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Abstract This paper is devoted to the Hamiltonian analysis
of bimetric gravity in the vierbein formulation. We identify
all constraints and determine their nature. We also show the
existence of an additional constraint so that the scalar mode
can be eliminated.

1 Introduction

Bimetric theories of gravity are based on the idea of joining
the two tensors g,,, and f,w in a symmetric way when each
tensor has its own Einstein—Hilbert action and then couple
these actions through a non-derivative mass term. The pres-
ence of this term reduces the separate coordinate invariances
to a single one [1 ,21.1 If we set one metric as the background
metric without any dynamics we find that the bimetric the-
ory is reduced to a single metric massive gravity theory with
a mass term that at the linear limit leads to the Fierz—Pauli
free theory [3]. However, it was shown soon that this the-
ory propagates ghost modes at non-linear level [4,5]. On the
other hand, a new form of the massive term was proposed
recently in [6,7,10,11], which was shown to be ghost free
even at the non-linear level [9,12]; see also [13,40,41].
This form of the massive gravity was further generalized in
[14] where the dynamical gravity was coupled to the general
reference metric. Then it was a small step to the generaliza-
tion of the given construction to the bimetric gravity when
the fixed reference metric becomes dynamical with its own
Einstein—Hilbert action [15]. It was also argued there and in
[12] that this theory is ghost free. However, this analysis was
discussed in [34] where it was argued that the analysis per-

! Bimetric theories of gravity were studied intensively in the past; see
for example [44-46].
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formed in [12] does not show the existence of the additional
constraint in the case of the bimetric gravity.”

The non-linear massive gravity and bimetric gravity that
are claimed to be ghost free are based on the specific form
of the potential that contains the square root of g"" fup. This
is a rather awkward structure, which makes very difficult to
find an extra constraint that could eliminate the Boulware—
Deser ghost. However, as was shown in a beautiful paper [8]
the square root structure suggests that the vierbein variables
E NA could be the appropriate ones for the formulation of
consistent bimetric theories. In more detail, completely new
multimetric interacting spin-2 theories were proposed in [8]
using the powerful vierbein formulation of general relativity
and corresponding mass terms. It was argued there that due
to the specific form of the interaction terms the action is lin-
ear in the lapses and shifts, which implies the existence of
additional constraints that could eliminate the non-physical
modes. However, we suggest that the Hamiltonian analysis
presented in the given paper was not complete. In particu-
lar, the constraints corresponding to the diagonal diffeomor-
phism were not identified and it was not shown that they are
first class constraints.

The goal of this paper is to fill this gap and perform the
Hamiltonian analysis of the bimetric gravity in vierbein for-
mulation with the simplest form of the potential between two
vierbeins E ’2 and F MA. We explicitly show that it is crucial
to analyze the time developments of the constraints corre-
sponding to breaking the spatial rotation. It is also impor-
tant to stress that when we use the parametrization of the
vierbein as in [8] we should interpret p,—which will be
defined below—as a dynamical variable with no time depen-
dence in the action. As a result the conjugate momentum
vanishes and is the primary constraint of the theory. Then the

2 The Hamiltonian analysis of bimetric gravity was also performed in

[35-38].
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requirement of the preservation of the given constraint leads
to another secondary constraint that is important for further
analysis.

A very important point is to identify the constraints that
could be generators of the diagonal diffeomorphism. To do
this we follow [33] where we introduce new variables that
are functions of N, N’ and M, M", which are the lapses and
the shifts in g,, and f,w, respectively. Then we determine
eight new secondary constraints where four of them could
correspond to the generators of the diagonal diffeomorphism
on the condition that the Poisson brackets between the new
Hamiltonian constraint R are closed on the constraints sur-
face, and when we add an appropriate combination of the
second class constraints in order to Poisson commute with
all set of constraints. A similar analysis was performed previ-
ously in the case of bimetric gravity formulated with metric
variables in [35,36]. It turns out that in the case of bimet-
ric theory in the vierbein formulation the situation is more
complicated and we have to take into account the presence
of the new secondary constraints. Then we are able to show
that the Poisson bracket between the Hamiltonian constraints
vanish on the constraint surface. On the other hand one can
ask the question why we should use the variables introduced
in [33] in the case of bimetric gravity formulated with met-
ric variables in the case of the bimetric gravity formulated
using the vierbein formalism. The answer is that using this
formalism we can easily see the analogy between bimet-
ric theories formulated using either metric of vierbein vari-
ables.

With the help of this result we proceed to the analysis
of the consistency of all constraints during the time develop-
ment of the system. Now due to the very remarkable structure
of the vierbein formulation of bigravity we find the existence
of an additional constraint, which leads to the elimination
of the scalar mode in the same way as in the case of non-
linear massive gravity [9,12]. This result confirms the results
derived in [47]. More precisely, in [47] a canonical analysis of
bimetric gravity formulated in the vierbein formalism where
the spin connection is treated as an independent field was
performed with elegant formulations of the secondary con-
straints that are responsible for the elimination of the ghosts.
On the contrary, our analysis is more closely related to the
formulation introduced in [8], where the spin connection is
not considered as an independent field, however, the con-
straints responsible for the elimination of ghost are much
more complicated.

