain massless modes which repro-
duce Newtonian gravity at large distances on the brane [6].
In recent years, particle physics extra-dimensional theories
beyond the standard model have become a standard part
of the array of phenomenological models [8,9]. Although
there are still no experimental evidence supporting extra
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dimensions, due to various theoretical motivations, extra-
dimensional models continue to be widely considered in the
literature [10]. In this context, it would be quite useful to have
a set of simple and sufficiently general rules which would
allow one to test new models [3]. Most extra-dimensional
models require the existence of scalar fields, for instance,
to generate a domain wall which localizes matter fields [2].
The scalar fields also serve to stabilize the size of the com-
pact extra dimensions [3,4], and can also help modify the
Randall-Sundrum warped-space [11,12] to a smoothed-out
version [5,6], or to cut off the extra dimension at a singular-
ity [7,8]. In order to replace an infinitely thin brane with a
thick one, a scalar field with soliton behavior is frequently
invoked. The nonlinearity in the scalar field and in particu-
lar the existence of discrete vacua in the self-interaction of
the scalar field lead to the appearance of a stable localized
solution, which is a good motivation for building thick brane
models [10]. A general method for determining the lowest
energy configuration has been worked out in [13,14].
Recently, braneworld models have also been considered
in higher-order curvature gravity and in modified teleparallel
gravity. For instance, five-dimensional modified teleparallel
gravity was considered in a brane scenario, where analytic
domain walls were found to have a double-kink solution in
the aftermath of the torsion of spacetime [15]. Furthermore,
this model was extended by using a first-order formalism to
find analytical solutions for models that include a scalar field
with standard and generalized dynamics. In addition to this,
it was found that the brane splits, as a result of the devia-
tion from the standard model by controlling specific parame-
ters [16]. Modified gravity in five-dimensional spacetime has
also been analyzed in the Palatini formalism. For instance,
a thick Palatini f(R) brane described by an anti-de Sitter
warped geometry with a single extra dimension of infinite
extent, sourced by a real scalar field was studied in a per-
turbative scenario [17]. Besides, the model of a domain wall
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(thick brane) in a non-compact AdS space time with only
one extra dimension was further analyzed in [18,19]. The
classical tests of general relativity in thick branes were also
studied by studying the motion of test particles in a thick
brane scenario and the impact of the brane thickness on the
four-dimensional path of massless particles was explored in
[20]. More specifically, by applying a confinement mech-
anism of massive tests particles in the domain wall, for
instance, that simulates classically the trapping of the Dirac
field in a domain wall, the influence of the brane thickness
on the four-dimensional (4D) path of massless particles was
analyzed. A generalized version of the Randall-Sundrum II
model with different cosmological constants on each side of
a brane were also discussed, where specific configurations
of a scalar field and its stability as a replacing factor of the
singular brane were considered [21]. Models of thick branes
in non-compact five-dimensional bulk with different anti-de
Sitter geometries on each side of the brane were explored
[22,23], and cosmological applications of soliton-like thick
branes have also been studied [24]. On the other hand, the
existence of brane solutions were also considered as a result
of areal scalar field in the presence of five-dimensional f(R)
gravity [25]. In addition to this, asymmetric thick braneworld
scenarios were studied, by changing the superpotential of the
scalar field [26].

It is widely practiced that in brane world scenarios Z;
symmetry is assumed [10,27-29], which is originally moti-
vated from the Z, symmetry considered in M-theory [27].
Under this symmetry the bulk metric on the two sides of
the brane should be the same [29]. Moreover, under such a
symmetry the empty bulk on either sides of the brane have
the same negative cosmological constant and as a result they
are AdS [28]. Note that these conditions are satisfied in the
Randall-Sandrum model. There are, however, brane models
in which there is no Z; symmetry and the bulk is different
on both sides of the brane [27]. In the latter, the Friedmann
equation for a positive brane tension situated between two
bulk spacetimes that posses the same 5D cosmological con-
stant, but which does not possess a Z, symmetry of the metric
itself was derived, and the possible effects of dropping the Z»
symmetry on the expansion of our Universe were examined.
In some of these models, the cosmological constant differ
on both sides of the brane [30], where the effects of includ-
ing a Gauss—Bonnet combination of higher-order curvature
invariants in the bulk action are taken into account. In fact,
by considering braneworld scenarios including the Gauss—
Bonnet term, it was found that the cosmological dynamics
have the same form as those in Randall-Sundrum scenar-
ios but with time-varying four-dimensional gravitational and
cosmological constants [29]. Motivated by such a possibility,
we consider in this paper several models, namely, the sine-
Gordon (SG), ¢* and ¢°® brane models which have broken
Z, symmetry in some cases. What is meant in the paper as
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Z> symmetry is the symmetry with respect to the position of
the brane (not the actual symmetry in the lagrangian). The
brane position is shifted from z = 0 for some models. As
a result, we find that for the ¢° and SG systems this sym-
metry is broken and the vacua on the two sides of the brane
are not degenerate. In several cases, the Z, symmetry can be
restored by a proper choice of model parameters. The origin
of symmetry breaking in our models resides in the fact that
the modified scalar field potential may have non-degenerate
vacua. These vacua determine the cosmological constant on
both sides of the brane.

