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Abstract. The correlation between precipitation backscatter
P (or radar reflectivityZ) and reflectivity-weighted terminal
velocityVt has long been thought to be positive. Namely, the
larger the magnitude of the terminal velocity is, the stronger
the radar reflectivity will be, and vice versa. However, we
will show in this article the observational evidences of neg-
ativeVt–P correlation made with the Chung-Li VHF radar.
It is found that the negativeVt–P correlation can occur in
the regions from close to ground to well above the melting
layer. In addition, there is a strong tendency for the negative
Vt–P correlation to occur around the bright band region. In
light of the fact that the conventional model of single drop
size distribution cannot explain this negative correlation, it
is proposed that the drop size distribution responsible for the
negativeVt–Z correlation is composed of two Gamma drop
size distributions with respective mean terminal velocities
and radar reflectivities. The precipitation particles of these
two distributions are assumed to dynamically interact in the
way that the total numbers of the precipitation particles of
the two Gamma distributions are varied and their reflectivi-
ties are also changed accordingly. Theoretical analysis shows
that the key factor determining the sign of theVt–Z correla-
tion is the ratio of the difference between relative changes
in the reflectivities of the two Gamma drop size distributions
to the change in the total reflectivity. TheVt–Z correlation
is negative (or positive) if the ratio is positive (or negative).
From these results, it follows that theVt–Z correlation could
be considered to be the result of the redistribution of the radar
reflectivies of the two Gamma drop size distributions caused
by the interaction of the precipitation particles between them.
Different interaction processes of the precipitation particles,
such as break-up and coalescence, could give rise to the same
Vt–Z correlation, depending on the net change in the total

Correspondence to:Y.-H. Chu
(yhchu@jupiter.ss.ncu.edu.tw)

reflectivity. In addition, the results also show that the same
interaction process might give oppositeVt–Z correlations.
Therefore, great caution is advised when theVt–Z correla-
tion is employed to interpret the precipitation process.

Keywords. Meteorology and atmospheric dynamics (Pre-
cipitation; Instruments and techniques) – Radio science (Re-
mote sensing)

1 Introduction

Terminal velocity and reflectivity of hydrometeor are two
basic parameters characterized the behavior of the precip-
itation. With its capability of simultaneously measuring
Doppler velocities of atmospheric refractivity fluctuations
and precipitation particlesVD, the VHF Doppler radar (or
wind profiler) can directly obtain the information on the ter-
minal velocity and the intensity of the precipitation from the
radar returns from the precipitating environment (Fukao et
al., 1985; Larsen and Rottger, 1987; Chu and Lin, 1994).
Note that only reflectivity-weighted terminal velocityVt and
vertical air velocityVa can be observed by a VHF radar. Be-
cause the Doppler measurement of the precipitation echoes
is the combination ofVt and Va , true Vt can be obtained
by removingVa from VD. The relations betweenVt and
radar reflectivityZ (in unit m−3 mm−6) have been exten-
sively used in radar meteorology to correct measurements
of mean Doppler velocity for the presence of vertical winds
(Battan, 1973; Ulbrich and Chilson, 1994). With VHF/UHF
radars, Chilson et al. (1993) analyzed the relationship be-
tweenVD andZ associated with a thunderstorm and found
the relationships ofVt=0.21Z0.34 andVt=0.91Z0.16, where
the former corresponds to the rain drops taken during the
early development of the storm and the latter for the convec-
tive region. Ulbrich and Chilson (1994) theoretically investi-
gated the effect of variations in rain drop size distribution and
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fall speed law parameters on relation between mean Doppler
fall speed and reflectivity factor. They suggested that the the-
oretical and/or empiricalVt–Z relation may be used to esti-
mate vertical wind velocity and particle size distribution, pro-
vided the shape of the size distribution and the phase of the
precipitation particles are known a prior. Chu et al. (1999)
analyzed precipitation data taken from 4 independent exper-
iments conducted with the Chung-Li VHF radar and found
thatα andβ values in the power-law approximationVt=αP β

above the melting layer are generally smaller than those be-
low the layer, while in the height range of bright band the
values ofβ (α) are significantly smaller (greater) than those
above and below the bright band. A statistical power-law
Vt–Z relationship has been proposed by Protat et al. (2003)
for the case of frontal cyclones to estimate terminal veloc-
ity of hydrometeors and the vertical wind velocity. Su et
al. (2004) theoretically analyzed the power-lawVt–P rela-
tion and showed that the mathematical relation betweenα

andβ in the power-law approximationVt=αP β is in an ex-
ponential form, namely,α=Aexp(−ξβ), whereA is the coef-
ficient in the relationV =ADB , V is fall speed of precipita-
tion particle at diameterD, andξ is a factor related to radar
parameters and precipitation intensity.