This paper is organized as follows. In Sect. (2) we intro-
duce the bimetric gravity in the vierbein formalism and find
its Hamiltonian, identify all constraints, and determine their
constraint structure. In Sect. (3) we outline our results. Finally
in the appendix we review the Hamiltonian formulation of
the general relativity action formulated in the vierbein for-
malism.

@ Springer

2 Vierbein formulation of bimetric gravity

The general vierbein can by written in the upper triangular
form and we denote this vierbein with a hat:

. N Nied . L 0
A _ Mmoo N
i _<0 N ) EA_<_M eiﬂ) ()

1

where N and N are the four time-like components. The spa-
tial vielbeins ei” contain nine components, which are related
to the spatial part of the metric by

gij = e“e/Sap. )
Now by writing out the metric of this vierbein we find
—N2 + NN; N; ) .
= s nap = diag(—=1,1,1, 1), (3)
( Nj gi)" ¢
which means that N and N’ are the usual lapse and shifts

that appear in the ADM decomposition of the metric [25—
27]. Note that the inverse metric has the form

g = ENEn™? @)
Then by definition?

FAGY v ALK _ QA
EJEy=6,, EE R =05%,

‘j, ei“eib =459 . (5)

e'ely = 8,
The upper triangular form does not fix the local Lorentz
invariance since it leaves a residual spatial rotation. There
are four components in N, N’ and nine in the spatial viel-
bein. The remaining three components of the vielbein have
been fixed by using the upper triangular gauge choice. It is
possible to formulate an arbitrary vierbein as the action of the
same boost on the upper triangular vierbein. Note that for the
3-dimensional vector p, we define a standard Lorentz boost
as

A(p)AB = (ya by

),y=\/1+pap“,

Pt 8%+ PPy
(6)
where p¢ = 8% p;, and where by definition
napAABy = nep, (7
so that
b

A 14 -D
(Aq) = sbypad’ |- ®

B _pa a + ]/+1

3 For a review of the vierbein formalism, see [32].
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The boost takes the 4-dimensional vector (1, 0, 0, 0) into the
unit normalized 4-vector

() (7)

Then we write the general vierbein as the standard boost of
the upper triangular vierbein,

A __ A B
E,u = A(p) BE/L

_ N+Nie,'apa pr+Nieia(5ab+#Pan)
¢/ Pa ¢Sy + s pap’)
(10)

We see that 16 components of the general vierbein are now
parameterized by the four components of N and N’ together
with nine components of the spatial vielbein ¢, and three
components of p,.

It is important that the Einstein—Hilbert action is invariant
under local Lorentz transformation. As a result it is possible
to partially fix the gauge and express the Einstein—Hilbert
action using the upper triangular form. This fact greatly sim-
plifies the Hamiltonian formalism of general relativity in the
vierbein formalism. The detailed analysis is performed in
Appendix A.

Now we are ready to proceed to the vierbein formulation
of the bimetric gravity when we consider bigravity with two
metrics,

g =ELE s, fuv = F/F s (11)
with Einstein—Hilbert actions for both of these metrics. Then

without the interaction term the action is invariant under two
separate local Lorentz transformations

E M) = AGgEL(x)., F () = Ad g0 F ).
(12)

The action is also invariant under two diffeomorphisms,

E/* Ndfl, = EA(x)dx", FlANdfh = FA(x)dx".
(13)

Then we consider the action in the form [8]

M2 M
S = Tg/d“x(det E)R[E] + Tffd4x(det F)R[F]
4
—uzfd“xZﬁn(detE)sn(E—lF), (14)
n=0

where u? = %sz % o and where S, are symmetric polyno-
mials whose explicit definitions can be found in [8]. It was

shown there that they can be written in terms of traces of the
matrix M as

SoM) =1,
S1(M) = [M]

1 2 2
S(M) = 5([M] — [M7]),

! 3 2 3
S3(M) = 5([M] — 3[MI[M"] + 2[M”]),

1 4 2 2 3
S4(M) = E([M] — 6[M~][M]* 4 8[M][M”’]
+3[M?)? — 6[M*]), (15)

where [M[] means the trace of the matrix M. In what follows
we restrict ourselves to the simplest non-trivial case corre-
sponding to By = B = B3 = PB4 = 0, 1 = 1, which,
however, captures the main property of the given theory.

Now we proceed to the Hamiltonian analysis of the
bimetric theory in the vierbein formulation. We use the
parametrization of the general vierbein introduced in (10).
Explicitly

EN=Ap%GEE, FA=A0%GED, (16)

where

- N Nied - M M f¢
A_ 1 A_ l
Bi=(o ") = (0 5.

1
R Lo R 0
E‘Q;(_I\% ef>’ F’;:(_Mﬁ, fl.>, (17)
a a

where g;; = eiaejbaab, fij = fl.“fjl’aah.