Relative to the stability issue, topological solitons are
known for their non-singular structure and a natural local-
ization mechanism which are highly stable. Zeldovich et al.
[14,31] suggested that the soliton of the ¢* model is a rea-
sonable source for the formation of domain walls. Vilenkin
extended this idea to incorporate the general theory of rela-
tivity [14,32-34]. Since there is a close similarity between
domain walls in 34 1 dimensions and branes in 4 4 1 dimen-
sions, it is natural to think that the soliton idea might have
something to do with the existence and stability of branes.
Motivated by this idea, we consider soliton models for thick
branes and extend some of the existing works. In particular, in
[35] the authors have studied the stability of the g04 kink brane
model in five dimensions, as well as the <p3 and the inverted
¢* potential. Furthermore, the properties of fermions coupled
to the sine-Gordon brane model were investigated. In [36],
double kink-like solutions were considered and the stability
of scalar, vector and tensor perturbations were discussed.

This paper is outlined in the following manner: in Sect. 2,
we briefly review the thick brane formalism, by presenting
the action and the field equations. Furthermore, we also study
the geodesic equations along the fifth dimension, in order to
explore the particle motion in the neighborhood of the brane.
In Sect. 3, we present new soliton models and discuss their
fundamental properties, for instance, by exploring the broken
Z,-symmetry character of the solutions and the confining
effects of the scalar field on the brane. In Sect. 4, we analyze
the stability of these brane models, where the metric and
the scalar field are perturbed about the static brane and the
resulting equations of motion are linearized in the proper
gauge. Finally, in Sect. 5, we present our concluding remarks.

2 Thick brane formalism

We consider a thick brane, embedded in a five-dimensional
(5D) bulk spacetime, modeled by the following action:

1 1
S = /dSX\/Ig(s)I [ZR[g(S)] - zaAwaAw - V(w)} , (D

where g® is the metric and R[g®’] the scalar curvature in
the bulk; ¢ is a dilaton field living on the bulk and V (¢)
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is a general potential energy. Note that we are using /<52 =
8nGs =2.

The simplest line element of the brane, embedded in the
5D bulk spacetime, can be written as [14]

ds52 = gAdeAde
= dw? + 24 (dx? + dy? + dz* — di?), )

where A is the warp factor which depends only on the five-
dimensional (5D) coordinate w. For the scalar field ¢ with
the potential V (¢), the 5D energy-momentum tensor is given
by

1
Tap = 04p0BY — gAB [53090 3+ V((ﬂ)} , 3)

where g4 p and ¢ depend only on w.
The 5D gravitational and scalar field equations take the

following forms:

3A" +6A"% = —k2e A Ty = —i2 [

1
5% +V(§0)] “

2
dVv(e)
dop ’
respectively, where the prime denotes a derivative with
respect to w. In order to obtain a first-order equation, we
introduce an auxiliary function W according to [6,37-40],
which requires

1
6A"% = K2Tay = K2 |:—<P/2 - V(fﬂ)] , )

¢ +4A'y" = (©)

1

A= —3 W@ )
,_ 1aW(g)

Y=, ®)

while V (¢) takes the following form [6,37—40]:

_ 1 /aW(e)
Vip) = g ( 3o

S|
2
) - §W(<p) - ©
The Too distribution on the bulk, which will be analyzed in
detail below, is given by [10]

1 /dp\°
Too = €24 [5 <£> + V(go):| ) (10)

It can also be shown that, for models with an infinitely thin
brane and Dirac delta distributions, the energy density is
equal to the cosmological constant of the bulk plus the energy
density on the brane, i.e., ¢ = A5i + k8 (w). Moreover, it
may be instructive to calculate the geodesic equation along
the fifth dimension in a thick brane, in order to investigate the
particle motion near the brane [41]. As mentioned before, the
thick brane models considered in this paper do not have Dirac

delta singularities which enable easier direct calculations. To
this end, we start with the geodesic equation:

d*x0 dx4 dx? d
dr? AB qr dr dr ¢
d?x* 4 dxAdxB

4 0=+ A =0, 11
dr2+ AB 4r dr = whAe an

which leads to
W+ ¢t f(w) =0, (12)

where ¢ is a constant of integration and the function f(w)
is defined as

fw) = A'(w)e AW, (13)

