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ABSTRACT

For ordinary modular forms, there are two constructions of a p-adic L-
function attached to the non-unit root of the Hecke polynomial, which
are conjectured but not known to coincide. We prove this conjecture
for modular forms of CM type, by calculating the the critical-slope L-
function arising from Kato’s Euler system and comparing this with results
of Bellaiche on the critical-slope L-function defined using overconvergent
modular symbols.

1. Setup

1.1. INTRODUCTION. Let f be a cuspidal new modular eigenform of weight > 2,
and p a prime not dividing the level of f. It has long been known that if « is
any root of the Hecke polynomial of f at p such that v,(«) < k — 1, then there
is a p-adic L-function L, ,(f) interpolating the critical L-values of f and its
twists by Dirichlet characters of p-power conductor; see [12] [1L [16].

If f is non-ordinary (the Hecke eigenvalue of f at p has valuation > 0) then
both roots of the Hecke polynomial satisfy this condition, but if f is ordinary,
then there is one root with valuation k — 1 (“critical slope”), to which the
classical modular symbol constructions do not apply. Two approaches exist
to rectify this injustice to the ordinary forms by constructing a critical-slope
p-adic L-function. Firstly, there is an approach using p-adic modular symbols
[15, 14, 2]. Secondly, there is an approach using Kato’s Euler system [9] and
Perrin-Riou’s p-adic regulator map [13] (cf. [4, Remarque 9.4]). Although it
is natural to conjecture that the objects arising from these two constructions
coincide (cf. [I4, Remark 9.7]), and the results of [I0] are strong evidence for this
conjecture, prior to the present work this was not known in a single example.

In this paper, we show that the two critical-slope L-functions coincide for
modular forms of CM type. In this case, Bellaiche has shown [3] that the
“modular symbol” critical-slope p-adic L-function is related to the Katz p-adic
L-function for the corresponding imaginary quadratic field. We show here that

* The first author is grateful for the support of a CRM-ISM postdoctoral fellowship.
Last updated 2011-12-22
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the same relation holds for the Kato critical slope p-adic L-function, by com-
paring Kato’s Euler system with another Euler system: that arising from el-
liptic units. Using the results of [I8] and [5] relating elliptic units to Katz’s
L-function, we obtain a formula (Theorem for the Kato L-function, which
coincides with Bellaiche’s formula for its modular symbol counterpart (up to
a scalar factor corresponding to the choice of periods). This establishes the
equality of the two critical-slope p-adic L-functions for ordinary eigenforms of
CM type (Theorem [3.4)).

1.2. NOTATION. Let K be a finite extension of either Q or QQ,, where p is an
odd prime. We write K, = K (pi=), K for an algebraic closure of K and K2P
for the maximal abelian extension of K in K. A p-adic representation of the
absolute Galois group Gal(K/K) is a finite-dimensional Q,-vector space with
a continuous linear action of Gal(K/K).

A Galois extension L of K will be called a p-adic Lie extension if G =
Gal(L/K) is a compact p-adic Lie group of finite dimension. In this case,
we denote by A(G) its Iwasawa algebra; it is defined to be the completed group
ring

AG) =1im Z,[|G/U],

where U runs over all open normal subgroups of G. We write Q(G) for the total
quotient ring of A(G). If R is a p-adically complete Z,-algebra, we shall write
Ag(G) for R® A(G), the Twasawa algebra with coefficients in R.

If L is a complete discretely valued subfield of C,, we write H1(G) for the
algebra of L-valued distributions on G (the continuous dual of the space of
locally L-analytic functions). This naturally contains Az (G) as a subalgebra.

When G is the cyclotomic Galois group I' (isomorphic to Z)), and i € Z, we

log(v)
log x(7)
T of infinite order, and x is the cyclotomic character).

shall write ¢; for the element — i of Hg, (I") (where ~ is any element of

Assume now that K is a number field, and let S be a finite set of places of K
(which we shall always assume to contain the infinite places). Let K be the
maximal extension of K which is unramified outside S, and let V be a p-adic
representation of Gal(K¥/K). For an extension L of K contained in K, write
HL(L,V) for the Galois cohomology group H'(Gal(K*/L),V). Let T be a
Gal(K /K)-stable lattice in V. If L C K* is a p-adic Lie extension of K, define

Hllw,S(LvT) = I&HH;‘(LTMT)?
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where L, is a sequence of finite Galois extensions of K such that L = {J,, L,
and the inverse limit is taken with respect to the corestriction maps. Note
that Hf,, 4(L,T) is equipped with a continuous action of G = Gal(L/K), which
extends to an action of A(G). We also define Hy,, ¢(L,V) = Hy,, 4(L,T)®z,Qy,
which is independent of the choice of lattice T

Similarly, let ' be a finite extension of Q,, V a p-adic representation of
Gal(F/F) and T a Gal(F/F)-invariant lattice in V. For a p-adic Lie extension
L of F such that L = J L,, with L, /F finite Galois, define

Hy,(L,T) =lmH' (L, T)  and  Hp(L,V) = H, (L, T) @z, Qp.
For a finite extension K of QQ, denote by Ay the ring of adeles of K. If

f is an integral ideal of K, write K(f) for the ray class field modulo f. Let
K(fp>) = U,, K(fp"™), and define the Galois group Gjp = Gal(K (fjp>)/K).