To proceed we use the fact that bigravity is invariant under
a diagonal local Lorentz transformation, which implies that
we can partially gauge fix this gauge by imposing /, = 0 [8].
Note also that since Einstein—Hilbert actions are invariant
under local transformations the action depends on p, through
the potential term only. Explicitly we find

N

SYE™'F) = Tr(E~'F)

M Lo b ipb i ra
—WV"FN(Mfi pb—N'"f;"pp) +€,f;

! J oa b
+m(€ aP)(f;"Pb). (18)

Using the Hamiltonian analysis performed in the appendix
we find the following Hamiltonian:

H= / Px(NRE + MR +N'RE + MR

+uPNeV + AL LS 1+ Ak L)), (19)

@ Springer
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where
w_ 1 ki 2 %)
RE = ——aGun* — M2 /gR®,
M2 /g 8
on_ b s 2 )
Ry = P Gijup — M3/ FRY,
MAJT /

'R,(g) = —2g,-ijrrk-", L‘(li) = eiaﬂi}) - eibnia’
Rgf) = —2fij6k,0kj7 L,%) = fiapib - fibpia’
M Lo i ipb

VZNV‘FN(Mfi o — N f;"pp)
1

v @) (" o). (20)

+e' i+

and where 7'/ and p'/ are the momenta conjugate to g; j and
fij» respectively. Further V; and V; are covariant derivatives
evaluated using the metric components g;; and f;;, respec-
tively. Finally note that G/¥ and GU/K are de Witt metrics
defined as

gl]kl — E(glkg]l +gl[g]k) —g”gkl,
G = Z(FR I g — fi g, e

with inverse

1 1
Gijki = 5(8;’1{8/'1 + gi1gjk) — 5818k

- 1 1
Gijki = E(fikfjl + fufi) — Efijfkl» (22)

which obey the relations

1
Giju """ = = (5"87 + 8787,
= = 1
Gijua G = 2 (6]'5] + 887, (23)

Also note that e = det e. We have also included the primary
constraints Lfi) ~ 0, L%) ~ 0 into the definition of the
Hamiltonian.

An important point is to identify four constraints with the
property that their Poisson brackets vanish on the constraint
surface and hence could be part of the generators of the diag-
onal diffeomorphism. In order to do this we proceed as in
[33] and introduce the following variables:

_ N . 1 . . . N M
N=+vNM,n=,/—, NN==(N' + M), ' = ———,
M 2 vNM
Y N S I B F RN P B
N=Nn, M=—, M =N"——n'N, NN=N"+-n"N.
n 2 2
(24)

@ Springer

Note that their conjugate momenta are the primary con-
straints of the theory

pi =0, (25)

with the following non-zero Poisson brackets:

(N®), P(y) =8(x—y), {nx),py)}=58x-y),
(N'(x), Pj(y)} = 858(x—y), {n' (%), pj(y)}=878(x—y).
(26)

It is also important to stress that the absence of the time
derivative of p, in the action implies the following primary
constraint:

k* ~ 0, 27

where k¢ is the momentum conjugate to p, with non-zero
Poisson bracket,

{Pa(®), k" (y)} = 858 (x — y). (28)

We also have to identify the constraints that are generators of
the diagonal spatial rotations of the vielbeins ¢,7, f;“. These
constraints are given as linear combinations of L;‘(’;), L{(f;) and
k“. Explicitly, we introduce the following set of constraints:

diag br ~
L, ~0, Lai ~0, k=0, 29)
where
LY = oot — et + fiap'y — fivp'y + Paks — pok
ab — €ially ibT 4 iaPp ibP g T Pakb — PbKa,

LY = e’y —eipm',— fiap'y+ fib0'y — Pakp+ Pika,
(30)

where 7', p', are momenta conjugate to e, f;, respec-
tively. Collecting all these terms we find the following form
of the Hamiltonian:

3 NG, NIL >, b
H = /d X(NR + N'R; -I-A(éiagLab
ALY, 40,k +va p+0 pit Vg PHVIP),  (31)
where

5 I_pn 1 1.
Rm Rl 4 Lot 1 Lo Lm0

+uleV, Ry =RY +RY, (32)
where
- y i a i ra n i ,a b
V:;—I’lf, pa‘i‘neafi +y+1(eap )(fl Pb)-

(33)
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Now we proceed to the analysis of the time development of
the primary constraints (25) and (27),

&P ={P H}=-R~0,
P ={P,H}=—-R; wo
3 p = {p, }__R(()g> + R(f)
sV
—ple— =G, ~0,
én

1
dpi = {pi, H) = =3 (Rl@ _ le)

sV
_Mze(S—l =0~ Oy
sV
3pa

Wk =k HY = —pe =K~ 0. (34)

Finally we have to check the preservation of the con-
straints L(aﬁlfg ~ 0, LBZ ~ 0. Firstly due to the fact
that R(()g), R(f ) R(g), Rgf ) have vanishing Poisson brack-
ets with Lgi), L(f ) according to (118) we find that they have

also a vanishing Poisson brackets with both Ldlbalg and Lbr
Then the non-zero contrlbutlon could follow from the P01s—
son bracket between L, bg, LbZ and V. Now with the help of
the following Poisson brackets:

[LoE), e ] = (s — et (08x =),

[LE0. o) ] = Guce’y = rce’n) 08 (x — ),
[LE0. fi5 ) = Uinds — it @03 —),
{LoE@), 1o} = Gac £l = e i) 003 x — y),
[LEE0. pe)} = =(Padhe = Pra)®)8x =),

Lope). pep 0} =0, (35)
and also

{L8,00. e 0] = einds = e @8x ),
{L5,00. o) | = Guce’y = pce’a) 08 (x = ),
{Lh00. £} = =(findl = fiadp6x = ).
[L809, L)} = ~Gae Fly = Bre FD 050~ ),
[L5,00. pe) ] = (Padhe = Prac) @3 x = ¥),
(24

(), pep* )] = 0. (36)

we find that the constraint Lglbag ~ ( is preserved during the
time evolution of the system, while the requirement of the

preservation of the constraint LZZ implies
oLl x) = {180, H |

= Zuzl\_/en[(ejbfja - ejafjb)

! j iy gd
+m[(l7a€';, - pbea)fj Pdl
= ZMQeI\_ln'];b ~ 0, 37
where we introduced new secondary constraints 7, = —7p,

1 .
%h—e,,f,a—eaf,w C(Pat’y — prea) £ pa. (38)

As we will see below the existence of these constraints will
be crucial for the consistency of the theory.

2.1 Calculation of the Poisson brackets between 7@, 7@,‘

Before we proceed to the analysis of the stability of all con-
straints we would like to show that the Poisson brackets
between the constraints R and 7_31‘ vanish on the constraint
surface spanned by all constraints. To begin with we intro-
duce the smeared form of the constraint 7_3,

T(N) = / d>xNR. (39)
Then using the Poisson brackets given in (118) and the fol-
lowing similar analysis as in the case of metric formulations
of bigravity we obtain [35,36]

1 .
(Tr(N), Tr (M)} = STs(N% M — M3 Nyn’g")

1 1 ..
+=Ts|( (NO;M — M3; N)— [V

2 n?

1 o
+ZT5((N8,-M — Mo;N)n'n’)
~Gs((NO:M — Md;N)ng")

1 ..
+Gs((No;M — MaiN)n—zf”)

1 )
—3Gr((N&;M — M3;N)n'n)

+/d3x(N8iM — M3 N)X,

(40)
where
Gr(N) = f d’xNG,, Gs(N') = / d’xN'S;, (41)
and where
L~ ni . . b
El[v] = )/; - nelaf/an] - lebp n]f/apa
» 1 .
+128" [ pa = — [ (42)

@ Springer
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Note also that we used the extended version of the con-
straint R; given in (47) and we omitted terms proportional
to L), L) given in (118).

Our goal is to show that =7[V] vanishes on the constraint
surface. To do this we use the fact that n’ can be expressed

from the constraint K¢

. (1 i 1
b= [ —p — e b < a
fa (ynp (e’,p )(fj pC)(l—I—J/)ZJ/p
1 ; .
+m(fjae]bpb + fjbpbe/a) + Ha’Ca> , 43)
where H, are functions that depend on the phase space vari-

ables whose explicit form is not important for us. To proceed
we use the fact that from the constraint 7,; we derive

: 1 1
fof prel® = S (e P+ —f’“pa(fkdpd)(ekbph)>

1+

fh b
——2—=G"py. (44)

2yeJf
Inserting this expression into (43) we find
i Vi a ™o
= —flpt+ et p, (45)
yn 14

up to terms proportional to 7,5, and K. Finally inserting
this result into (42) and after some calculations we find the
desired result,

2 V] = F, K + G T, ~ 0. (46)

Then collecting (40) together with (46) we find that the Pois-
son bracket between R is proportional to the constraints
Ri, Gu, Si, K%, T,p, which means that it vanishes on the con-
straint surface. This is a very important result. Note also the
importance of the constraints K¢, 7, for the closure of the
Poisson brackets between R.

As the next step we calculate the Poisson brackets with
the constraints 7_2,~. However, it turns out that it is more con-
venient to consider the following extension:

Ri = dinp + dn’ pj +0;(n' pi) + 3iPa k¢

1
+Rfe)+§walb(e)Lfl?+Rff) ab(f)L(f)
47
Let us define its smeared form,
Tg(N') = f d>xN'R;. (48)

@ Springer

Then we find the following Poisson brackets:

Ts(N), ¢ = —0NTef = NTdje .
SN, e} = 0;NTel, — NTojel,,
TSN i} = 0N L= NVa; £,
}:—a NTfC = NTo; e,

Ts(N'), n } = —Nign' +9;Nini,
TS(N) pa] = _Niaipav
Ts(N), n} — _Nion, (49)

{
{1
{
[rsavi, 1;e
{
{
{

which shows that Tg(N') is the generator of the diagonal
spatial diffeomorphism.

Now we are ready to proceed to the calculation of the
Poisson bracket between Tg(N*) defined in (48) and T7 (N).
In fact, using (49) we easily find

{TS(Ni), efJ] — _N¥g[eV] — x N¥eD. (50)

Finally, we should calculate the Poisson bracket between
Ts(N') and RV, RE and RE, R, This is really an
easy task on using the results given in (1 18) so that we find

{TsV), Tr (v} = Trviam) (51)

up to the terms proportional to the primary constraints Lff;) ~
0, LZJ,;) ~ (. In the same way we can find that

[TsV), TsmD} = Tsv'am? = mIaNT).  (52)

Using these results we are ready to proceed to the analysis
of the stability of constraints.

