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ABSTRACT 

 

 

 

 

Erdos and Turan have introduced the determination of the abelianness of a 

finite group for symmetric groups, finite groups and finite rings in 1968.  Basic 

probability theory will be used in studying its connection with group theory.  Some 

basic concepts related with ( )P G , the probability a random pair of elements in a 

group commutes, will be presented. This research will focus on the 2-generator 2-

groups of nilpotency class 2, based on the classification that have been done by 

Kappe et.al in 1999.  Finally, some properties of ( )P G  for some 2-generator 2-

groups of nilpotency class 2 will be determined. 
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ABSTRAK 

 

 

 

 

 Erdos dan Turan telah memperkenalkan penentuan darjah keabelanan bagi 

suatu kumpulan terhingga untuk kumpulan simetri, kumpulan terhingga dan 

gelanggang terhingga pada tahun 1968.  Asas bagi teori kebarangkalian akan 

digunakan untuk melihat perkaitannya dengan teori kumpulan.  Beberapa konsep 

asas yang berkaitan dengan ( )P G , iaitu kebarangkalian suatu pasangan tertib unsur 

rawak dalam suatu kumpulan kalis tukar tertib akan diterangkan.  Kajian ini 

difokuskan kepada kumpulan-2 dengan 2-penjana yang mempunyai nilpoten 2 

berdasarkan klasifikasi yang telah diperolehi oleh Kappe dan rakan-rakan pada tahun 

1999.  Beberapa ciri ( )P G  bagi beberapa kumpulan-2 dengan 2-penjana yang 

mempunyai nilpoten kelas 2 ditentukan pada akhir kajian. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 



 vii

 
 

 

 

 

 
TABLE OF CONTENTS 

 

 

 

 

CHAPTER    TITLE          PAGE 

 

  ACKNOWLEDGEMENT     iv 

  ABSTRAK       v 

  ABSTRACT       vi 

  TABLE OF CONTENTS     vii 

  LIST OF TABLES      x 

  LIST OF FIGURE      xi 

  LIST OF SYMBOLS / NOTATIONS   xii 

   

1  PROBLEM FORMULATION    1 

  1.1 Background of the Problem    1 

  1.2 Statement of the Problem    2  

  1.3 Objectives of the Research    2   

  1.4 Scope of the Study     3  

  1.5 Literature Review     3  

  1.6 Theoretical Framework    4  

   

2  SOME BASIC GROUP CONCEPTS   6     

  2.1 Introduction      6 

  2.2 Some Basic Definitions and Concepts  6  

  2.3 Conclusion      12   

 

3  SOME PREPARATORY RESULTS      13 



 viii

 
  3.1 Introduction      13  

   

3.2 The Classification of 2-Generator 2-Groups of  

Nilpotency Class 2     13 

  3.3 Some Concepts on the Probability That Two  

Elements in a Group Commute   20 

  3.4 Conclusion      30 

         

4 SOME EXAMPLES OF 2-GENERATOR 2-GROUPS              

OF NILPOTENCY CLASS 2 AND THEIR ( )P G   32 

  4.1 Introduction      32 

4.2 Using GAP to Identify Some Groups That                          

Fulfill the Classification        33 

  4.3 Groups of Order 8     35 

   4.3.1 4D  - Group of Type 3.1.1 [8,3]  35 

   4.3.2 Q - Group of Type 3.1.4 [8,4]   40 

  4.4 Groups of Order 16     44 

   4.4.1 G_{4,4} - Group of Type 3.1.1 [16,3] 45 

4.4.2 Modular Group - Group of  

Type 3.1.2 [16,6]    48 

4.4.3 GAP Id [16,4] Group - Group of  

Type 3.1.2 [16,4]    51 

4.5 Groups of Order 32     55 

4.6 Conclusion      56   

 

5 RESULTS         59 

 Introduction      59   

 Theorems on the Classification   59    

 The Lower Bound for ( )P G     62 

 ( )P G  for All Groups of Order 8   67    

 Conclusion      68 

 