Equation (12) is a second-order differential equation for
w and its solution depends critically on whether f(w)/w
is positive or negative. For positive values of f(w)/w one
obtains periodic (exponential) solutions, respectively. Note
that the periodic (negative) motion indicates particle confine-
ment near the brane, while the exponential solutions implies
that the reference point is unstable. However, this may point
to the possibility that w = 0 is different from the localiza-
tion of the brane. In a periodic situation, by introducing a
new quantity F(w) = C%A’(w)e_“(“’), one can write the
geodesic equation in the following form:

W+ F(w) = 0. (14)

The equilibrium point wq satisfies F(wg)=0. On the other
hand, by expanding F (w) around wg, we have

F(w) = F(wo) + F'(wo)(w — wo) + -, (15)
and the geodesic equation leads to
W+ F'(wg)(w — wp) = 0. (16)

Taking into account the change of variable w = w — wy, the
geodesic equation reduces to

W+ F'(wo)w =0, or w+ QW =0, (17)

where Q = /F’(wy), provided that F’(wg) > 0.

It is essential to emphasize that in the RS-II brane model,
the KK zero mode corresponds to the massless graviton
and the massive modes form a continuum which results in
a small correction to Newtonian gravity at large distances
[42,43]. Free particles are only affected by the gravita-
tional field and not directly by the scalar field. Any field
or particle which has a direct coupling with the scalar field
will be further affected by an extra force from the scalar

. . . _ 2
field. Moreover, even an exponential potential like e =%
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Fig. 1 Soliton solutions as a function of the five-dimensional coordi-
nate w for the following models: a SG for b = 1, b ¢* foraw = 1 and ¢
¢° for o = 1 systems. Dashed, dotted-dashed, and continuous curves

reduces to a harmonic potential for small amplitude oscilla-
tions (e_‘)‘w2 ~1—aw?+ 0w?).

In the following section, we explore several models for
thick branes and we will employ the linearized geodesic Eq.
(17) for each model.

3 Soliton models for the brane
3.1 Sine-Gordon-based models

The sine-Gordon (SG) model is a well-known integrable
model which has found interesting applications in various
disciplines [44,45]. In fact, single and multiple (topological)
soliton solutions of this system are found analytically through
different mathematical methods [44,45]. The self-interaction
potential for this model reads
~ a

Vip) = 5 [1 —cos(by)], (18)
where a and b are free parameters of the model. When con-
sidered as a brane potential, however, this potential should be
modified to become consistent with the Einstein equations.

The SG system has the following exact static kink solution
[44]:

_4 Jabw
o(w) = 5 arctan (e ) , (19)

which is plotted in Fig. 1a, for various values of parameters a
and b, which correspond to branes with different thicknesses.
The formalism of our investigation is to keep the soliton solu-
tion of the flat space nonlinear equation and modify the scalar
field potential in such a way that the soliton solution remains
a solution of the full gravitating system. This is why the
soliton solution remains the same. The form of the poten-
tial, however, changes accordingly. Taking into account the

@ Springer

correspond to solitons with decreasing brane thickness. In the limit of
an infinite a /B parameter, the soliton approaches the step function

scalar field given by Eq. (19), and plugging it into the field
equations, we obtain the following quantities:

Wi(p) =— 16;% |:cos2 <b—¢)] )

4

8 l+62 abw
A==\ ~ovae ) (20)
1+e2\/ﬁw 731762
XCA =\~ )

where the warp factor is plotted in Fig. 2a. The corresponding
modified potential for this model is given by

2 b 64 bo\1?
Vip) = 7‘1 sin2 <7"’> - 3—17‘3’ [1 + cos (;)} . @

which is depicted in Fig. 3a. Notice that this potential has two
series of non-degenerate vacua, as in the double sine-Gordon
(DSG) system potential [45]. However, in the limit of b > a
these vacua tend to the same value (become degenerate), such
as the potentials used in [10,39].

This system leads to the following 7y, from which the
energy density can be obtained:

—16

1 + e2Vabw (52) 16a<3bze2‘/“7’w_16)
() e
(22)

which is plotted in Fig. 4a. The energy-momentum tensor is
calculated according to

1
Tyy = 0,00y — guv |:§ (0 0) (aa(/)) + V(¢):| ) (23)
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Fig. 2 The plots depict the warp factor as a function of the fifth dimen-
sion fortheaSG witha = 100andb = 1,b (p4 witha = land g = 100
and ¢ % with @ = 1 and B = 100 systems, respectively. For the SG and