1.3. GROSSENCHARACTERS. Let K be an imaginary quadratic field. We fix an
embedding K < C. An algebraic Grossencharacter of K of infinity-type (m,n)
is a continuous homomorphism ¢ : K*\Aj — C* whose restriction to C* is
given by z — 2™z".

Let 6 be the Artin map K*/K* —s Gal(K**/K). We choose the normal-
izations such that

0(wy) = [q) ! mod I,

where wq is a uniformizer at the prime q, I is the inertia group and [q] is
the arithmetic Frobenius element at q. Then we have the following well-known
result:

THEOREM 1.1 (Weil, [I7]): Let ¢ be an algebraic Grossencharacter of K, and
let L be the finite extension of Q inside C generated by z/;(f( X). Then for any
prime X of L, there is a (clearly unique) continuous character
¥x : Gal(K/K) — L
with the property that
hrof = w|f<>< .
The character v is unramified outside the primes dividing ¢f, where ¢ is the

prime of Q below A and f is the conductor of 1.

The choice of normalization for the Artin map implies that

¥a([a]) =¥ (a)~!
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for each a coprime to ¢f. With these conventions, the Hodge—Tate Weightsﬂ of
1) are given as follows. Let A be a prime of L, and u a split prime of K, which
lie above the same prime of L N K. Then the decomposition groups of p and
B in Gal(K**/K) are each isomorphic to Gal(Q3"/Q,), and the Hodge-Tate
weight of ¥ is m at u and n at f.

2. Comparison of Euler systems

2.1. ELLIPTIC UNITS. As above, let K be an imaginary quadratic field, with
a fixed choice of embedding K — C. We shall fix, for the remainder of this
paper, an embedding K < C compatible with this choice. In particular, for
each integral ideal f, we regard the ray class field K (f) as a subfield of C, and
we write K (§)* for its real subfield?}

DEFINITION 2.1: If L is a subfield of C, a CM-pair of modulus f over L is a
pair (E, a) consisting of an elliptic curve E/L and a point o € E(L)ors, Such
that

e there is an isomorphism Endg (F) = O, such that the resulting ac-
tion of Endkr,(F) on coLie(E/KL) = KL is the natural action of K;

e the annihilator of o in O is exactly f;

e there is an isomorphism E(C) — C/§f mapping « to 1.

Note that we do not assume that L O K here, hence the slightly convoluted
statement of the first condition.

THEOREM 2.2: Let f be such that O} N (1 +f) = {1}, f = §, and the smallest
integer in § is > 5. Then there exists a CM-pair of modulus f over K (f)*, and for
any field L containing K (f)*, this CM-pair is the unique CM-pair of modulus
f over L up to unique isomorphism.

Proof. Consider the canonical CM-pair (C/f,1) over C. This corresponds to a
point P; on the modular curve Y;(NN)(C), where N is the smallest integer in f.

1 we adopt the convention that the cyclotomic character has Hodge—Tate weight +1; this
is, of course, the Galois character attached to the norm map A;; — R, which has
infinity-type (1, 1).

2 We stress that K (f) is not a CM field in general, so the definition of K (f)T depends on
the choice of embedding, and in particular K (f)* is not a totally real field.
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Since N > 5 by assumption, the curve Y7 (N) has a canonical model over Q
such that Y7 (N)(L) parametrises elliptic curves over L with a point of order N
for each L C C. Our claim is then precisely that P; € Y1 (N)(K(f)T).

It is clear that P; € Y;(INV)(R), since there is a canonical isomorphism from
C/f to the elliptic curve Eg = {y? = 423 — gox — g3} where g2 and g3 are the
usual weight 4 and 6 Eisenstein series, given by z — (p(z,f), ¢'(z,f)). Since
f = §, the coefficients g, and g3 are real, so Fy is indeed defined over R; and
as p(z,A) = p(2,A), this uniformization maps 1 € C/f to a real point of Eg.
Hence Pj € Y1(N)(R).

On the other hand, it is well known that there exists a CM-pair of mod-
ulus f over K(§) (whether or not f = f), so P € Yi(N)(K(f)). Hence P; €
VN)(K@).