2.2 Analysis of stability of constraints
In this section we perform the analysis of the stability of all

constraints. Note that for the potential % given in (33) the
constraints G, S;, K¢ have the form

1 .
6, = R + LRy

1 .
+ule <— —e 4= T y(elap“)(fibpb)) ,

5(7%5” — R + nPef, pas

a

K* = pe (p_“ —nl £, = n(ehp)(f pp) — L
yn ! / (I+y)?y

n ; ,
—}—m(fj”e'/bpb + fjbpbeja)> ;
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th:(ejbfja_ afjb)+ (pa b pbea)f pPd-

(53)

It turns out that these constraints could be simplified consid-
erably. First of all we have the following relation:

R+n'S; +nG, = —<R<f ) 4 pley), (54)

so that we can consider as an independent constraint the fol-
lowing one:

G, =R + pley. (55)

In the previous section we also found the relation

n' =—f’p +;e Yoy + H K + G Ty, (56)

yn
so that it is possible to define a new independent constraint
I@'

n b

. |
K'=n'"— —f.p*— =€ py. (57)
n Y

Then we have the following set of independent secondary
constraints: G, K', S;, Zyp, so that the total Hamiltonian has
the form

HT=/d3X(NR+NR +Admg ab+ Vg P+ VP
+T5G, + UK + TS + T T, + v, p
+0' pi + vk + 0L, (58)

Now we are ready to proceed to the analysis of the stability
of all constraints. We begin with the constraints p; ~ 0,

o pi ={pi, Hr} =~

which has the solution ©2; = 0, where €; is the Lagrange
multiplier corresponding to the constraint X', In the case of
p we find

—pnleQi =0, (59)

op={p, Hr} = 0. (60)

Further, the requirement of the preservation of LBZ takes the
form

oLy = Lb, Hr} =T 7, =0, 61)

a b

where {LY (x), Tea(y)} = Ape 7.,(X)3(x —y) and where
we used the fact that Q; =0 toag%ther with

[Lho. 6] = {Lhw.sm] =0 ©)

Then it can be explicitly checked that the matrix A LY T is

non-singular and hence the solution of (61) is red = .
Using these results it is easy to analyze the requirement
of the preservation of the constraints k¢ ~ 0,

a
Bkt = [k, Hr) ~ —,ﬂe% —Tiplef, =0, (63)
so that we obtain
a
ri = —%f’arn. (64)

This result, however, suggests us to consider as an indepen-
dent constraint the following one:

1 .
G =R + ey — S Sifupt (65)

and the following total Hamiltonian:

Hy = /d3x(1§77'2 +N'Ri + AY  Lab + Vg P+ V'P;

+T1S; + QK+ TpGy 4+ 0" p + ' pi + vgk®
HV P LY, + T Tp). (66)

Repeating the analysis as above we find that p is trivially
preserved and also 2; = raeb — o, Further, the time evolution
of the constraint k* & 0 is given by the equation

ik = {k9, Hr} ~ —T"pef,* = 0, (67)

Wthh due to the fact that f;“ is non-singular implies that

= 0. Finally it is also clear that P, P; are trivially pre-
served

Now we proceed to the analysis of the time evolution of
the constraint G,, S;, K together with R and R;. First of all
itis easy to see that the secondary constraints Qn, S, Ki , gab
are invariant under a diagonal spatial diffeomorphism. Then
with the help of (51) and (52) we find that R; are preserved
during the time evolution of the system.

A more interesting situation occurs in the case of the time
evolution of the constraints G, and R, which is mainly deter-
mined by the following Poisson bracket:

{TT<N), / d3xMén} ~ / EXNEOM @G (%),
(68)

where the explicit form of _C';lf I which is rather complicatNed,

is not important for us; but it is important to stress that G/

does not depend on n and it is proportional to p2, which
means that the given constraint vanishes in the decoupling

@ Springer
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case when ;1,2 = 0, which is expected.4 Note that in th_e
course of the calculation we use the fact that we can write R
as
ﬁ_nR(ﬁ')_’_lg +S|:ifl a i:|

= 0 n i 4 n

n yn

n

I+y

+u’en |:eiaf,-” + (€, p)(f; be)i|

1. .
= n|:7?,(()g) — —tppSi + /Lze(e’afi“
Y

1
1+y

an~d we ~also used the fact that the Poisson bracket
G,(x), G, (y)} is weakly zero as follows from

{/d3XNg~rz(X)a/d3yMg~n(y)}

= STS(NOM — M N) )

+

. . 1~
(elap“)(fibpw)} —K'Si+~Go (69)

1 1 i agpl b
+ZTS ﬁfap fup " (BiNM — M9;N)
+/d3x(Na,-M—Ma,»N)fffsj
fur’
12

1
-3 / d*x(No;M — Md;N) G, ~0.