¢° systems there is an asymmetry between the two sides of the brane
and the Z, symmetry is broken

a b
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Fig. 3 The plots depict the modified soliton potential as a function of
the scalar field for a SG witha = b = 10, b ¢* witha = = 1 and ¢
¢° with @ = B = 1 systems. The potential of the SG and ¢ systems
have non-degenerate vacua. In contrast, the ¢* potential has degenerate
vacua and this leads to a stable, topological solitonic brane. For ¢* and

@9 systems the number of extrema in the figure is only a result of the
range of the plot. In a wider range plot, other extrema appear; these
may render the system globally unstable. We have only claimed local
stability

200 100 8
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Fig. 4 Té’ as a function of the fifth dimension coordinate w for
the following systems: a SG with b = 1, b ¢* with ¢ = 1
and ¢ ¢° with « = 1. The dashed, dotted-dashed and con-

tinuous curves correspond to increasingly thin branes. The brane
becomes infinitely thin (delta function) as the parameter a/f tends to
infinity
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where the modified potential is used for V. The metric and the
energy-momentum tensor are checked to satisfy the Einstein
equations. Moreover, note that the potential for any soliton
model may be shifted by a constant, without affecting the
soliton solutions. The minimum value of the potential (i.e.,
the classical vacuum), if negative, leads to a negative energy
density. This can be avoided by adding a positive constant
to the self-interaction potential, when the scalar field is not
coupled to gravity (i.e., in flat spacetime). In curved space-
time, however, this constant is non-trivial and plays the role
of a cosmological constant of the bulk. Of course, a positive
cosmological constant violates the strong energy condition.
Note that the energy density is localized at the brane and the
thickness of the latter is given by
1

~ 2Vab’

In this model, the Ricci and Kretschmann scalars are given
by

asea-20+3 (2 ) 2]

(24)

w1+ ()] 25)
and
16384 a? [160 — 48 (ezmw) RIS (ewm) b4] |
81 o [1+ (ezmw>]4
(26)

respectively. It can be seen that there is no singularity in
the Ricci scalar and/or Kretschmann scalar. In the limits of
w — =00, the Ricci scalar becomes

lim R =0, (27)

w—+00
. 5120 a

A R = =
and the limit of w — 0 yields

, 64 (=20 + 3b%)a
lim R= ———F1——. 2
wlLHO 9 b3 29

Moreover, the mixed Einstein tensor components are
given by

300 16+ 3e2VePup2)

0 __ 1 ~2 _ ~3 _
GO_GI_G2_G3__3 b3<1 2@11))2
+e

(30)

@ Springer

respectively. Note that all the components of the Einstein
tensor in the limits w — 400 become

. A _
wgriloo Gy =0, (32)

lim G4 =229 (33)
w—>—00 B 3 b3

However, in the limit of w — 0 (for u = v =0, 1, 2, 3) the
Einstein tensor is given by

. 8 (16 — 3b%)a
Oy =37 % 34

and one can interpret it as the cosmological constant on the

brane, i.e., GS. o A(S;, with A = % (16_b$2)“.

These results can be interpreted in that we have a broken
Z>-symmetry in the bulk, as the two sides of the brane differ
completely. On the right (w — +00), the Einstein tensor and
consequently the cosmological constant of the bulk vanish, so
the bulk is asymptotically Minkowski. However, on the other
side of the brane, these quantities are nonzero and equal to the
constant value 512a/(3b%), and as a result the bulk would be
de Sitter. The Ricci scalar and the Einstein tensor component
G8 are plotted Figs. 5a and 6a, respectively.

Furthermore, by calculating the field equations,

Gap = Kk2Tap (35)

one verifies that K52 = 2, which is consistent with the
usual normalization notation [37,39,46]. As pointed out in
DeWolfe et al. [6], in the stiff limit where ab — oo, the
wall reduces to the step function and the energy density
approaches a §-function (see Figs. 1a, 4a).

The local confining gravitational field of the brane is best
observed by looking at the geodesic equation of a test parti-
cle moving only in the direction of the extra dimension, as
explained in the previous section:

1 1
. 2832172374 (3b% 4 16)

1 1
, 83207257 \/ab
wrag b3 T

w = Ccy—
'3 b2

(36)