REMARK 2.3: It follows from this construction that the canonical CM pair
(E,a) over K(f)* becomes isomorphic over R to (Eg,image of 1 € C). So the
complex conjugation automorphism of E(C) arising from this K (f)*-model cor-
responds to the natural complex conjugation on C/f.

We recall the theory of elliptic units, as described in [9] §15.5-6].

THEOREM 2.4: For each pair (f,a) of ideals of K such that O N (1+f) = {1}
and a is coprime to 6f, there is a canonical element

aej € K ()",

the elliptic unit of modulus { and twist a. If § has at least two prime factors,
a€f € Olé(f); and for any two ideals a,b coprime to 6f, we have

(1) (N(b) = [b]) - o€ = (N(a) — [a]) - vey,

where [a] = (W‘)‘/K) € Gal(K(f)/K) is the arithmetic Frobenius element at a.

Vital for our purposes is the following complex conjugation symmetry of the
elliptic units:

PROPOSITION 2.5: If § satisfies the hypotheses of Theorem then we have
a€f = a€j.
Proof. This follows from the construction of the elliptic units. We have

aej = afp(a) ™!
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where (E, o) is the canonical CM pair over K (f), and 40 is the element of the
function field of E constructed in [9] §15.4].

By Theorem [2.2] £ admits a model over K (f)T, and it is clear that if ¢ is the
nontrivial element of Gal(K(f)/K(f)") arising from complex conjugation, we
have ((4E) = gE and hence (by the uniqueness of ,0g) we have (,0g)" = 30E.
Since a € E(K(f)T), we deduce that

261 = (alE) (a) " = abp(a)™" = ae;
as required. |

REMARK 2.6: Modulo differing choices of conventions, this is the formula la-
belled “Transport of Structure” in §2.5 of [7].

2.2. ELLIPTIC UNITS IN IWASAWA COHOMOLOGY. Let p be a rational prime
which splits in K. For fixed f (which we shall assume prime to p), the ideal
g = fp" satisfies the condition O N(1+g) = {1} for all n > 0, so if (a, 6pf) =1
we may define the elements qej,». These are norm-compatible (c.f. [9, §15.5]),
and we may extend their definition to all n > 0 using the norm maps.

REMARK 2.7: Since fp™ has at least two prime factors for n > 1, we have

wein € Of

Let S be a set of places of K containing the infinite places and the primes
above p. Then we have the Kummer maps
KL : Zp KRz OZ,S — Hé(L,Zp(l)).

Since the sequence of elements g€y = (a€jpn )n>0 is a norm-compatible se-
quence of units, their images under the Kummer maps are corestriction-compatible,

so we obtain an element

wejp € Hyy, o(K(1p™), Zy(1)) = lim Hg (K (fp"), Z,(1)).

THEOREM 2.8: Iff is Galois-stable, then we have
L (aBfpe) = a€fpoe,
where . is the involution of Hllwys(K(fpoo), Zy(1)) induced by complex conju-

gation.

Proof. Tmmediate from Proposition [2.5] since fp™ satisfies the conditions of
Theorem 2.2 for all n > 0. (]
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DEFINITION 2.9: We also define the element

ejpee = (N(a) — [a])_l “a€fp= € Q(Gipo) OA(Gpoo) Hllw,s(K(fpoo)»Zp(l))7

where A(Gjpe) is the Iwasawa algebra of G, = Gal(K (fp™°)/K) and Q(Gjp)
its total ring of quotients.

REMARK 2.10: The element ejp is independent of the choice of a, by equation
().

COROLLARY 2.11: We have t,(ejp>) = €fpe.

Proof. The automorphism ¢, of Hf, ¢(K(fp™),Zy(1)) is A(Gjpe)-semilinear,
with the action of ¢ on Gjpe being given by conjugation in Gal(K /Q); hence .
extends canonically to the tensor product with Q(Gjp~); and since ¢[a]e = [a],
this finishes the proof by Theorem [2.8] and Remark n

Let W be any continuous representation of G, on a one-dimensional vector
space over some finite extension L of Q,. Then we have an isomorphism

(2) i, s(K (™), Z,(1)) @2, W — HE (K (7p™), W(1)).