(70)

However, it is a crucial and non-trivial fact that the Poisson
bracket (68) does not contain terms proportional to M 9; N or
M0; N and it is linear in n. Then the local form (68) is

[R®). G} ~ nGl 08x — ), o)

so that there are no derivatives of the delta function on the
right side of the previous equation. This fact is very important
for the consistency of the given theory.

Now we are ready to proceed to the analysis of the con-
sistency of the secondary constraints. In the case of Gn we
obtain

0Gux) = {Gu0, Hr | ~ —Neonw Gl . (72)
On the other hand the time evolution of the constraint R is
equal to

#R(x) = {R(x), Hr} = Tun(x)G! (x) =0, (73)

using (40), (46), and (51), together with the fact that I'! =
r“b = Q;, = 0. Now it is crucial to find a non-trivial solution
of (73). In the case when G!! were constant on the whole

4 On general grounds we should expect that the given constraint is
equivalent to the constraint derived in [47], when the canonical variables
between these two formulations are properly identified.

@ Springer

phase space we would find that the only possible solution is
I';, = 0. Then from (72) we would also find N = 0 and hence
we should interpret R together with G, as second class con-
straints. However, this is a very unsatisfactory result, since
it would imply the lack of the Hamiltonian constraint, while
the theory is manifestly invariant under diagonal diffeomor-
phism. Fortunately G!/ depends on the phase space variables,
so that it is more natural to obey (73) when we say that G/’
is an additional constraint imposed on the system.

Now with this interpretation we find that (72) vanishes on
the constraint surface when G!/ ~ 0. However, then we have
to include the constraint QN,{ I 2~ 0 into the total Hamiltonian
and analyze the stability of all constraints. Due to the fact
that G,{ I does not depend on n we find that p ~ 0 is still a
first class constraint. Now the time evolution of the constraint
g} ~ 0 is equal to

860 = [Gu0), Hr |
~ / &yl 600,61 )} =o. (74)

where A/ is the Lagrange multiplier corresponding to
the constraint Q,{I ~ 0. Since it can be shown that

Gn(x), GI (y)] # 0 and it contains the derivative of the

delta function we obtain the result that the only solutions
of the equation above is A// = 0. Then we also see that it
is consistent to take the values of the Lagrange multipliers
I = I'“ = Q; = 0 that were derived before the con-
straint _C';,{ I was included into the total Hamiltonian. Then
using A// = 0 we also find that the constraint R ~ 0 is
preserved during the time evolution of the system. Further,
the time evolution of the constraint G!/ ~ 0 has the form

%Ga" 00 ~ {G11 (0. Tr(V) |
+ [enw (i w.dm) =0 as)

Generally this equation reduces to a complicated differential
equation for I';, and we presume that it can be solved, at least
in principle.’

As the next step we will analyze the requirement of the
preservation of the constraints S;, 7, K, which, however,
simplifies considerably due to the fact that I'' = I'* =

5 There is one important subtlety with the given arguments, which is the
possibility of the existence of the non-trivial solution of (74) due to the
presence of the partial derivatives that are presented in the given equa-
tion. However, the existence of a given solution would imply the exis-
tence of an additional gauge symmetry, which, however, is not expected
here. We believe that there is no such solution even if we were not able
to show this explicitly. In light of these complicated results we mean
that it is remarkable how efficient is the Hamiltonian analysis of the
bimetric theory of gravity presented in [47].
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Q; = 0. We start with the constraint S;

Si={(S:, Hr} ~ /d3x1\7(x) {Si, R®)}+ f; “va =0,
(76)

using also the fact that {S x), Lb (y)} = 0. Now due to
the fact that the matrix f;“ is non- smgular we find that this
equation can be solved for v,,.

In the case of the constraints 7,;, we find

0Ty = [Ty, Hr) ~ [ PN ) {Top. RO

AT keve + B, v =0, (77)
where the matrix A, e is defined as
{Zap ), KW} = A7 4 (DS (X — y). (78)

Now using the fact that the matrix Az ;b is non-singular
and that v, were determmed by (76) we ﬁné that (77) can be
explicitly solved for v¢

Finally we proceed to the analysis of the equation of
motion of the constraint X' s

9K = [/%f,HT} ~ /d3XN(x) {/€f,7‘z(x)] VA,
0 Ay o 0 Vel gy e =0, (79)
where we defined
{00, p} = [ —fup"+ %e Pbi| 5x—Y)
=Agi ,(08(x —y),
[0, L (y)] = —(eapb — €y pa)(05(x — )
Agi g8 =),

. 1 .. .
{00 kew) | = —5p & =nhsx—y)

1 . .
;flc-l-ne’C) S(x—y)

14

1

14
~ Loy 11 n
~ (yzpn +ynfc+yec
Xd(x—y) = A,@,-’kc(x)(S(x -y). (80)

We see that (79) can be solved for v’ knowing the Lagrange
multipliers v,p, V¢, v,. Note that v, is still undetermined,
which is a reflection of the fact that p ~ 0 is a first class
constraint.

