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Abstract. The optimal location of piezo-actuators and piezo-sensors for the vibration control of a rect-
angular plate with SFSF (Simply Supported - Free - Simply Supported - Free) boundary conditions is
presented in the paper. Based on bending moments, Mx(x, y) and My(x, y), the modal control forces gen-
erated by the piezo-stripes are calculated for the first five mode shapes. Calculations are carried out for
different locations of two piezo-strips directed along the X and Y axes. The obtained results are used
to define performance indexes of modal control forces for the two considered directions of vibration. In a
similar way the modal unit elongations of the piezo-sensors are calculated for two different orientations of
the piezos on the plate. Based on these results the objective cost functions Jε-odd and Jε-even are defined
separately for odd and even modes. The quasi-optimal locations of the piezo-actuators and piezo-sensors
are determined by maximizing the proposed cost functions. After analytical and numerical investigations
the process of the full model identification is carried out at the laboratory stand. A chirp signal is applied
in the identification process. The rectangular plate is excited with the chirp force while output signals
are measured by the piezo-sensors oriented in the perpendicular directions X and Y . In such a way two
mathematical models are obtained to control the vibration of the plate separately for odd and even natural
modes.

Nomenclature

a – length of the plate along the X-direction, m
b – width of the plate along the Y -direction, m
h – thickness of the plate along the Z-direction, m
aa – length of the piezo-elements (sensors and actuators) along the X-direction, m
σf – stress of the plate or piezo for bending contribution, Pa
εf – strain of the plate or piezo for bending contribution
σc – stress of the plate or piezo for shear contribution, Pa
εc – strain of the plate or piezo for shear contribution
κ – shear correction factor
ξ – natural coordinate of the plate element along the X-direction
η – natural coordinate of the plate element along the Y -direction
ω – natural frequency of the smart plate, Hz
w(x, y) – vertical displacement of the smart plate nodes, m
ba – width of the piezo-elements along the Y -direction, m
ha – thickness of the piezo-actuator along the Z-direction, m
hs – thickness of the piezo-sensor along the Z-direction, m
ρp – plate density, kg/m3

ρa – piezo density, kg/m3

εx – total unit elongation of the piezo-sensor oriented along the X-direction, m
εy – total unit elongation of the piezo-sensor oriented along the Y -direction, m

a e-mail: a.koszewnik@pb.edu.pl
b e-mail: z.gosiewski@pb.edu.pl
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FX – the modal control force generated by the piezo in the X-direction, N
FY – the modal control force generated by the piezo in the Y -direction, N
Mx(x, y) – bending moment generated by the piezo in the X-direction, Nm
My(x, y) – bending moment generated by the piezo in the Y -direction, Nm
U – voltage applied to the piezo, V
d31, d32 – piezo-electric constants
C0 – constant of the electro-mechanical coupling effect
Fa(x, y) – force generated by piezo, N
Va – the volume of the piezo-actuator
VS – the volume of the piezo-sensor
Df – matrix of bending rigidity
Dc – matrix of shear rigidities
de – vector of element coordinates
N – matrix of Lagrange shape functions
x – vector of mode shapes of the smart plate

1 Introduction

Problems of plate vibrations are important in many structures and devices in mechanical, civil and aerospace industries.
Real plates may have appreciable thickness, in which case the transverse shear and the rotary inertia are not negligible,
as assumed in the classical plate theory. As a result the plate model based on the Mindlin theory has gained more
popularity [1,2]. In recent years, the eigenvalue analyses of plates based on the Mindlin theory have been extensively
investigated and new methods have been proposed.

Research on the Mindlin plate vibration can be divided into three categories. First, there exist exact solutions
for a very restricted number of simple cases given by Rao [3]. Second, semi-analytical approaches are available.
These include the Rayleigh-Ritz method in publications [4,5]. Finally, there are the most widely used discretization
methods, such as the finite element method, the finite strip method and the difference method as can be found in the
papers [6,7]. The development of active materials and actuators [8–10] gives new possibilities. It significantly allows us
to solve the vibration damping problems of flexible structures, especially, using piezoelectric patches on their surface as
actuators. The first research on application of piezoelectric materials for vibration control of structures was presented
by Baily and Hubbard in 1985. They designed an active vibration damper for a vibrating beam using piezoelectric
polymer actuators [11]. Next, Hagood and Crawley used piezoelectric materials and passive electrical networks to
damp mechanical vibrations of space structures [12]. All the aforementioned control methods were employed for the
vibration suppression of flexible structures, yet with no consideration of optimal placement of actuators as a very
important problem.

In order to obtain an effective control performance, the problem of the optimal placement of actuators and sensors
must be considered. Different methods and strategies are introduced in the literature to determine the optimal location
of sensors and actuators. Sadri et al. suggested two criteria for the optimal placement of piezoelectric actuators using
modal controllability and controllability Grammian [13]. They employed the genetic algorithm method to define the
optimal location of piezoelectric actuators on the surface of a rectangular plate. Rocha et al. used the Hinf norm to
determine the optimal location of piezoelectric sensors and actuators on flexible structures [14]. Qiu et al. developed
an optimal placement method of piezoelectric sensors and actuators according to the maximum observability and
controllability rule by using the H2 norm [15]. On the other hand, Koszewnik and Gosiewski designed a performance
index for modal control forces to determine the optimal location of piezo-strips as actuators for a beam vibration
control system [16].