This proves the confining effect of the scalar field, and ¢ is an
integration constant (see Eq. (12)). For small amplitude oscil-
lations, the relativistic motion reduces to a classical motion
in a Newtonian classical potential. Since we have consid-
ered the potential up to second order, relativistic effects can
be ignored and the corresponding quantum energy levels are
therefore those of a non-relativistic quantum particle. So, if
interpreted as a quantum oscillator, one can assign an energy
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Fig. 5 Ricci scalar as a function of the fifth dimension coordinate w for the following systems: a SG withb =1, b ¢* with & = 1 and ¢ ¢°® with
a = 1. The Ricci scalar is different on the two sides of the brane, due to the effect of the warp factor
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Fig. 6 The plots depict the Einstein tensor component Gg fortheaSG witha =b =1,b ¢* witha = =1 and ¢ ¢° witha = 8 = 1 systems.
Note that this quantity approaches different constant values for the SG and ¢° systems, while the ¢* system is Z-symmetric

to each quantum state given by E,, = (n + 1/2)hw, where

1 1
83212232 a(3b% + 16
ho = Q = /F (wo %61\/6 ‘;(3 10 4

However, an important point is in order. In the following,
we explore the confining effect of the brane, only up to second
order in the potential. Even if the classical test particle is
confined up to this order, large amplitude oscillations will
involve nonlinear effects and this might exploit confinement.
Quantum mechanically, the full nonlinear potential might
lead to tunneling and thus de-confinement. It is well known
that massive K K modes are not confined to the brane.

3.2 ¢*-Based model

The ¢* models are well known for having simple soliton-
like solutions, although it is not strictly integrable like the
SG system. This model is also the central ingredient in the

Goldstone and Higgs mechanisms. Spontaneous breakdown
of the Z, symmetry in the complex version of the ¢* model
leads to the appearance of the Goldstone mode and once cou-
pled with a gauge field, it causes the gauge boson to acquire
mass [47]. This model is therefore frequently used for build-
ing thick branes.

For the (p4-based model, we have [10]

Vip) = ‘3—2«02 —a?)? (38)
a2 ’

where « and S are constants. The kink solution reads
¢(w) = a tanh(Bw), (39

which is depicted in Fig. 1b. Proceeding in a similar manner
as in the previous case, we have the following solutions:

2 By (3a* — ¢?
W((p)zgw’ (40)
o
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4 1
A = ——a?In[cosh(Bw)] + —az—, 41
9 [cosh(Bu)l + 5 cosh?(Bw) @D
(24) = [cosh(Bw)] 5" [2 ? : ] (42)
ex = [cosh(Bw exp | o ———|,
P P 9" cosh?(Bw)
respectively, and the potential is obtained:
2 2
1 0> 4 o>
Vo= -a282(1- 22 - 220282 (3-
(p) = Jo’B ( a2> 0B (355 )
(43)

which is plotted in Fig. 3b. It is seen that while V((p) was
0", V(p)is O(¢°).
The corresponding Ty is given by
1 a?B?exp[—2a? tanh? (Bw)]
27

Too = —
cosh(6_%a2) (Bw)
[—4a® — 27 cosh?(Bw)

+16a? cosh®(Bw) — 122 cosh? (Bw)], (44)

whichis depicted in Fig. 4b, where one verifies that the energy
density is localized at the brane. The brane thickness becomes
A=pL

Moreover, one can show that the Ricci and Kretschmann
scalars are given by

16 202
R — __%[—15042 cosh?(Bw) — 502
81 cosh®(Bw)

+20a? cosh® (Bw) — 27 cosh? (Bw)], (45)

which is depicted in Fig. 5b, and
64  otpt

6561 cosh!2(Bw)

—2400* cosh® (Bw) + 160a* cosh'? (Bw)

+60a* coshz(,Bw) + 10a* 4 3240 cosh4(,3w)

+108a cosh?(Bw) — 4320 cosh® (Bw)

+729 cosh*(Bw)],

K = [90a* cosh* (Bw) — 80a* cosh® (Bw)

(46)

respectively. The mixed Einstein tensor components take the
following form:

2 o’ p?

27 cosh®(Bw)

[—4a? — 12a? cosh?(Bw)

0 1 2 3
G =G1=G2=G3

+16a? cosh® (Bw) — 27 cosh?(Bw)], (47)
4 §a4ﬁ2[—3 cosh?(Bw) — 1 + 4 cosh®(Bw)]
Gi= 27 cosh®(Bw) (%)

where the G8 component is depicted in Fig. 6b. As for the
previous SG model, we determine the limits w — oo for
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all the components of the Einstein tensor components, which
are given by

32

- A_ 2% 4,0
W O = 57 B )
. 32
G = 578 (50

and in the limit of w — 0 the Einstein tensor components
(foru =v =0, 1, 2, 3) take the form

Jim Gl = —2a%B%sM. (51)

Note that in this model the cosmological constant on the
brane A would be —2a?2. Taking into account all of the
above considerations, we verify that the Einstein equations
are given consistently by Gap = KSZTAB where K52 = 2.
For the geodesic equation for a test particle moving in the
direction of the fifth dimension one obtains

2
W+ c%goﬂfﬂw =0, (52)

which corresponds to a linearized quantum mode of energy

ho = Q =/ F'(wgy) = \/gclaﬂ.