Let us outline our results and determine the physi-
cal degrees of freedom of the given theory. We have
Nfce = 12 first class constraints R, R;, P, P;, Lglhag, 6

6 Strictly speaking, we should include the appropriate combinations of
the second class constraints listed below them in order to ensure that the
constraints R, R; have vanishing Poisson brackets with all constraints.

Then we have Ng.. = 20 second class constraints
pi, k%, L'a’z, G, G,{I, Si, Ki', T,,. We also have Nphs.df. =
58 phase space degrees of freedom N, P, N', P;,n, p,n',
Pis Pa» k%, €4, J'r"a, fi pia. Then the number of physical

degrees of freedom Np 4.f. is [39]

Np.d.f. = scc) =1, (81)

%(Nph.s.d.f. —2Nfce. —
which could be interpreted as two physical degrees of free-
dom of the massless graviton, five physical degrees of free-
dom corresponding to the massive graviton. In other words
we have shown that the bigravity in the vierbein formulation
is ghost free.

3 Conclusion

This paper was devoted to the Hamiltonian analysis of the
bimetric theory of gravity in the form introduced in [8]. We
found the corresponding Hamiltonian and determined the pri-
mary constraints of the theory. Then we analyzed the require-
ment of the preservation of these constraints and we deter-
mined the corresponding secondary constraints. Finally, we
determined the conditions when these constraints are pre-
served and we found that there is an additional constraint.
As a result the constraint structure of the given theory sug-
gests that this theory is free of ghosts.

However, it is still important to stress that, even if the non-
linear massive gravity is ghost free, this does not mean that
the given theory is consistent. In fact, it was shown that non-
linear massive gravity suffers from the superluminality in its
decoupling limit [16—18]. It was also shown that generally
it contains tachyonic modes [19,20]. Further, the analysis
of the cosmological properties of non-linear massive gravity
showed that it exhibits the ghost instabilities about its homo-
geneous solutions [21-23]; see also [42,43].7 On the other
hand it was shown very recently in [48] that a non-linear
bimetric theory of gravity could lead to viable cosmology
under some conditions. In fact, the bimetric theory of gravity
has an important advantage with respect to non-linear mas-
sive gravity where the second metric is not fixed by hand but
is dynamical as well. Clearly a bimetric theory of gravity is a
very promising generalization of gravity that deserves to be
studied further.

Footnote 6 continued

However, these corrected constraints coincide with the original one
when the second class constraints strongly vanish, where, however, we
have to replace Poisson brackets between phase space variables with
corresponding Dirac brackets.

7 However, quite recently the improved version of non-linear massive
gravity was proposed in [24], which is claimed to be unitary with all
degrees of freedom propagating on a homogeneous, isotropic and self-
accelerating de Sitter background.
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Appendix A: Hamiltonian formalism of general relativity
in vierbein formulaton

In this appendix we perform the Hamiltonian formalism of
the general relativity in vierbein formulation. We mostly fol-
low [28-31].
Let us consider the general relativity Lagrangian density
written in the form
£=mdetE(Q4PQ8, - %QCABQCBA
1

;2% Qpac). (82)

where

QCAB E}LCEVAa EB E,LLA — E'uBnBA, (83)

and where u,v,--- = 0,1,2,3 and where A, B,--- =
0, 1,2, 3. Note that by definition we have two covariant
derivatives D,, and V.. D, is covariant with respect to both
general coordinate transformations in spacetime as well as
local Lorentz transformations on the flat index, while V,, is
covariant under general coordinate transformations. We have
A 3 vA VA v A A vB

Dy’ = 9" + T A% + &, ph

& 4 VA AT A

VA" = 9,4 4+ F;V)J’ . (84)
We require that these covariant derivatives are compatible
with the vierbein and the metric

A g A

DuE; =0,

Vug’vo = Dugvn =0. (85)
where g, = E MA E,)B nap. Note that from (85) we obtain

A

VWE"y = i, PE's. (86)

From (85) and requlrmg F[ ] = = 0 it is possible to uniquely

determine Fuv and ® M B as functions of the vierbein E MA.
Explicitly, the first equation in (85) can be solved as

1
C’!\) AB — ze,l,LC(QCAB + QBCA _ QABC). (87)

”w

@ Springer

Let us now consider following 3 + 1 decomposition of the
tetrad:

Ef = NNA 4+ NvA EA=V,A NBpapV, B =0,
NAnapN8 = —1, (33)

where i, j, k,--- = 1,2,3 and a,b,c,--- = 1,2,3. The
inverse vielbein obeys
E'SEC =55 EYE/ =4, (89)

Using this decomposition it is rather straightforward to per-
form the Legendre transform using this decomposition. How-
ever, it iS more convenient to partly break the manifest
Lorentz invariance in such a way that the vierbein takes
the upper triangular form (1). In this case we identify V¢
with ¢, where ¢;* defines the three dimensional metric
gij = ei”ejh(Sab.