As mentioned before, the relation betweenVt andP can
be approximated to a power-law form. In order to avoid
the air density effect onVt and range effect onP , the air-
density-corrected terminal velocity (ρ0/ρ)0.4Vt and range-
corrected backscatterP×R2 should be used in establishing
theVt–P relation, whereρ0 andρ are, respectively, the air
densities at ground and at certain height,R is the range of
the hydrometeors responsible for the backscatterP (Beard,
1985). To the best of authors’ knowledge, almost all exist-
ing Vt–Z relations obtained through theoretical derivations
or experimental analyses predict positive correlation between
density-correctedVt and range-correctedZ (or P ) (Atlas et
al., 1973; Chilson et al., 1993; Ulbrich and Chilson, 1994;
Chu et al., 1999; Protat et al., 2003; Su et al., 2004; Su and
Chu, 2007). One of the crucial assumptions made in devel-
oping theseVt–Z relations is that no dynamic changes in the
properties of the drop size distribution is considered, namely,
the drop size distribution is assumed to be invariant within
a few minutes. Moreover, one single theoretical distribution
function is employed to model the drop size distribution to
develop theVt–Z relations. Nevertheless, from the exper-
imental results made with VHF wind profiler, a number of
cases that show the negative correlations betweenVt andP

have been observed (Chu and Su, 1999; Chu et al., 1999;
Su et al., 2004). That is, for the negativeVt–Z correlation,
the stronger the precipitation backscatter is, the smaller the
magnitude of the terminal velocity will be. Experimental re-
sults also indicate that the height range where the negative
Vt–P relation prevails is usually around the melting layer
that is characterized by substantially intense radar backscat-
ter and dramatic increase of the terminal fall velocity of the
melting hydrometeors with decreasing height. Lhermitte and

Atlas (1963) reported that, just below the bright-band peak,
the precipitation-particles fall speed increases while the re-
flectivity decreases, implying a negative correlation between
Vt andZ. Obviously, the existingVt–Z relations that predict
the positive correlation betweenVt andZ cannot be applied
to satisfactorily explaining the precipitation environment that
generates the negativeVt–Z correlation.

In this article, with the help of the Chung-Li 52 MHz VHF
radar located on the campus of National Central University
in Taiwan, Republic of China, we present observational evi-
dences that the negativeVt–P relation not only occur in the
melting layer (or bright band) region, but also may appear
in the regions above and below the melting layer. One of
the most important findings in this article is that the dynamic
interaction of the precipitation particles between two differ-
ent drop size distributions might significantly affect theVt–P

correlation. In order to investigate the association of the in-
teraction between precipitation particles with theVt−Z cor-
relation, a scenario is proposed to account for the observed
negative correlation betweenVt and P . Namely, the drop
size distribution is assumed to be composed of two different
Gamma drop size distributions with respective mean terminal
velocities and radar reflectivities. The precipitation particles
of these two Gamma distributions interact in the way that
the number of the particles (or radar reflectivities) of each of
the two distributions is changed. Analytical analysis shows
that the negative correlation betweenVt andZ occurs when
the ratio of difference between relative changes in reflectiv-
ities of the two Gamma distributions to the total change in
the radar reflectivity of the whole drop size distribution is
positive. In Sect. 2, the experimental results obtained by the
Chung-Li VHF radar are presented. In Sect. 3, theoretical
relations betweenVt and Z for the drop size distributions
described by one and two Gamma distribution functions are
discussed and developed, and the discussion is also given in
this section. In Sect. 4, conclusion is drawn.

2 Observations

2.1 Sensors and data descriptions

The Chung-Li VHF radar operating at frequency of 52 MHz
(corresponding to 5.77 m wavelength) is located on the
campus of National Central University in Taiwan (R.O.C.)
(24.9◦ N, 121◦ E, geomagnetic latitude 13.3◦ N, Dip an-
gle 35◦ N). The whole antenna array of the radar con-
sists of three independent sub-arrays. The first one is
Mesosphere-Stratosphere-Troposphere (MST) sub-array that
is used to measure atmospheric parameters and phenom-
ena within height range from about 2 to 100 km, includ-
ing 3-dimensional wind field, turbulence, precipitation, grav-
ity wave, and so on. The second one is ionospheric sub-
array that is employed to exclusively investigate spatial struc-
tures and dynamic behavior of electron density fluctuations
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in ionospheric E- and F-regions with interferometer capabil-
ity. The third one is meteor sub-array for the determination
of angle of arrival of the radar signals generated from meteor
trail and lightning. Every sub-array consists of three indepen-
dent and identical antenna modules. The MST sub-array with
total antenna aperture 4800 m2 is used in this study to collect
radar returns from precipitation and atmospheric refractivity
fluctuations, which is arranged as an equal lateral triangle
with length 45, 45, and 40 m, respectively, and the apex is
pointed toward north by west 22.3◦. Each antenna module
of the MST sub-array is a square array with 64 Yagi antenna
elements (8×8) with a side length of 40 m. The peak trans-
mitted power of the Chung-Li radar is 120 kw (3×40 kw).
Pulse repetition frequency (PRF) can be set from 1 Hz to
20 KHz. Maximum duty cycle of the transmitter is 7.5%,
and radar pulse width can be chosen arbitrarily in a range
from 1 to 200µs. Antenna beam width for each module of
the MST sub-array is 7.4◦ and 5◦ for whole sub-array. The
radar beams can be pointed not only toward zenith, but also
toward northwest, northeast, southeast and southwest at fixed
zenith angle 17◦ such that three-dimensional wind field can
be measured.

An optical rain gauge implemented at the Chung-Li VHF
radar site is employed to record surface rainfall rate. The
dynamic range of this rain gauge is from 0.5 to 1600 mm h−1.
The analogous output of the recorded data is sampled at a rate
of 0.1 Hz (corresponding to 10-s time resolution) and stored
in an external hard disk for further processing. The optical
rain gauge should be operated in a temperature range of 0◦–
50◦ to maintain recoded data quality.