It is seen that the resulting potential for the ¢* model is an
odd function with respect to w, while the A function is even.
This property is not verified in the SG and ¢® models, where
the latter is discussed below. This results in an asymmetry
in the corresponding properties (such as the energy density).
However, by an appropriate selection of the model parame-
ters, one can restore the Z, symmetry in the ¢* and ¢° cases,
which is commonly used in brane models.

3.3 ¢®-Based model

For this model, we have the following potential:

- B2
Vip) = —¢* (9 —a?)’, (53)
4o
and as a result, the kink solution is given by [48]
o
(54

(W) = —————aoao,
V1 e(—V2apw)

where o and f are constant (as in the ¢* model). The kink
solution is depicted in Fig. 1c. For this model the potential W,
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and the warp factor A are given by the following expressions:

V2 Bp? (2a® — ¢?)
Wig) = -HEE (55)
o
2 —2afw
o 1 1+e
A= —— 1 , 56
1 |:1 + e V2apw * n( e—V2apw )j| 0)
0(2
e—wﬁﬂa 6 _% azf
2A — - |4e—WV2Ba , 57
exp(2A) Pp— e (57)

respectively. Thus, for the ¢® system the self-interaction
potential takes the form

182¢% (@ — 9?7 1 29" — ¢?)?

Vig) = ;——— -5 > . (58)

which is depicted in Fig. 3c. Note that V (¢) has been raised
to O(¢®). The energy-momentum tensor component To is
given by

a 1 o?

1 e—wV2Ba 6 o O ljeupa
24 \ 1+ e-wv2pe (1 +e_wma)4

« [a4ﬁ2(_126—21uﬁﬂa

‘ ~

Too =

_1267310\550( +4a267w«/§/301 +a2
+ 4gle2wV2Pay) (59)

which is plotted in Fig. 4c. The thickness of this brane is
given by A = (v/2a8)"".
For this system the Ricci scalar is given by

1 402 . wv2Ba
a“Be . [zoazewﬁﬂa . 4gew«/§ﬂa

18 (ewﬁﬂa 4 1)

+ 50 (e30V26) 4 2002 (20V2) —ag], (60)

which is plotted in Fig. Sc, and the Kretschmann scalar by
iagﬂ“ﬂ [1 152 + 50 (eﬁwﬁﬁa)
648 (ewﬁﬂa n 1>8

+40a* (eswﬁﬁo‘)5 + 1200* <e4w‘f2ﬂ°‘>

+160a* (V2 ) 4 800 (2020

— 48002 (e3V2) 4 1152 (o202 )

— 76802 (e27V2%) — 38472

— 960> (e“wﬁﬂ“) + 23o4ewﬁﬂ“]. 61)

K =

The mixed Einstein tensor components are given by

Ol4ﬂ2€wﬁﬁa

ngc%zcgzcgz -
12 (ewﬁﬂa + 1)

F4g2e20VBe 4o 2eu2Pa _ pgu2Ba _ 12),

<a2e3w\f2ﬁa

(62)

y 1 a()ﬁZeZw«/ZSa (eZw\/Eﬂa + 4ew«/§ﬁa + 4)

4= 75 ;
12 (ewﬁﬁ“ + 1)4

(63)

where the Gg component is depicted in Fig. 6¢. These tensor
components reduce to the following in the limit of w —
Fo0:

1
lim G4 = —afB?,

o
w— 400 12
. A
wll)r{loo Gy =0, (64)

and in the limit of w — 0, the Einstein tensor is (for © =
v=20,1,2,3)

1 3
ul)iino Gt = §a4ﬁ2 <§oz2 - 1) Sk (65)

As in the previous cases, the Einstein equation in the bulk
Gap = K52 T p is found self-consistently with /<52 =2, and
which leads to the following geodesic equation:

1 2
i + 61219_2 exp [T_z 22 + 1)} o g2 (8 T 3a2) w

1 1
T [Eaz (2In2 + 1)] o> BV2. (66)

The quantum mode energy is thus given by

ho = Q = F'(wo)

2 2
oy %«/? exp <% 2In() + 1)) (8 4 3a2). (67)

4 Brane stability

In this section, we examine small perturbations about the
soliton branes obtained in the previous sections. To this end,
the metric and the scalar field are perturbed about the static
brane and the resulting equations of motion are linearized
in the proper gauge [6,37-40]. The linearized equation turns
out to be a Schrodinger-like equation with a potential U (z)
which determines the linear modes. Unfortunately, for the
models considered, this potential is too complicated to be
handled analytically, or to be used for finding the correspond-
ing modes. Therefore, we will only examine the potential
near its minimum up to second order in z.