DEFINITION 2.12: For an element w € W, let e, (w) be the image of €spe @w
under , which is an element of

Q(Gppe) On(Gyyoe) Hiy s (K (7™°), W(1)).
Define
exc(w) € Q) ®x(r) Hiy (Koo, W(1))

to be the image of e, (w) under the corestriction map
H%W,S(K(fpoo)a W(l)) - HIIW,S(KOCH W(l))
LEMMA 2.13: If W has no fixed points under Gal(K (fp>°)/K ), then we have
ex(w) € HIIW,S(KOO7W(]‘)>‘

Proof. Suppose Gjy~ acts on W via the character 7 : Gjpee —+ L*. Then we
must show that the ideal in A(T") generated by the elements

{(Na— 7([a])"![a]) : a is an integral ideal coprime to 6f}

contains a power of p. However, if this is not the case, it must consist of elements
of A(T") which all vanish at some character n of I'. Then x([a])7([a]) — n([a])
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vanishes for every a. By the Chebotarev density theorem, we must have 7 =
x~'n, which contradicts the assumption that 7 does not factor through I'. |

We write (W for the representation of Gy that acts on {tw : w € W} via
g - (tw) = t(ege) - w.
THEOREM 2.14: If W has no fixed points under Gal(K (fp>°)/K ), the element

eco(w) € Hyy, (Koo/ K, W (1))
satisfies
Ls(€oo(W)) = eco(tw)
where 1, is induced from the maps
Hg(K(fp"), W (1)) —= H5(K ("), («W)(1))

sending a cocycle T to the cocycle g — v7(wgt), for each n > 0.

We split the proof of the theorem into a number of steps.

DEFINITION 2.15: Let A*(Gjpe)(1) denote A(Gipe)(1) endowed with the ac-
tion of Gal(K®/K) via the product of the cyclotomic character with the in-
verse of the canonical character Gal(K¥/K) — Gipee < A(Gjpe )™, ie. guw =
x(9)g w for any g € Gal(K®°/K) and w € A¥(G). Here, g denotes the image
of g in Gipoo.

LEMMA 2.16: We have a commutative diagram
Hiy, 5(K (10%), Zp(1)) @z, W — Hij,, (K (fp), W (1))
(3) b ® L Ly

HL, (K (9™), Zy(1)) @5, W — Hy (K (1), ((W)(1)

where the left-hand vertical map is the tensor product of the automorphism t,
of Hy, ¢(Keo,Zy(1)) and the canonical map 1 : W — W, and the right-hand
vertical map is as defined in the statement of Theorem

Proof. We will deduce this isomorphism by using an alternative definition of
the Iwasawa cohomology which renders the horizontal maps in the diagram
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easier to handle. By Shapiro’s lemma, we have a canonical isomorphism of
A(Gjpe )-modules
Hi,, s(K(7p>), M(1)) = H5(K, M @z, A* (Gjpe=)(1))

for any Gal(K®/K)-module M which is finite-rank over Z, or Q,.
Let 7 be the character by which Gj,~ acts on W, and define 7, : A¥(G) —
A*(G) to be the map induced by g — 7(g)~'g. Then the natural twisting map

j HY (K, AN G)(1) @ W — HE(K,AHG)(1) @ W),
is explicitly given as follows: if ¢ : Gal(K®/K) — A*(G)(1) is a cocycle and
w € W, define
Jle@w)(g) = 7(c(9)) @ w.
We check that j(c ® w) is a cocycle. Let h,g € Gal(K¥/K). Then
jle @ w)(gh) = 7.(c(gh)) ©
T(g.c(h ))®w+7*0( ) ®w
()79 e(h)) @ w + Tuc(g) @ w
—1

x(9)
xX(9)7(9) g~ [m(c(h))] @ w + T(c(g)) ® w
g-li(c@w)(h)] + j(c®w)(g)

Rewrite the diagram (3] as
HY(K,A(G)(1) @z, W L5 HY(EK,AHG)(1) @ W)

(4) Lx ®L Ly
HL (K, A(G)(1)) ®z, LW IW (K AHG) (1) @ W)

It is then immediate from the description of j that the diagram commutes,
which finishes the proof. |

Proof of Theorem By Corollary and Lemma we have

(e (1)) = g (10).
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The action of ¢, is clearly compatible with corestriction, so we have a commu-
tative diagram

Hy, (K (fp™), W (1)) — Hi, (Ko, W(1))

Hy, s(K (%), (W)(1)) — Hyy, (Koo, W (1))
which implies that ¢, (e (w)) = e (tw), completing the proof. i

LEMMA 2.17: Let V be any p-adic representation of Gal(K*°/Q). Then the
restriction map induces an isomorphism

Hiy 5(Quo, V) —> HY, (Ko, V) GlKo0/00),

Proof. The restriction map is induced from the restriction maps on finite level,
which fit into the exact sequence

0 —>» Hl(Gal(Kn/Qn),VGal(KS/KW)) —_— Hé(QT“V)
Hé’(Knv V)Gal(K,,,/Qn) H2 ( Gal(Kn/Qn), VGal(KS/Kn)) )
Since Q, has characteristic 0, the higher cohomology groups of any Q,-linear

representation of the cyclic group of order 2 are zero. This gives the claim at
each finite level, and hence in the inverse limit. ]

Let a be the unique nontrivial element of Gal(K s /Qoo)-

LEMMA 2.18: We have a = di, where § is the unique element of Gal(K,/K)
which acts on Q, as complex conjugation. In particular, ¢ is of order 2.