The radar data employed in this article for the investigation
of the Vt–P relationship was taken on 18 July 2000, from
about 15:44 to 19:52 LT. Radar parameters employed for pre-
cipitation experiment were given in Table 1. The Doppler
spectra of the radar returns are calculated by using 128-point
FFT algorithm. Three raw spectra are averaged incoherently
to produce an average spectrum for further analysis, resulting
in a Doppler velocity spectral resolution of 0.313 m s−1. The
properties of the radar returns are also described in Table 1.
The ground-clutter signals are removed from the radar re-
turns by filtering out the DC component of the radar echoes.
We note that the radar returns from precipitation and refrac-
tivity fluctuations can be separated only in the spectral do-
main, rather than in time domain. It is obvious that, for
vertically pointing radar beam, there is a tendency for pre-
cipitation echoes to locate in spectral domain with positive
Doppler frequency shift due to the falling of hydrometeors.
Note that the positive (negative) Doppler frequency shift rep-
resents the target moving toward (away) the radar. However,
in an environment with strong updraft with speed greater than
the hydrometeor falling velocity, the spectral components of
the precipitation may be located in the negative Doppler fre-
quency domain. The locations of the spectral component
for refractivity fluctuations are quite variable, depending on
the direction of vertical air velocity. Therefore, the spectral

Table 1. Radar parameters and radar signal properties for precipi-
tation experiment.

Parameter value

Pulse Width 2µs
Range Resolution 300 m
Inter-Pulse Period 300µs
Number of Coherent Integration 240
Time resolution of radar data 0.072 s
Steering of antenna beam 0◦ (zenith)
Height coverage 1.8–13.5 km
Number of range gate 40
Point of FFT algorithm 128
Doppler Spectral Resolution 0.313 m s−1

Number of Incoherent Integration 3

components for precipitation and turbulent refractivity can
be separated unambiguously in the Doppler spectral domain
as long as the radar parameters are set appropriately and the
atmospheric turbulences are not so active that the spectral
components are capable of being clearly identified. The echo
power, mean Doppler frequency shift and spectral width for
these two spectral components are estimated separately with
the least square method, in which the Gaussian curve is em-
ployed to best fit the corresponding Doppler spectral compo-
nents. In light of the fact that observed mean Doppler ve-
locity of precipitation particles is the sum of terminal fall
velocity of the hydrometeors and vertical air velocity which
can be estimated from the spectral component of turbulent
refractivity, the terminal velocity can thus be obtained by re-
moving the vertical air velocity from the observed Doppler
velocity of the precipitation. In addition, the observed spec-
tral width of the precipitation echoes is the result of the con-
volution of the precipitation particle spectrum with clear-
air Doppler spectrum, leading to the observed precipitation
echoes are subjected to beam broadening effect (Chu et al.,
1991). Therefore, the deconvolution of the observed precip-
itation spectrum should be required to conduct to obtain true
spectral width caused by precipitation particles.

2.2 Observational results

Figure 1 shows two examples of height variations of ob-
served Doppler spectra, in which the dashed lines superim-
posed on the spectral components of the precipitation with
negative Doppler velocity represent the trend of the height
variations of the precipitation Doppler velocities. As indi-
cated, relatively intense precipitation backscatter are seen in
the height range about 4.5–5 km, which is coincident with
the level of 0◦C isotherm at height about 4.8 km measured
by rawinsonde at Pan-Chiao about 25 km northeast from the
Chung-Li VHF radar site. This feature suggests that the en-
hancement of the radar backscatter in height range 4.5–5 km
is the bright band structure that is associated with the melting
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FIGURE 1. Examples of height variation of radar-observed Doppler spectra, in which dashed 12 
lines represent the height variations in precipitation Doppler velocities with a height 13 
resolution of 300 m. The grey scale represents Doppler spectral density expressed in decibels 14 
of arbitrary unit per velocity bin. Right and left panels show different trends of height 15 
variations in precipitation Doppler velocities.  16 
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Fig. 1. Examples of height variation of radar-observed Doppler spectra, in which dashed lines represent the height variations in precipitation
Doppler velocities with a height resolution of 300 m. The grey scale represents Doppler spectral density expressed in decibels of arbitrary
unit per velocity bin. Right and left panels show different trends of height variations in precipitation Doppler velocities.

 34

 1 
 2 
 3 

 4 
 5 
 6 
 7 
 8 
FIGURE 2. Time series of rain fall rate recorded on July 18, 2000, by optical rain gauge 9 
collocated with the Chung-Li VHF radar, which continuously functioned to collect surface 10 
rainfall rate. 11 
 12 
 13 

Fig. 2. Time series of rain fall rate recorded on 18 July 2000, by
optical rain gauge collocated with the Chung-Li VHF radar, which
continuously functioned to collect surface rainfall rate.

hydrometeors which are falling in the melting layer. Fig-
ure 1 also shows that the mean terminal velocities of the hy-
drometeors above and below the melting layer are, respec-
tively, about 2–3 m s−1 and 8–10 m s−1. It is noteworthy
from Fig. 1 that the terminal velocity of the hydrometeors
above the melting layer shows a gradual increase with de-
creasing height. However, the height variation of the termi-
nal velocity for the rain drops below the melting layer is vari-
able, it may increase (as shown in left panel) or decrease (as
shown in right panel) with decreasing height.
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FIGURE 3. Height-time contour plot of VHF echo power from precipitation particles. The 12 
grey scale represents intensity of precipitation echo power expressed in decibels of 13 
arbitrary unit. 14 
 15 

Fig. 3. Height-time contour plot of VHF echo power from precipi-
tation particles.