 



 ix

 
 

6  CONCLUSION      69

     

6.1 Summary      69 

6.2 Suggestion      71 

 

 

  REFERENCES      73  

  Appendix A             75-84 

       

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 x

 
 

 

 

 

 
LIST OF TABLES 

 

 

 

 

TABLE NO.    TITLE    PAGE 

 

4.1  Cayley Table for 4D           36 

4.2  0-1 Table for 4D           38 

4.3  Cayley Table for Q          41 

4.4  0-1 Table for Q          43 

4.5 Cayley Table for { }_ 4,4G         46 

4.6 0-1 Table for { }_ 4,4G        47 

4.7 Cayley Table for Modular Group       49  

4.8 0-1 Table for Modular Group       50 

4.9  Cayley Table for GAP Id [16,4] Group           53   

4.10  0-1 Table for GAP Id [16,4] Group      53 

4.11  ( )P G  for all nonabelian 2-generator  

2-groups of nilpotency class 2 of order 32     54 

5.1 Number of irreducible representation for                                              

2-generator 2-groups of nilpotency class 2                                           

up to order 256        59 

5.2 The lower bound of ( )P G  where G are                                           

2-groups of nilpotency class 2 up to order 256    65 

 

 

 



 xi

 
 

 

 

 

 
LIST OF FIGURES 

 

 

 

 

FIGURE NO.    TITLE    PAGE 

 

4.1 Flowchart on detecting 2-generator 2-groups  

of nilpotency class 2.         33 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 xii

 
 

 

 

 
 

LIST OF SYMBOLS / NOTATIONS 

 

 

 

 

1   identity element 

a-1   inverse of a 

<a>   cyclic subgroup generated by a 

[ , ]a b    commutator of a and b ( ie: 1 1a b ab− − ) 

[a,b,c]   commutator of [a,b] and c ( ie: [[a,b],c] ) 

�    natural numbers 

Cn   the cyclic group of order n 

( )C a    the centralizer of a 

cl(a)   conjugacy class of a 

Dn   the dihedral group of order 2n 

G   a finite group 

|G|   the order of G 

G ≅ H   the groups G and H are isomorphic 

:G H    index of H in G 

H ≤ G   H is a subgroup of G 

H<G   H is a normal subgroup of G 

( )k G    the number of conjugacy classes of G 

( )LBk G   the lower bound of the number of conjugacy classes  

in G 

( )P G     the probability that two elements commute in G 

( )LBP G    the lower bound of the probability that two elements  

commute in G 



 xiii

 
Q   the quaternion group of order 8 

t | s   t divides s 

Z(G)   the center of G 

�    integers  

 ∈   element of 

 ∉   not an element of 

 ∋    such that 

 ∀    for every  

 



 

 

 

 
CHAPTER 1 

 

 

 

 

PROBLEM FORMULATION 

 

 

 

 

1.1 Background of the Problem 

 

 

In recent years probabilistic methods have proved useful in the solution of 

several difficult problems in group theory. In some cases the probabilistic nature of 

the problem has been apparent from its formulation, but in other cases the use of 

probability seems surprising, and cannot be anticipated by the nature of the problem. 

The roots of the subject lie in a series of papers by Erdos and Turan [1] in which they 

study the properties of random permutations, and develop a statistical theory for the 

symmetric group. 

 

 

All groups considered will be assumed to be finite. We will denote by ( )P G , 

the probability that two elements of the group G, chosen randomly with replacement, 

commute. This will loosely be called the “probability of G”.  

 

 

 We will only consider about the nonabelian group, since for Abelian groups, 

this probability is clearly equal to 1. 
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The classification of 2-generator 2-groups of nilpotency class 2 has been 

introduced by Kappe et. al. [2]. This classification will be used throughout this 

research.  

 

 

The probability that a random pair of elements in 2-generator 2-groups of 

nilpotency class 2 has not been done yet. Therefore in this research, ( )P G  for some 

2-generator 2-groups of nilpotency class 2 will be computed. 