COROLLARY 2.19: If « is the unique nontrivial element of Gal(K /Qco), then
for any w € W,
e (oo (w)) = 6 - exc(Lw).

Proof. As above, write a = 6. By Lemma [2.17], we have ¢* - e (0) = oo (tw).
Hence v (€0 (w)) =9 - 1y (€0 (w)) = 0 - €00 (Lw). n

2.3. THE TWO-VARIABLE L-FUNCTION OF K. We recall the construction (orig-
inally due to Yager [I8]) of a two-variable p-adic L-function from the elliptic
units.
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Let p be one of the two primes of K above p. We choose an embedding
K — @p inducing the p-adic valuation on K. Then for any finite extension
L/K, and any Gal(K /K )-module M, we may define

=P H' (Lg, M) = H' (K,,Ind}f M).
qlp
which is a Gal(L/K)-module. We also define

Zhe p (K (%), M) = lim Z} (L, M)
L

where the limit is taken over finite extensions L/K contained in K (fp>°).

We now recall the theory of two-variable Coleman series, as introduced, under
certain additional hypotheses, by Yager [I§], and generalized to the semi-local
situation here by de Shalit [5, §I1.4.6]. Let ( (Cpn )n>0 be a compatible
system of p-power roots of unity in K; and let Fi be the completion of K (jp>°)
with respect to the prime 8 of K above P induced by our choice of embedding
K Qp, and O the ring of integers of Fo . (Thus O is a complete discrete
valuation ring with maximal ideal generated by p, and its residue field is a finite
extension of the unique Z,-extension of [F),.)

PROPOSITION 2.20: There is a unique morphism of A(Gjpe)-modules
Col® = Ziy, (K (10™), Zy(1)) — Ag_ (Gjpe)

with the following property:
For each finite-order character n of Gjp~ which is not unramified at p, we
have

Col*(u)(n) = 7(1,Q) " n(@)" | D (o) logy(uf,)

O'EGfpm,
Here ¢ is the unique lifting of the arithmetic Frobenius of Gal(K (fp*°)/K) to
Gal(K (fp>°)/K), m is any integer such that n factors through the quotient
Gipm = Gal(K(jp™)/K), logy is the logarithm map

O[X((fpn)ﬂ_; - K(fpn)‘lfh

and
T(0,¢) = > w(@) " G,
o€Gal(K (fp>) (upn )/ K (p>))
where n is the exact power of p dividing the conductor of 7).
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DEFINITION 2.21: We let
Lipee = Col () € Ono Bz, Q(Gipee ).

PROPOSITION 2.22: The element Ly, liesin Ag_(Gjpe), and it coincides with
the measure p(fp°°) in [5, Theorem 11.4.14].

Proof. We have (Na — [a]) - Ljpee € Ag_(Gjpee) for all a. Since the ideal
generated by Na — [a] for all integral ideals a coprime to 6f has height 2, this
implies that Ljpee € Ag_(Gjpeo) (cf. [ §11.4.12]).

To show that the resulting measure coincides with de Shalit’s p(fp>°), we
compare the defining property of the map Col above with [5, Theorem I1.5.2].
For a finite-order character n of Gs,n, whose conductor g is divisible by p and
satisfies O N (1 + g) = {1}, de Shalit shows that

o -1 _
n(u(i™)) = -G > 1" ([c]) 1og dq(c),
12¢g
ceCl(g)
where ¢ is the smallest rational integer in g, ¢4(c) is Robert’s invariant and the
quantity G(n) coincides with what we have called 7(n,¢)~1n($)"™. Since

(N(a) = [a])pg(c) = [e] - (aeq) >,

this shows that the two measures coincide at every finite-order character, and
hence they are equal in Ag_(Gjpeo). |

REMARK 2.23: If one identifies G(fp™) with the ray class group modulo fp*
via the Artin map, normalized as in §1.3| above, then this measure coincides
with the pullback of the Katz two-variable L-function of K (cf. [8, §4]) up to a
difference of signs. This remark will be important in the proof of Theorem

below.