Figure 2 is the time sequence of rain fall rate measured by
ground-based optical rain gauge co-located with the Chung-
Li radar. There are a number of intense and intermit-
tent precipitation events occurred in periods 15:46–16:14 LT,
17:47–18:18 LT, and 18:38–18:54 LT. There are also rela-
tively steady precipitation event occurred in periods 16:16–
16:34 LT and 19:00–19:46 LT. Note that it is very difficult to
distinguish convective or stratiform precipitations only from
the record of the surface rain fall rate without other infor-
mation. In fact, with the help of radar-measured profiles
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FIGURE 4. Height-time contour plot of Doppler velocities of precipitation particles. 9 
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Fig. 4. Height-time contour plot of Doppler velocities of precipita-
tion particles.

of terminal velocity and precipitation echo power presented
later, the intense precipitation event in the period 16:16–
16:34 LT is believed to be categorized into convective pre-
cipitation, and that in the period 18:38–18:54 LT is thought
to attribute to the stratiform precipitation.

Figures 3, 4 and 5 present height-time contour plots for
precipitation echo power, terminal velocity of precipitation
particles, and vertical air velocity, respectively. As shown
in Figs. 3 and 4, in the period from 18:10 to 19:52 LT a
continuous and stable bright band structure accompanied by
abrupt change in terminal velocity in height range from 4.5 to
5 km is clearly seen. Moreover, as indicated in Fig. 5, during
this period the weak and negative (in the downward direc-
tion) vertical air velocity with the maximum value less than
2.5 m s−1 prevails below the melting layer and its height-time
distribution is much less organized. However, the vertical
air velocity above the melting layer seems to be primarily
upward, especially above the height about 5.5 km. Presum-
ably, this upward air motion is likely to be the result of latent
heat release of stratiform cloud droplets through condensa-
tion/deposition process (Houze, 1993). The existence of the
bright band structure combined with the pattern of the height
variation of the terminal velocity above and below the melt-
ing layer suggest that the rain fall occurred in this period is
categorized into the stratiform (or cold) precipitation which
is originated from the small hydrometeors above the level
of 0◦C isotherm and then falls through the melting layer to
form large rain drop. However, the precipitations occurred
before 17:49 LT are very different from those after 17:49 LT.
Figures 3 and 4 demonstrate that the patterns of the height
variations of the terminal velocity and backscatter for the
precipitation events before 17:49 LT are not only intermit-
tent and short-lived, but also very irregular and unsystematic
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Fig. 5. Height-time contour plot of vertical air velocity.
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FIGURE 6. Profiles of mean correlation coefficients between air-density-corrected 10 
terminal velocity and range-corrected echo power for convective and stratiform 11 
precipitations as shown in Figures 3 and 4. 12 
 13 
 14 
 15 

Fig. 6. Profiles of mean correlation coefficients between air-
density-corrected terminal velocity and range-corrected echo power
for convective and stratiform precipitations as shown in Figs. 3
and 4.

compared to the case of the stratiform precipitation, in which
no bright band structure is found. We also note from Fig. 5
that very strong updrafts with maximum magnitude greater
than 5 m s−1 occur at the time when the intense rain falls are
observed. This one-to-one correspondence between strong
vertical air velocity and intense precipitation event is a sig-
nature of convective precipitation.

Figure 6 shows the height variations of the mean cor-
relation coefficients between air-density-corrected terminal
velocity and range-corrected backscatter for the convective
(before 17:49 LT) and stratiform (after 17:49 LT) precipita-
tions, which are taken logarithms for the base 10 prior to
calculating the correlation coefficient that is given by
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FIGURE 7. Examples of scatter diagrams of density-corrected terminal velocity versus 11 
range-corrected precipitation echo power for stratiform (left panel) and convective (right 12 
panel) precipitations at height 4.8 km, in which correlation coefficient (C.C.) between the 13 
terminal velocity and echo power for convective and stratiform precipitations are 14 
displayed and the numbers of data points (N) for calculating the correlation coefficients 15 
are also shown. 16 

Fig. 7. Examples of scatter diagrams of density-corrected terminal velocity versus range-corrected precipitation echo power for stratiform
(left panel) and convective (right panel) precipitations at height 4.8 km, in which correlation coefficient (C.C.) between the terminal velocity
and echo power for convective and stratiform precipitations are displayed.

Table 2. List of period, number of radar measured precipitation
profiles and rain type for different precipitation events.

Event Period Number of profile Rain type

A 15:52–16:13 LT 47 Convective
B 16:21–16:30 LT 21 Convective
C 16:46–17:00 LT 32 Convective
D 17:37–17:49 LT 27 Convective
E 17:49–18:05 LT 35 Stratiform
F 18:10–18:19 LT 21 Stratiform
G 18:19–18:33 LT 31 Stratiform
H 18:33–18:45 LT 27 Stratiform
I 18:45–18:55 LT 22 Stratiform
J 18:55–19:11 LT 36 Stratiform
K 19:11–19:27 LT 35 Stratiform
L 19:27–19:45 LT 40 Stratiform
M 19:45–19:52 LT 17 Stratiform

CXY =

∑
i

(xi − µX)(yi − µY )

σXσY

wherexi andyi represent the values of the random variables
of X andY , respectively,µX andµY are mean values and
σ 2

X andσ 2
Y are variances ofX andY , respectively. As shown,

for the stratiform precipitation the peak of the negative cor-
relation is primarily located in the height range around the
bright band and the positive correlations are seen in the re-
gions below and above the melting region. As for the convec-
tive precipitation the negative (positive) correlation occurs
above (below) the melting layer. The scatter diagrams of air-
density-corrected terminal velocity versus range-corrected
precipitation echo power at height 4.8 for convective and
stratiform precipitations are, respectively, shown in Fig. 7, in

which the straight lines superimposed on the respective scat-
ter data points are the lines best fitted to the data using the
least-squares method. It is clear from Fig. 7 that the observed
relation between the logarithms of the density-correctedVt

and the range-correctedP primarily follow a straight line,
despite the correlation coefficient. In fact, the linear depen-
dence between logarithms ofVt andP is the direct result of
the power-law relationship betweenVt andP (or Z) that has
been validated theoretically and experimentally (Ulbrich and
Chilson, 1994; Chu et al., 1999).