@ Springer
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In order to check the stability of the brane models, we
use the standard scalar—tensor—vector (STV) decompositions
[42]. For this purpose, a new variable z is considered in such
a way that dz = e~ 4™ duw, so the metric can be considered
to be [42]

gmun = a*(Dnun. (68)

where a(z) = ¢2®. On the other hand, one can linearize the
action of the system given by Eq. (1) along with the metric,
viadp and Sgyy = a%(2)h N, which is given by [42]

1
528 = 5/d5xa3[aMhN,DaPhMN — MRaN hyy
1 1
—~3phund"hMN + ~8Phd,h
2 2
a/
+3— (h0"hy; — h ;h')
a
+213 (a* Vg (89)7 + 2070 08¢
+o'Hsp — M 5¢3M5¢))], (69)

where 3™ = pMNgy, 9% = p*a,, h = nMNhyy, and
the prime denotes a derivative with respect to z. Moreover,
by introducing the following vector and tensor perturbations
[42,49]:

hu; =0, F + Gy,

h;w = N @ + ap.auB + a,ucv + auclz + D;w, (70)

where C,, G, and D, are the transverse vector and tensor
perturbations, respectively, one obtains

MC, =0=03"G,,,
3“Dy, = 0= DI (71)

By using this STV decomposition method, one can decom-
pose 8§ into the following decoupled parts [42,49]:

1 A n
S(Z)Svector = E/dSXUMDM)vMy

1 A R
8@ Siensor = i / d>x D" [D(“)D,w

CL b“v] ’ (72)

a

+Dy,

[STI)

where

M =a?(G,—Cl), DM =a?D", DU =031,
(73)

The scalar perturbations of the action, in turn, lead to two
parts [42,49]:

@ Springer

/

8@ Sycatar—1 = / dxa’ {3“—hzz—2¢’—2K§£xw’a<p}m<“>w,
a

(74)

withy = F — %B/ and
1
S(Z)Sscalar—Z = 5 / dsxa3[_3§0D(4)(p - ShZZD(4)(p + 6§0/§0/

a/
—3;hzz(h’zz +4¢) + 22 (80 W89
102 Ly (89)? + 2.0/ 8¢'
+¢' (W, + 4¢3 — (8¢)D)]. (75)

After eliminating %, in action (75), by taking into account
Eq. (74), and doing some simplifications, one obtains [42,
49]:

N N N 0" .
5D Sycatar2 = f 36 {D% . 79} . s

where G and 6 are gauge invariant variables and specific
functions of a, and they are given by [42,49]

2 ’
K5 3 Qa
o=t (- 5).
/
0=a 2% (77)

respectively. Finally, the equation of normal modes of the
linear perturbations are

vector: (@ v, =0,
3
~ ~ 2) .
tensor:  OYD,, + D, — % =0,
a
~ ~ 0" .
scalar:  OWG + ¢ — ?g =0. (78)

Since the vector perturbations only have zero modes, solu-
tions are stable against vector perturbations [42]. However,
for tensor and scalar modes another decomposition should
be introduced [42], namely

N A SA
Dy (x*,2) = Gp,uelpAX Pp(z)a

G, 2) = ¥ 0, (2), (79)

where €, is the T'T polarization tensor and p,(z) and ®,(z)
satisfy the following equations:

AAlpy =m3pp, (80)
AAld, = M, (81)
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with m?, =—plpu, M; = —q"qu, and
3
d a?)
A= “,
dZ 9532 (82)
Ay = — + —.
s & + )

Equation (80) is a Schrodinger-like equation, and it takes the
form

—pp, +W@)pp = miypp, (83)

where the effective potential YW (z) is given

@ ()

W(z) = ;
@ a3 03 AR
3 9
Y —A/Z. 84
SA T+ (84)

The effective four-dimensional gravity is determined by the
spectrum of the tensor K K modes p,, [42]. For instance, for
zero mode pp with my = 0 and a normalizable pg leads to
the four-dimensional Newton’s law [12,42,50].

On the other hand, in order to study the stability of the
branes, some authors choose an “axial gauge” where the met-
ric is perturbed as [6,37—40]:

ds? = 2™ (g, + ehyy)dxtdx” — dw?, (85)

Here g,,, represents the background metric, /,, denotes
the metric perturbations, and ¢ is a small parameter [38].
They also consider the transformation ¢ —> ¢ + ¢, where
¢ = ¢(x, w) [40]. Moreover, in order to render the metric
conformally flat, one can choose dz = e AW dyw. In this
case, the corresponding Schrodinger equation takes the form
[6,25,37-40,51]

d2
dﬁf) +U@YE) = K@), (86)

where the potential is given by

Uz) = Iagdang g (87)
4 4 2

One can check that this potential and the i function are the
same as WW(z) and p in Eq. (83). Note that A is acosmological
constant on the brane, which could be positive, negative or
zero corresponding to the 4 D spacetime being de Sitter (d S4),
anti-de Sitter (AdS4) or Minkowski (My) [37,38]. Besides,
it is notable that the Hamiltonian corresponding to Eq. (86)
can be written in the form [25,37,51]

H= d+3A/ —d+3A’ 88
_<d_z 3 (Z))( zta2 (Z)>, (88)

which is obviously Hermitian and therefore leads to real k
(k* > 0). Accordingly, there are no unstable tachyonic exci-
tations in the system [40,51].