Now using (88) and also the partial gauge fixing we obtain
the following decomposition of Q48C:

Qoab = N a(BOe Njf)jeib - eiaejbaiNj),
1 .
QU0 = ~€adil,
0 _o,

Q8 = el el (e f —je). (90)

The general relativity Lagrangian now takes the form
1
L=M}iNe (—590(“”) Qoap + Q2900 +294°0 0
1 abc 1 abc ac b
_ZQ Qabc - EQ Qach + QC Qba ’ (91)

where e = det ¢, and where we have the following conven-
tion:

x@b) = xab 4 xba x@x . =2XP X, (92)

Note that we can write

1 1
NePR = Ne(Q.¢ — ZQ“"“QM - EQabCQacb)

V[i(Neej“Vj]eia) - Zeeiaa[iejﬁgjkakN,

93)
where V; is a covariant derivative compatible with g;; so that

Vigjk = 0. Then neglecting the surface term we find that (91)
has a form that is suitable for the Hamiltonian formulation,

1
L= M2Ne (-590“”90<ab> + Q%) + ‘”R) .94

where

QOab 8aCQO b’ Qoab — _Qohd(sd(:a QO}? — _Qohb-
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Note that (92) implies
1
QY Qi = EQW’) Q0(ab)- (96)

Then from (94) we find the momenta nia conjugate to e;*

. 5L ; . i
T e = MR 2Dy 2000, @)
i
so that
0a 1 a__i
Q7 :—@ei ', (98)

Then it is easy to express @) as a function of 7', and e,

1 ; 1 .
QO(ab) S (eianlc(SCb _ 5Sabeicﬂ,lc> )
e

99)

Using this result we easily find the Hamiltonian from (94)
and hence the corresponding Hamiltonian

H=NR+N'R;, (100)
where
i i1 .
= 1M <eia”lc80g8aee;ﬂjg—E(eian’a)2) _ Mgeo)R,
g

Ri = —¢'Djn), (101)

where D; is the covariant derivative compatible with ¢,“,

D,-e"‘ =0.

j (102)

Note also that we neglected the total derivative terms in the
Hamiltonian (100). It is also important to stress that (97)
implies the following primary constraints:
Lap = ejgmt’y — epm’, ~ 0. (103)
By definition L, are antisymmetric so that there are three
constraints L, in three dimensions. '

To proceed further we need an explicit form of D;m?,.
Since ', is a density of weight 1 we have®

bl (105)

md . J_k m _J
Dimy =0imwq+1Uyn', —Tpima — o,

so that

Dinl, = ', + o 7. (106)

8 Note that the spin connection has the following prescription when it
acts on an object with upper and lower Lorentz indices:

DiX), = 8 X + 0 X — 0% X%, (104)

It is also convenient to introduce the notation

.. 1 . . .

iy - Z(nlae/a + e, (107)
which is similar to the notation used in [30]. Then it is easy
to see that the Hamiltonian constraint R takes the familiar

form,

1 .
R = ngﬂdn”nk[ — M /gVR, (108)
8
where
1
Giju = E(gikgjl + 8i1&jk — &ij&ki)s
GM = 2 (g™ + g1 ) — g, (109)
which obey the relation
1
Giju G = 2 (8]'8] + 587, (110)
Note also that in the same way we can write
Ri :—eiaDjjle;Z—ZViT[ij, (111)
using the fact that
— 2Vi7'[ij ~ —Vin’aej" n;V,-ej” =
= —Vin'ya + niaa)i“be] = —¢;"Djn’,,
(112)
using also the fact that
. , 1 . ,
nl =g = En’aeja + Lagee’. (113)

By definition the canonical variables are ¢, and yr]b with the
following canonical Poisson brackets:

e, 7] =8/s56x =), (114)
so that we obtain

1
{g,-j(x),nkl(y)} = 5(85‘8§ +8/55)8(x —y). (115)

On the other hand from (107) and from (114) we find
{NIJ(X),JTkl(y)} = E(g‘lLkJ +g]1Lkl _,’_gjkle

+g*Ls(x —y) = pMs(x —y).
(116)

This result implies that there are additional terms when we
calculate the Poisson brackets between the constraints as was

@ Springer
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in a nice way shown in [30]. More precisely, let us introduce
the smeared form of the constraints R, R; and L

Tr(N) = / d>xNR, Ts(N) = / d>xN'R;,

L(N) = / d3XNP L. (117)

Then, following [30] we find
{Tr(N), Tr (M)} = Ts(N9:M — Md;N)g"),
{Ts(N'), Tr(M)} = T (N'9; M) +fd3ijN"%~"M,
{Ts(N"). Ts(M7)} = Ts((N'9; M’/ — M79;N7))
+ / dxViN pfvim,
{T7(N), L(N*)} = 0, {Ts(N*), L(N“")} = 0,

{Lab(X), Lcd(y)} = (nadLbc + nbcLad
—MbdLac — NacLpa)d (X —y),

(118)
where
)\l] — _4Ml]lekl — _E(K]kle _ KlkL]k),
Kij= (ln’""g 8ij — n-~> (119)
ij = nm&i ij |-
J ﬁ 2 J J

We see that there are additional terms on the right side of
the Poisson brackets between the constraints that are propor-
tional to the primary constraints L. These terms also vanish
on the constraints surface. For that reason we will not write
the explicit form of these terms in the calculations performed
in the main body of the paper.
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