The height variations of theVt–P correlation presented in
Fig. 6 is the result of long-term (longer than 120 min) statis-
tics. Questions arise as to whether or not theVt–P correla-
tion for a precipitation event occurred in relatively short pe-
riod (typically between 10–30 min) may also remain signifi-
cantly negative, and what is the precipitation environment or
physical process which favor the occurrence of the negative
Vt–P correlation. In order to answer these questions, we di-
vide the radar-measured precipitation data into 13 segments
in accordance with the temporal variations in the precipita-
tion backscatter and terminal velocity aloft combined with
surface rain fall intensity as shown in Fig. 2. The periods of
the 13 segmented precipitation events are shown in Table 2.
Figure 8 shows the time sequence of the mean terminal ve-
locity profiles of the 13 precipitation events, in which open
square and solid circles on the terminal velocity profiles rep-
resent positive and negative correlations betweenVt andP ,
respectively. Note that the profile marked with M (corre-
sponding to the precipitation event M defined in Table 2) on
the right side of Fig. 8 is chosen as the reference profile that
should be read based on the scale shown in abscissa. The
other profiles are plotted in accordance with the sequence of
the precipitation events with a separation of 5 m s−1 between
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FIGURE 8. Height-time variations of mean terminal velocities of precipitation particles, in 12 
which open squares and solid black dots in the mean profiles represent, respectively, 13 
positive and negative correlations between density-corrected terminal velocity and 14 
range-corrected echo power. The sizes of the symbols reflect the magnitudes of the 15 
correlation coefficients. Period of each precipitation event can be referred to Table 2. Note 16 
that negative terminal velocity corresponds to downward motion of the precipitation 17 
particles.   18 
 19 

Fig. 8. Height-time variations of mean terminal velocities of pre-
cipitation particles, in which open squares and solid black dots
in the mean profiles represent, respectively, positive and negative
correlations between density-corrected terminal velocity and range-
corrected echo power. The sizes of the symbols reflect the mag-
nitudes of the correlation coefficients. Period of each precipitation
event can be referred to Table 2. Note that negative terminal veloc-
ity corresponds to downward motion of the precipitation particles.

two adjacent profiles. As expected from the long-term statis-
tic result, for the precipitations below the melting layer the
Vt–P correlations presented in Fig. 8 in all likelihood are
positive and only very limited cases possess negativeVt–P

correlations. Examining the stratiform precipitation shown in
Fig. 8 in more detail indicates that the negativeVt–P corre-
lation seems to prefer to occur in the lower part of the bright
band region that is characterized by abrupt increase in the ter-
minal velocity and dramatic decrease in the radar reflectivity
with decreasing height. Moreover, except for the bright band
region, the negativeVt−P correlations can also be found in
the height ranges above and below the melting layer where
no significant changes in the terminal velocity and radar re-
flectivity with height are seen. In next section, a scenario
is proposed to theoretically investigate in what precipitation
environment that favors the occurrence of the negativeVt−Z

correlation.

Figure 9 presents the height variation of theβ values in
the power-law relation (ρo/ρ)0.4Vt=α(P×R2)β for convec-
tive and stratiform precipitations, respectively. As indicated,
theβ values for the convective and stratiform precipitations
below the melting layer (about 4.5 km) are very similar, with
a magnitude varied between 0.08–0.13. This magnitude is
slightly smaller than those obtained by Chilson et al. (1993)
and Protat et al. (2003) (about 0.16). However, within and
above the melting layer, the trend of the height variation of
theβ value for the stratiform precipitation is opposite to that
for the convective precipitation. Presumably, the cause of the
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FIGURE 9. Height variation of the magnitude of the β values in the power-law relation 14 
(ρo/ρ)0.4Vt=α(PxR2)β for convective and stratiform precipitations. 15 

Fig. 9. Height variation of the magnitude of theβ values in
the power-law relation (ρo/ρ)0.4Vt=α(P×R2)β for convective and
stratiform precipitations.

difference in the two trends is very likely attributed to the
different precipitation processes.

3 Theoretical explanation and discussion

3.1 Background

Theoretical studies of the terminal velocity-backscatter rela-
tion has been made by a number of investigators for years
(Atlas et al., 1973; Chilson et al., 1993; Ulbrich and Chilson,
1994; Chu et al.,1999; Protat et al., 2003; Su et al., 2004; Su
and Chu, 2007). To the best of authors’ knowledge, almost
all of the existingVt–Z (or Vt–P ) relations are developed by
assuming a drop size distribution modeled by a theoretical
distribution function combined with a theoretical fall speed-
diameter relation. The Gamma drop size distribution (DSD)
has been widely employed in the community of radar me-
teorology to model observed raindrop size distributions (Ul-
brich, 1983; Kozu and Nakamura, 1991; Su and Chu, 2007).
The expression of the Gamma DSD is given by

N(D) = N0D
µe−δD, (1)

whereN(D) is the drop size distribution (m−3 mm−1), D is
the drop diameter (mm),N0 is the number density parameter
(m−3 mm−1−µ), δ is the slope parameter (mm−1) andµ is
a dimensionless shape parameter. The fall speed-diameter
relations that are commonly employed for the development
of theVt–Z relation are generally modeled by the power-law
and empirical approximations that are, respectively, given by
(Foote and du Toit, 1969)

V (D) = ADB (2)
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Fig. 10. Examples ofVt−Z relation for one single Gamma drop
size distribution, in which the power-law and exponential relations
are, respectively, corresponding to expressions (6) and (7). The pa-
rameters used for the calculations, see text.