2.4. KATO’S ZETA ELEMENT. Let f =) a,¢"™ be a modular form of CM type,
corresponding to a Grossencharacter ¢ of K with infinity-type (1 — &, 0) where
k is the weight of f. It is clear that the coefficient field F' = Q(a, : n > 1) of f
is contained in the finite extension L/K contained in C generated by (K *).
Following [9, §6.3], we write S(f) and V(f) for the subspaces of the de Rham
and Betti cohomology of the Kuga—Sato variety attached to f. Note that both
of these are F-vector spaces, and S(f) is 1-dimensional over F' while V(f) is
2-dimensional. For a commutative ring A over F', define Sa(f) = S(f) @r A
and Va(f) = V(f) ®p A. If X is a place of F above p, we may identify Vg, (f)
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with the p-adic representation associated to f of Deligne [6] and Sp, (f) may
be identified with Fil' Degis(Vi, (f))-

DEFINITION 2.24: Let x be a Dirichlet character of conductor p™. We define
the maps 9; f by

ai:,f : S(f) @ Qupr) — V(C(f)i

TRy — Y eq, xX(0)o(y) per(z)E
where G,, = Gal(Q(upn)/Q), pery : S(f) — Ve(f) is the period map as de-
fined in [0} §6.3] and v — ¥ is the projection from V¢ (f) to its (1-dimensional)
+1-eigenspace for the complex conjugation.

THEOREM 2.25 ([9, Theorem 12.5(1)]): We have a Ly-linear map

Vi (f) — Hiy 5(Qoo, Va(f))

Kato
O e 4 Z’Y

which satisfies the following. Let x be a Dirichlet character of conductor p",
vyeVi(f)and 1 <r <k—1, then

0% o exp” (2550 @ (Gr) 247 ) = (2mi)* T Ly (17, xom)

where + = (—1)F="=1y(-1).

Let f be an ideal of Ok satisfying the conditions in Theorem [2.2] which is
contained in the conductor of . Let (E, ) be the canonical CM-pair over K (f).
Following [9, §15.8], we define Vz,(v)) = H'(E(C),Q)®*~V @k L and S(¢) =
HY(Gal(K (§)/K), coLie(E)®*~1) @y L), where the action of Gal(K(f)/K) on
the space coLie(E)®* =1 @k L is as described in op.cit.. Both of these are
1-dimensional L-vector spaces. For any commutative ring A over L, we write
Va(y) = Vi (¢) @1 A and Sa(v)) = S(v) ®1, A. The Galois group Gal(K/K)
acts on Vi, (¢) ®p, Ly via ¥y, and there exists a period map

pery : S(¢) — Ve(¥)

induced by passing to the (k — 1)-st tensor power from the comparison isomor-
phism per__ described above.

We now recall Kato’s results on the relation between this zeta element and
the elliptic units.
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LEMMA 2.26 ([9, Lemma 15.11]): Fix a choice of isomorphism of L-vector spaces

s:8() — Sc(f)-

(a) There exists a unique isomorphism of representations of Gal(Q/Q) over
L

—~—

Vin(¥) — Vi, (f)
such that the isomorphism Sy, (¢) — Sp, (f) induced by the functo-
riality of Dgr is compatible with s.
(b) There exists a unique isomorphism of representations of Gal(C/R) over
L

Vi(¢) — VL(f)
for which the diagram
(
(

Note that the isomorphism of part (b) implies an isomorphism Vg, (¢) —

per,,

S) —— Ve(¥)

perf

Sp(f) — Ve(f)

commutes.

o~

Vi, (f) on extending scalars to Ly, but one does not know that this coincides
with the isomorphism of part (a), as remarked in [9, §15.11].

DEFINITION 2.27: We write ®,_ ¢ for the canonical map

H%W,S(K(fpoo)> VL)\ (¢)) - HIIW,S(QOO7 VLA (f))
as defined in [9, (15.12.1)].

Concretely, this map can be defined as follows:
Hi, s(K(1p™), Vi, () — HE(K,ANT) @ Vi, () —
HY(Q,nd} (A(T) @ Vi, () — HA(Q, A(D) @ Vi, (),

THEOREM 2.28: Let v € Vi, (¢) and write v for its image in Vi, (f) under the
map given by Lemma [2.26(b). Then we have

Dy, f (eoo('y) ® (Cp“)®(f1)> _ z$ato.
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Proof. This is [9] (15.16.1)]; it is immediate from a comparison the interpolating
properties of the two zeta elements, since an element of H{, (Qoo/Q, Vi, (f)) is
uniquely determined by its images under the dual exponential maps at each
finite level in the tower Q. /Q. |

PROPOSITION 2.29: We have a commutative diagram

[0}
Hiy s(Koo, Vi, (1)) 2L i 5(Quo, Vi (f))

=

Hllw,S(KOm VLA (w) S LVLA (w))a:1
where the left-hand vertical map sends x to x @ 0 - tx(x), and the diagonal

isomorphism is given by restriction.

Proof. Clear. |

3. Critical-slope L-functions

Let f be a modular form of CM type, as above, and 1 the corresponding
Grossencharacter. We choose a basis v of Vi, (¢), and let 4/ be its image in
VL(f) under the isomorphism of Lemma [2.26{D).