The solution for the zero modes (k = 0) is [40,42,51]:

¥(2) = Ne 2" (89)

where N is a normalization factor[40,42,51] and satisfies

“+o00 “+o00
1:/ dz|w0(z)|2=N2/ dze34@

—00 —00

N2 +oo
— / dye?4™), (90)

I )

where y = [w is a dimensionless variable. The asymptotic
behavior of the solutions at large y are checked and the result
is that only the ¢* system has a normalizable zero mode and
thus stable. On the other hand, as in quantum mechanical
systems, we may check for the stability of the system via
the existence of a real frequency, in bound states. Since the
potentials for the three systems considered in this paper, are
too complicated to be solved analytically, we found the cor-
responding ground state eigenvalues via expansions in terms
of the fifth coordinate w. One can deduce the stability up to
O (w?) by looking at the sign of the w? term. It is seen in
Figs. 7, 8 and 9 that this coefficient is everywhere positive
(stability) for the ¢* system, while there are regions of the
parameter space where the coefficient is negative (instabil-
ity) for the SG and ¢° systems. However, as noted in Sect.
3.1, this conclusion is not decisive, since higher-order effects
might have drastic effects. The difference between the results
of these two approaches is probably caused by the inevitable
approximations used in the analysis.

N w
=3 =1
S S
! L

22 coefficient
g
1

Fig. 7 The coefficient of the z? term in the potential of the linearized
Schrodinger equation as a function of the free parameters a and b for
the SG system. Negative values correspond to a first-order instability
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22 coefficient

— B

Fig. 8 The coefficient of the z? term in the potential of the linearized
Schrodinger equation as a function of the free parameters « and g for
the ¢* system. The coefficient is everywhere positive, signaling linear
stability

22 coefficient

Fig. 9 The coefficient of the z term in the potential of the linearized
Schrodinger equation as a function of the free parameters « and g for
the ¢° system. Negative values correspond to a first-order instability.
There are also vast patches in the parameter space which have almost
neutral stability

5 Conclusion

In this work, we obtained exact thick brane models inspired
by well-known nonlinear systems, namely, the sine-Gordon
(SG), ¢* and ¢°® models. The confining effects of the scalar
field in all these three models were confirmed by examining
the geodesic equation for a test particle moving normal to
the brane. In particular, it turns out that the modified poten-
tial for the SG system resembles that of the double sine-
Gordon (DSG) system, while those of ¢* and ¢° became
¢% and @8, respectively. We have extended previous brane
models [10,14,39] based on SG and <p4 solitons taking into
account different parametrizations. The similarity of the ¢*
model with the generic Higgs model makes this choice par-
ticularly interesting, especially as the resulting potential is

@ Springer

an odd function of the fifth coordinate and the Z, symmetry
is respected. We have studied the ¢® model for the first time.
This model is interesting by its own right, since unlike the
<p4 model, we have two pairs of solitons and anti-solitons,
which live in different topological sectors.

In the case of the SG model, we have used a more general
form of the potential compared to the one used in [10,39].
The resulting brane does not have Z, symmetry, in general,
where the center of the brane may be displaced from w = 0
and the potential will not be an odd function of w in general.
However, by a suitable choice of the model parameters it is
possible to make the vacua of the effective potential degener-
ate, in which case the Z, symmetry is restored. In the case of
the <p6 model, however, we could not restore this symmetry
via re-parametrization. Finally, using standard procedures,
we examined the stability of the thick branes, by determin-
ing the sign of the w? term in the expansion of the potential
for the resulting Schrodinger-like equation. It turns out that
the (p4 brane is stable, while there are unstable modes for
certain ranges of the model parameters in the SG and ¢°
branes.

We considered the limiting case in which the brane tends to
zero thickness and approaches a thin brane. It should be noted
that the topological stability of the soliton brane remains valid
even in this limit (at least at the classical level). An interesting
question would be whether the thick brane continuous met-
ric develops a discontinuity and whether the Israel junction
conditions will be satisfied in this limit. Although one would
expect intuitively that this is the case, we have not worked
out the detailed calculations. This issue will be explored in
separate paper.
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