V (D) = 9.65− 10.3e−0.6D (3)

Especially note that the unit of the drop diameterD in Eq. (2)
is cm, while that in Eq. (3) is mm. The definitions of the radar
reflectivity Z and the reflectivity-weighted terminal velocity
Vt are, respectively, given by

Z =

∫
N(D)D6dD (4)

Vt =

∫
V (D)N(D)D6dD∫

N(D)D6dD
(5)

Substituting Eqs. (1), (2) and (3) into Eqs. (6) and (7) and
performing mathematical manipulations, we obtain two the-
oreticalVt–Z relations given by (Atlas et al., 1973; Ulbrich
and Chilson, 1994; Su and Chu, 2007)

Vt =
A0(B + µ + 7)

N
B/(µ+7)
o [0(µ + 7)](B+µ+7)/(µ+7)

ZB/(µ+7) (6)

Vt = 9.65−10.3×

[
1+0.6

(
Z

N00(µ+7)

)1/(µ+7)
]−(µ+7)

= 9.65− 10.3 × (1 +
0.6

δ
)−(µ+7) (7)

where expressions (6) and (7) correspond to the fall speed-
diameter relations of power-law form (expression 2) and em-
pirical approximation (expression 3), respectively. Note that,
irrespective of their complicate forms, the theoretical expres-
sions of Eqs. (6) and (7) predict a positive dependence of
Vt on Z, or equivalently, a positive correlation betweenVt

andZ (Atlas et al., 1973; Ulbrich and Chilson, 1994; Chu
et al.,1999; Su et al., 2004). In order to realize theVt−Z

relations described by Eqs. (6) and (7), the parameters No is
estimated in accordance with the following expression

N0 =
Mδµ+1

0(µ + 1)
(8)

whereM is the total number of precipitation particles in unit
volume and its definition is given by

M =

∫
N(D)dD (9)

Therefore, Eq. (8) is easily obtained by substituting Eq. (1)
into Eq. (9) and performing the mathematical integration.
Figure 10 presents examples ofVt–Z relations, in which
dashed and solid curves are corresponding to the expres-
sions of Eqs. (6) and (7), respectively. The parameters em-
ployed for the calculations are that:A=16.9 m s−1, B=0.6,
M=750 m−3, µ=8.5 and 5,δ=9.1 and 8.7 mm−1 (Sekhon and
Srivastava, 1971; Chu and Su, 2008). As shown in Fig. 10, a
positive dependence ofVt on Z is expected. Obviously, the
physics behind these two expressions fail to account for the
precipitation environment favorable to the formation of the
negativeVt–P correlation observed by the VHF radar, es-
pecially in the bright band region that contains melting and
melted hydrometeors which are believed to interact dynam-
ically to result in abrupt changes in terminal velocity and
radar reflectivity (Battan, 1973). This feature strongly sug-
gests that the interaction of the precipitation particles with
different sizes and terminal velocities is very likely to play a
crucial role in governing the correlation betweenVt andZ.
We therefore propose a scenario of a bimodal drop size dis-
tribution in next subsection to theoretically explore in what
conditions the correlation betweenVt andZ will be negative
or positive.

3.2 Analytical analysis ofdVt/dZ

As underscored in Sect. 3.1, the drop size distribution mod-
eled by one single Gamma distribution function cannot satis-
factorily explain the negativeVt–Z relation. In order to solve
this problem, we propose that the drop size distribution is the
linear superposition of two Gamma drop size distributions,
namely,

N(D) = N1(D) + N2(D) (10)

where

N1(D) = N01D
µ1e−δ1D (11)

N2(D) = N02D
µ2e−δ2D (12)

Under this condition, the corresponding mean terminal ve-
locity of N(D) is estimated by

Vt =

∫
V (D)(N1(D) + N2(D))D6dD∫

(N1(D) + N2(D))D6dD
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=
Vt1Z1 + Vt2Z2

Z1 + Z2
(13)

whereVt1 andVt2 are, respectively, the mean terminal veloc-
ities of the precipitation particles with the drop size distribu-
tions ofN1(D) andN2(D), Z1 andZ2 are, respectively, their
reflectivities, and the total reflectivityZ is equal to the sum
of Z1 andZ2. Note that the correlation betweenVt andZ

bears a close relation to the ratio of the change inVt to that
in Z, namely,dVt/dZ. To proceed, the differential form of
Eq. (13) is given by

dVt=
(Vt2−Vt1)(Z1dZ2−Z2dZ1)

(Z1+Z2)2
+

Z1dVt1+Z2dVt2

(Z1+Z2)
(14)

Dividing Eq. (14) bydZ reduces to

dVt

dZ
=

Z1Z2(Vt2 − Vt1)

Z2
1 +

1

Z
5 (15)

where

1 =
(d ln Z2 − d ln Z1)

(dZ1 + dZ2)
(16)

5 =
Z1dVt1 + Z2dVt2

(dZ1 + dZ2)
(17)