We fix an embedding K < Q,, which induces the A-adic valuation on L. This
gives an embedding Gal(Q,/Q,) — Gal(K /Q), whose image is contained in the
subgroup Gal(K /K). This gives a localization map

locy, Hllw,S(QomM) - Hllw(Qp,omM)
for each Gal(K*®/Q)-module M. Moreover, we have a map
IOCP : HIlw,S(KOCH M) - ‘E[IIW((@P,OO7 M)

for each Gal(K*®/K)-module M, and we clearly have loc, = loc, ores q.

Via the isomorphism of Lemma [2.26{a), the space Vz, (f) is isomorphic as
a representation of Gal(Q,/Q,) to Vi, (¥) @& ¢ (V,(¥)). Note that ¢ does not
normalize the image of Gal(Q,/Q,), so the two factors are non-isomorphic;
indeed Vi, (¢) has Hodge-Tate weight 1 — k, while ¢ (VL (¢)) has Hodge-Tate
weight 0. Hence we have

locy (25*°) € Hyyy(Qp,o0: Ve (¥)) & Hiy (Qpoe, Vi, (1))
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Let us write pr; and pr, for the projections to the two direct summands
above. By Corollary the projection pr; locp(sz,ato) to Hi, (Qp00, Vi, (¥))

is
tocy (ese(3) ® (G)1).

By Proposition we see that the projection of locp(zf,ato) to the other direct

summand is

510y [t () @ ()Y )| = 18- Tocy (1a (e (m))] @ (Gr) .
We have
b (€00(7)) = € (1),
so this simplifies to
prz (loc, 257%) = 8 - locy (€oe(17))] & (Gpr) * 7).
DEFINITION 3.1: Let L) | € AMT') ®z, Deris (VL (¥)(k—1)) and L) , € A(T) @z,
Deyis(¢Vi, (¢)(k — 1)) be the unique elements such that
‘Cl\ﬂ/Lk(f)(kfl) (ngato ® (Cp")®(k_1)) =Ly ® Ly,

We shall see below that if ¢ = f is the complex conjugate of f, then L;,1
will be the ordinary p-adic L-function of g, and L;Q is the critical-slope p-adic
L-function of g.

THEOREM 3.2: For every character n of I', we have

ST
L7 (n) = Lipe (n (¥ax*72) ) - t" 19,
and
_oy—1
L) 5(m) = (o .. br—20Lppee) (n (W5X"72) ) -1y

Proof. For brevity, we shall write e; for (¢, )%, considered as a basis vector of

Q).

It is easy to see that if £ is a character of Gy, of the form x77, where 7 is
unramified and 7 > 0, and V is any crystalline representation with non-negative
Hodge-Tate weights, then for any x € H, (K(fp*>),V) and any choice of basis
ee of Q,(&) we have

57 (@ @ ee)(n) = (bo - b5-1)(n) - L7 (@) (ng ™) @ t e,
Note that if ¢ takes values in the finite extension L/Q,, this is an equality
of two elements of L ® ﬁoo ® Deis(V(£)): the element t*jeg € Beris ®q, L(&)
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transforms via 7 under G,, and hence lies in ﬁoo ®Deris(L(E)), since the periods
of unramified characters lie in F\OO C Beyis-

We apply this result with V' = Q, (the trivial representation), z = ey ®e_1,
and various values of £. Firstly, taking £ to be the cyclotomic character, we have

oo =Ly lcQ 0 (efp),
and thus
G oo — —
(5) Lipee (n) = /:Q;p (efpee ®e—1)(X 177) ®t e

On the other hand we have

Lyi(n)= ‘CVL () (k—1) (pry (25 z.,°) ® ex—1)) ()
G p
:EVLfA(w)( ( oo (7) ® ex—2) (n)
The group G, acts on Vg, (¢)(k — 1) via the unramified character ¥y, so
this is
G — _ _ _
L) 1(n) = L5 (ece @e—1) (X*71a)"n) @ (1" 1) @ (¢ Fep—a).

Comparing this with 7 we deduce that

LY 1 () = Lip= (X" 200) ') @ (1) @ (2 Fer_a).

If we identify Deyis(Qp(k — 2)) with Q, in the usual way, t>~Fe,_5 is sent to
1. As remarked above, the element tk_lfy € Beis Qq, Vi, (¥) lies in ﬁoo ®q,
Deris(VL, (¥)). So if w is a K-basis of S(¢), then the image of w under the
crystalline comparison isomorphism is a basis of Deyis(Vz, (1)), and if we define
Q, = (v ® e1—k)/w, this will lie in F. and our result becomes

L) 1(n) = Lipeo (OF20) 1) - Qpw.