 

 

 

 

1.2 Statement of the Problem 

 

 

What is the probability that two elements in some 2-generator 2-groups of 

nilpotency class 2 commute? 

 

  

 

 

1.3 Objectives of the Researh 

 

 

The research objectives are: 

(a) To study the classification of 2-generator 2-groups of nilpotency class 2. 

(b) To determine the probability that two random elements in some 2-generator          

2-groups of nilpotency class 2 commute. 

(c) To investigate the properties of ( )P G  that are suitable for some 2-generator           

2-groups of nilpotency class 2.     
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1.4 Scope of the Study 

 

 

This research will focus only on 2-generator 2-groups of nilpotency class 2 

up to order 256. 

 

 

 

 

1.5 Literature Review 

 

 

An earlier example of a probabilistic statement about groups describes how 

commutative a nonabelian group can be. The idea of computing ( )P G , which is the 

probability that a random pair of elements in a group commutes, was introduced in 

1968 by Erdos and Turan [1] who explored this concept mainly for symmetric 

groups.  

 

 

The concepts of this probability and research on this topic have been done by 

several authors, including Erdos and Turan [1], Sarmin and Sapiri [3], Sarmin and 

Mohd Seran [4], Belcastro and Sherman [5], Rusin [6], MacHale [7] and Sherman 

[8]. In 1974, MacHale found that ( )P G  is equal to the number of conjugacy classes 

divides the order of that group. 

 

 

It is also found in 1974 by MacHale [7] that for any finite nonabelian group, 

the probability that two elements chosen at random from G commute is at most 5 8 . 

The same concept was then used by Sherman [5] to find the probability for finite 

groups in general and showed that this probability cannot be arbitrarily close to 1 if 

G is finite nonabelian group. In fact, it will always be less than or equal to 5/8.  
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( )P G  of a group is the number of conjugacy classes divides the order of the 

group, therefore the determination of the number of conjugacy classes is very 

important. The problem of estimating the number of conjugacy classes, ( )k G  in a 

finite group G, has been around since the turn of the century. In year 1979, using 

Landau's technique, Sherman [5] proved that each group have the lower bound of 

number of conjugacy classes.  

 

 

The classification of 2-generator 2-groups of nilpotency class 2 has been done 

by Kappe et. al. [2]. There are four types in the classification. Later, Magidin 

modified the classification into presentation form and combined them into three 

types only. This modified version is needed in computing the number of conjugacy 

class. 

   

 

The probability that a random pair of elements, ( )P G  in 2-generator             

2-groups of nilpotency class 2 commute, have not been done yet. Therefore, in this 

research, ( )P G  for the 2-generator 2-groups of nilpotency class 2 will be computed. 

 

 

 

 

1.6 Theoretical Framework 

 

 

This chapter is the introduction chapter that includes the background of the 

problem, statement of the problem, objectives of the research, scope of the study, 

literature review and theoretical framework. 

 

 

In Chapter 2, some basic definitions and theorems that will be used 

throughout the dissertation are included. 
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Chapters 3 discusses the classification of 2-generator 2-group of class 2 up to 

isomorphism. The proof for the classification is omitted and details can be referred 

from a paper by Kappe, et. al [2]. Besides that, some basic definitions and theorems 

about the probability that two elements commute in a group are presented. Some 

results of the theorems are applied and proved by some examples that are given in 

the fourth chapter.  

 

 

Chapter 4 presents specific examples of group of order 8, 16 and 32. Groups 

Algorithms and Programming (GAP) software is used to identify the groups that 

fulfill the classification and to confirm the number of conjugacy classes of a group, 

and then to get the probability  ( )P G  of that group.  

 

 

Some properties of ( )P G  that are suitable for 2-generator 2-groups of 

nilpotency class 2 are investigated in Chapter 5. Moreover, some results will be 

stated. These results will help to investigate the properties of ( )P G  that are suitable 

for 2-generator 2-group class 2. 

 

 

Finally, Chapter 6 includes the conclusion and suggestion for further 

research.  
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