From Eqs. (14), (15) and (16), we note that a number of
factors affect the sign and magnitude ofdVt/dZ, including
difference betweenVt1 andVt2, difference between relative
changes inZ1 andZ2 (i.e., d lnZ2–d lnZ1), change in total
reflectivity dZ (=dZ1+dZ2), and the sum ofZ1dVt1 and
Z2dVt2. We will show later that1 defined in Eq. (15) plays
the most significant role in dominating the sign and magni-
tude ofdVt/dZ, or equivalently the correlation betweenVt

andZ.
In order to realize in what conditions that the sign of

dVt/dZ will become negative, we make an extensive cal-
culation survey by giving various pairs of scale and shape
parameters and drop densities, i.e.,δ1, δ2, µ1, µ2, M1 and
M2, in N1(D) andN2(D) to obtain respective terminal ve-
locities and reflectivities. The empirical fall speed-diameter
relation, i.e., expression (3), is adopted to calculate the ter-
minal velocity in accordance with Eq. (11). Note that the
experimental results shown in Sect. 2 indicate that the ob-
served negative correlation betweenVt andZ predominately
prevails in the bright band region characterized by abrupt in-
crease in the terminal velocity with decreasing height. This
feature is an implication of the dynamic interaction between
melting and melted hydrometeors in the melting region. In
order to simulate the interaction of the precipitation particles
between two different kinds of the drop size distributions, we
first give appropriate values ofδ1, δ2, µ1 andµ2 in N1(D)

and N2(D) to make the mean terminal velocity ofN1(D)

slightly greater than those ofN2(D). In addition, the initial
values ofM1 andM2 are specified in such way that the corre-
spondingZ1 is weaker thanZ2, which are 500 and 2000 m−3,
respectively. We then further assume thatM2 is reduced with
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FIGURE 11. Simulated drop size distribution (continuous curve) composed of two 10 
continuous Gamma distribution functions N1(D) and N2(D) with different scale and slope 11 
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result. The total number of precipitation particles in unit volume for the distributions of 13 
N1(D) (dot-dashed curve) and N2(D) (dashed curve) are, respectively, 500 and 2000 m-3. 14 

 15 
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Fig. 11. Simulated drop size distribution (solid curve) composed of
two continuous Gamma distribution functionsN1(D) andN2(D)

with different scale and slope parameters. Dotted curve is the best
fitted Gamma distribution function to the simulation result. The
total number of precipitation particles in unit volume for the dis-
tributions ofN1(D) (dot-dashed curve) andN2(D) (dashed curve)
are, respectively, 500 and 2000 m−3.

time andM1 is accordingly increased to signify the interac-
tion of the precipitation particles betweenN1(D) andN2(D).
The changes inM2 andM1 will lead to the corresponding
changes inZ1 andZ2 in accordance with Eqs. (4) and (8),
but they will not cause the changes inVt1 andVt2 if the scale
and shape parameters of the Gamma drop size distributions
are kept constant as shown in Eq. (7). As a result, the mag-
nitude ofdVt/dZ can be eventually obtained in accordance
with Eqs. (14–16). In practical computation, the continuous
interaction between the precipitation particles is modeled by
a discrete sequence ofM1 andM2. The small amounts of the
changes inM1 andM2 in the respective discrete sequences
are carefully specified so that the corresponding values of
dVt1, dVt2, dZ1, dZ2 anddVt/dZ can be numerically esti-
mated.

Figure 11 is an example of simulated drop size distribution
(continuous curve) that is the composition of two continuous
Gamma distribution functionsN1(D) (dot-dashed curve) and
N2(D) (dashed curve) which are characterized by the param-
eters ofN01, N02, δ1, δ2, µ1 andµ2 with values given in the
figure. The values ofM1 andM2 employed for the computing
N01 andN02 are, respectively, given by 500 and 2000 m−3.
The mean terminal velocities ofN1(D) andN2(D) are, re-
spectively, 5.83 m s−1 and 5.02 m s−1. As shown in Fig. 11,
for the parameters given above, the simulated drop size dis-
tribution bears a strong resemblance to a Gamma distribution
function, in which the dotted curve is the best fitted Gamma
function to the simulated drop size distribution according to
the least-squares method. It is clear to see that the simulated
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Fig. 12. Dependence ofdVt/dZ on difference factors that correspond to expressions (14–16) in text.

and best fitted drop size distributions are almost identical to
each other, except for the portion around the peak of the dis-
tributions. This example indicates that it is very difficult to
distinguish the components of the drop size distributions that
constitute an observed drop size distribution from its appear-
ance. Therefore, the conventional way of modeling an ob-
served drop size distribution by using one Gamma distribu-
tion function may not be adequate.

The expressions (14–16) show that the sign and magni-
tude ofdVt/dZ is a function of the factorsVt2–Vt1, d lnZ2–
d lnZ1, dZ1+dZ2, andZ1dVt1+Z2dVt2. The value ofVt2–
Vt1 is a constant as long as the scale and shape parameters of
the Gamma distribution functions are constants. For the drop
size distribution as shown in Fig. 11, the value ofVt2–Vt1
is equal to−0.81 m s−1. Figure 12 shows the dependences
of dVt/dZ on different factors in Eq. (14), where the same
scale and slope parameters as shown in Fig. 11 are employed.
As indicated,dVt/dZ almost bears no correlation to the
factorsZ1dVt1+Z2dVt2 and (Z1dVt1+Z2dVt2)/(dZ1+dZ2).
This implies that the contribution of5 to dVt/dZ is very mi-
nor and can be neglected. However, from Fig. 12 a one-to-
one correspondence between the slopedVt/dZ and the fac-
torsd lnZ2–d lnZ1 and (d lnZ2–d lnZ1)/(dZ1+dZ2) is clearly

found, in which the sign ofdVt/dZ is negative and that of
1 (or d lnZ2–d lnZ1) is positive (or negative). This result
strongly suggests that the sign and magnitude of1 both play
crucial roles in dominating the behavior ofdVt/dZ.