We now turn to LZ’Q. We have

L) o(n) = L), Ve, () (k—1) (pro(z57°) @ ex—1) (1)

Gipoo
= EL(;L)\(w))(kfl) (6 exs (7)) ® ex—2) (n)

_ G o0
= (_1)k 277(5)/:4{5“(1/,))(16_1) (€co (1Y) ® ex—2) (1)-
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The group G, acts on +(Vr,(¢)) by the character ¢§, which is unramified; so
this is
Ly o(n) = (=1 n(0)(¢o - li2) () - £/ (0 ® e-1) (X H45) ')
(39 tlfkek_l & 7.
= (=1 29(0)(lo - - lr—2) () - Lypee (X" 298) ') @ £ Ferz @ 0.
As above, we identify t2"Feg_o € Deyis(Qp(k — 2)) with 1 € Qp; and if w is a

basis of S1.(¢), the image of tw under the comparison isomorphism is a basis of
Deris (4(VLy (1)), so if we define €, = (+7)/(1w) this becomes

LY 5(n) = (=1 2n(8) (Lo - . - £r—2)(n) - Lipe ((X*2¢5) " 'n) - Quww.

DEFINITION 3.3: Let w be a basis of S1,(1) as above, let g = f, and let L, »(g)
and Ly, 3(g) be the elements of Hy,, (I') defined by

L;,l =Lpalg) w
and
L;,2 = Lyp(g) - w.

Then L, and L, g are the p-adic L-functions attached to g, where a and (3
are respectively the unit and non-unit roots of the Hecke polynomial of g.

As shown in [9] §16], this is consistent with the classical Amice—Velu—Vishik
construction of the ordinary p-adic L-function Ly, ,(g), and thus it is natural to
regard L, s(g) as a candidate for a critical-slope p-adic L-function. This is the
definition of the Kato critical-slope L-function used in [I1].

THEOREM 3.4: Up to multiplication by two nonzero scalars, one for each sign,
L, 3(g) coincides with the modular symbol critical-slope L-function L%g (9)
attached to the non-ordinary p-stabilization of g in [3].

Proof. This follows by comparing the formulae of Theorem [3.2] with Theorem
2 of [3]. Note that Bellaiche shows that if p; and p2 are the two characters by
which Gal(K/K) acts on V/, then

Lpa(g)(n) = Lip= (pan™1) - (constanti),
L%S(g)(n) = (lo -+ Lr—2)(n) - Lipee (p1n~ 1) - (constant™®).
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Here constant® indicates an equality of distributions on I" up to multiplication
by two nonzero constants (one for each sign). On the other hand, since V" =
Vi(k —1), we have {p1, p2} = {x*"2x, x* 244} and the result of Theorem 3.2
shows that

Lya(9)(n) = L= (xpi 'n) - (constant),
Lys(g)(n) = (bo--lr—2)(n) - Ly (xp3 'n) - (constant).

To reconcile these formulae, we note that the p-adic L-function Ly satisfies a
functional equation [5 §II.6]

Lipes (¢(17)) = C(n) - Lypee (xn ™),

for a function C(n) (involving a p-adic root number and various other correction
terms) which depends only on the coset of 7 modulo characters factoring through
Gal(QZL,/Q). Since t(p1) = p2 and vice versa, we deduce that

Ly.s(9) = LY (g) - (constant™).

Since the modular symbol L-function is only defined up to scalars, this com-
pletes the proof. n

REMARK 3.5: Both Kato’s and Bellaiche’s critical-slope p-adic L-functions are
only defined up to multiplication by a nonzero constant for characters of each
sign; in Kato’s construction these constants correspond to the choice of vy, whose
projection to each of the + eigenspaces of complex conjugation must be non-
zero. It seems natural to ask whether one can choose normalizations for both in
a compatible fashion so Theorem holds exactly, but the present authors do
not feel sufficiently familiar with the modular symbol construction to comment
further.

REMARK 3.6: Since the Hodge—Tate weights of ¥, at p and p are (1 —k,0), we
see that if 7 is a character of I' whose single Hodge-Tate weight is ¢, the Hodge—
Tate weights of n (YAx*~?2) “andn (1/13)(’“’2)_1 are respectively (t+1,t+2—k)
and (t + 2 — k,t 4+ 1). Since the range of interpolation for the Katz p-adic L-
function consists of those characters whose Hodge—Tate weights are (r, s) with
r>1and s <0 ([5, Corollary 11.6.7]), the line (¢ + 1,t + 2 — k) contains k — 1
lattice points inside this range, but the line (¢ + 2 — k,t+ 1) misses the range of
interpolation entirely. The first statement corresponds to the well-known fact
that Ly o(g)(n) corresponds to a complex L-value for 0 <t < k — 2; but the
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second shows that, sadly, none of the values of L, g(g)(n), nor its derivatives at

the points where it is forced to vanish, correspond to a classical L-value for any

value of 7. In particular, we cannot rule out the possibility that L, 5(g) is zero.
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