Figure 13 shows an example of the dependence ofVt–Z

relation on the sign and magnitude of1, in which a quasi-
linear relation betweenVt andZ is seemingly demonstrated.
It should be pointed out that the trueVt–Z relation generally
follows a power-law approximation, rather than linear rela-
tion (Chu et al., 1999; Protat et al., 2003; Su et al., 2004).
The quasi-linear dependence ofVt onZ presented in Fig. 13
is the result of sufficiently small spans over the ranges of
Vt and Z. As shown, the slope of the quasi-linearVt–Z

relation is not only a function of the magnitude of1, but
also determined by the sign of1. It is clear from Fig. 13
that positive (negative)1 corresponds to negative (positive)
slope of theVt–Z relation, and the larger the absolute value
of 1 is, the sharper the slope will be. The slope will ap-
proximate to infinity as the absolute value of1 is close to
infinity. Therefore, from expressions (14–16) and the results
presented in Figs. 12 and 13, it is suggested that the condition
|1|→∞ serves as a threshold in the determination of the sign
of dVt/dZ (or, equivalently, correlation betweenVt andZ)
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Fig. 13. Variation of the slope ofVt−Z relation with magnitude of
1 that is defined by expression (15).

for the drop size distribution composed of two Gamma drop
size distributions. However, it may not be true for the drop
size distribution composed of three or more Gamma distribu-
tions. We will discuss these cases in another paper.

It is noteworthy that the same interaction process between
precipitation particles might cause oppositeVt–Z correla-
tion, depending on the amount of the change in total radar
reflectivity. For instance, for coalescence process, there is
a tendency for the precipitation particles with larger size (or
larger mean terminal velocity) to increase their number and
those with smaller size to decrease. As a result, the radar
refelctivitiesZ1 andZ2 are, respectively, increased and de-
creased accordingly, giving rise tod lnZ2–d lnZ1<0. In this
case, the sign of1 is dependent on the total change in radar
reflectivity dZ (=dZ1+dZ2). If the amount of the increase
in Z1 is smaller (or larger) that of the decrease inZ2, i.e.,
dZ1+dZ2<0 (or dZ1+dZ2 >0), the correlation betweenVt

and Z is then expected to be negative (or positive). With
the similar argument, for the break-up process of the larger
drops, the negative or positiveVt–Z correlation would be ob-
tained, depending on the sign ofdZ. Table 2 summarizes the
one-to-one correspondences betweenVt–Z correlations and
the changes in the radar reflectivities in accordance with the
analytical expressions (14–16), in which the plausible pre-
cipitation processes responsible for the reflectivity changes
are also included for illustration. As shown in Table 2, there
is no clear one-to-one correspondence betweenVt–Z corre-
lation and the precipitation process that causes the change in
the radar reflectivity. Therefore, it appears that the observed
Vt–P correlation made with a wind profiler would be very
unlikely to be used to infer the physical process of the inter-
action of the precipitation particles.

Table 3. Analytical analysis ofVt–Z correlation.

Vt−Z correlation dZ1 dZ2 dZ Plausible process

negative >0
<0 >0 Break-up

positive <0

negative <0
>0 <0 Coalescence

positive >0

Note:Vt1>Vt2 is assumed.

4 Conclusion

With the help of the Chung-Li VHF radar, it is found that,
irrespective of it prevails around the melting layer region, the
negative correlation between reflectivity-weighted terminal
velocity and echo power from precipitation can occur in the
wide height regions extended from very much below to well
above the melting layer for both convective and stratiform
precipitations. This feature obviously cannot be explained
in terms of the conventionalVt–Z relations that were de-
rived from single drop size distribution and predict positive
correlation betweenVt andZ for all precipitation environ-
ments. In order to explore the physics behind the negative
correlation betweenVt and Z, a scenario that the precipi-
tation particle size distribution for raindrop is composed of
two different Gamma drop size distributions is proposed in
this article, which have their own mean terminal velocities
and radar reflectivities. It is assumed that the interaction of
the precipitation particles between these two Gamma drop
size distributions leads to the changes in the particle num-
bers (or, equivalently, radar reflectivities) of these two dis-
tributions. It is found from analytical analysis that the most
crucial factor determining the occurrence of the negative cor-
relation betweenVt andZ is the ratio of the difference be-
tween the relative changes in the reflectivities to the total
changes in the radar reflectivity. TheVt–Z correlation will
be positive (negative) if the ratio is negative (positive). From
these arguments, it suggests that the negativeVt–P corre-
lation observed by VHF wind profiler can be theoretically
attributed to the dynamic changes in the radar reflectivities
of two different Gamma drop size distributions that consti-
tute the observed drop size distribution. For the case that
the net change in the total radar reflectivity is increased, the
correlation betweenVt andZ is expected to be positive (neg-
ative) when the difference between the fractional changes in
the radar reflectivites of the two Gamma drop size distribu-
tions is negative (positive). On an analogous manner, for the
case of the negative change in the total radar reflectivity, the
Vt–Z correlation is negative (positive) when the difference
in the fractional changes in the radar reflectivites is negative
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(positive). Our theoretical analyses indicate that precipitation
microphysical process such as coalescence (or break-up) can
lead to both negative and positiveVt−Z correlations. Thus,
it appears that radar-observedVt−P correlations are unlikely
to be used to infer the microphysical process in a precipitat-
ing cloud.
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