The calculated optimal piezo-actuator and piezo-sensor locations based on the method proposed by the authors of
this paper from the control point of view allows to obtain a low-energy control system. In the case of two-dimensional
structures, such as plates or shells, the control system can be described by two separate subsystems where each
subsystem is related to one coordinate describing structure vibration. In most cases the location of the piezo-sensors
differs from the location of the piezo-actuator. Then, such locations of the piezo-elements lead to obtaining two separate
non-collocated subsystems which, next, can be translated virtually into two collocated systems. The method of the
virtual collocation can be found in the papers [17,18].

In this paper, the problem of the optimal location of piezo-elements for vibration control of a rectangular plate
with SFSF (Simply Supported - Free - Simply Supported - Free) boundary conditions with two glued piezo-stripe
actuators QP20N and two piezo-stripe sensors QP10N is investigated. The piezo-patches used in the research are
elements which generate the main deformation only in one direction. So, according to the datasheet of the piezos, the
voltage applied to their face can generate deformation in the longitudinal direction. Consequently, two piezo-actuators
and two piezo-sensors of this type are needed to design the control vibration control system for the considered plate.
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Fig. 1. Mindlin plate with single piezo-actuator: illustration of the geometry, where S is the simple supported edge of the plate
and F is the free edge of the plate.

However, before the control law is designed, the model of the structure should be determined. In the considered
case, the FEM model of the plate was obtained. Results of numerical simulations show that the optimal location of
piezoelectric actuators and piezo-sensors depends on the sequences of the plate vibration modes. For such location
of the piezo-elements on the plate the identification process is carried out at the laboratory stand. As a result of
experimental investigations, two models are determined to control separately odd and even modes in the considered
frequency range from 10 to 250Hz.

2 Mathematical modeling

Consider a rectangular plate of length a, width b and height h with a piezo-actuator of length aa, width ba and height
ha as shown in fig. 1. For mathematical modeling of this structure the Mindlin plate theory is used. Based on the
theory, the assumed displacement field in x, y and z directions for the plate is defined, respectively, as [19]

u = zθx; v = zθy; w = wo, (1)

where θx and θy are rotations of plate sections normal to the surface around the y- and x-axis, respectively.
The dynamic equations of the plate with the surface bonded piezoelectric actuator are determined by using Hamil-

ton’s principle:

T − U = W,

T = Tplate + Tpiezo-act + Tpiezo-sen,

U = Uplate + Upiezo-act + Upiezo-sen, (2)

where Tplate, Tpiezo-act, Tpiezo-sen are the kinetic energies of the plate, the piezo-actuator and the piezo-sensor, re-
spectively, Uplate, Upiezo-act, Upiezo-sen are the potential energies of the plate, the piezo-actuator and the piezo-sensor,
respectively, W is the work done by external forces.

Taking into account eq. (2), the kinetic and potential energies for the plate and the piezo-elements are defined as

T =
∫

Vp

1
2
ρp

(
u̇2 + v̇2 + ẇ2

)
dVp +

∫
Va

1
2
ρa

(
u̇2 + v̇2 + ẇ2

)
dVa +

∫
VS

1
2
ρS

(
u̇2 + v̇2 + ẇ2

)
dVS

U =
∫

Vp

1
2
{σf}T {εf} dVp +

∫
V p

1
2
κ {σc}T {εc} dVp +

∫
Va

1
2
{σf}T {εf} dVa + . . .

+
∫

V a

1
2
κ {σc}T {εc} dVa +

∫
VS

1
2
{σf}T {εf} dVS +

∫
VS

1
2
κ {σc}T {εc} dVS , (3)

where κ is the shear correction factor.
The model of the plate is discretized into several four-noded rectangular elements by using the finite element

method. The length and width of the element are equal to 1/2 length and 1/2 width of the piezo-element. In such
way, each element is defined by four nodes in natural coordinates (ξ, η). Then, generalized displacements of the finite
elements are interpolated by shape functions [19]

x =
4∑

i=1

Ni(ξ, η)xi and y =
4∑

i=1

Ni(ξ, η)yi, (4)
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where xi, yi are nodal displacements, for i = 1 . . . 4, ξ the natural coordinate of the plate element along the X-direction,
η the natural coordinate of the plate element along the Y -direction, Ni are the Lagrange shape functions defined as

N1(ξ, η) =
1
4
(1 − ξ)(1 − η) N3(ξ, η) =

1
4
(1 + ξ)(1 + η)

N2(ξ, η) =
1
4
(1 + ξ)(1 − η) N4(ξ, η) =

1
4
(1 − ξ)(1 + η). (5)

The nodal displacements are used to determine strain-displacement matrices for bending and shear contribution for
each element. The strain-displacement matrices are derived based on shape functions. The potential energies for the
plate and for the piezos are as follows [19]:

Uplate =
1
2
de

T

∫ aa

0

∫ ba

0

∫ h
2

−h
2

Bf
T DfBfde dX dY dZ +

κ

2
de

T

∫ aa

0

∫ ba

0

∫ h
2

−h
2

Bc
T DcBcde dX dY dZ (6)

Upiezo-act =
1
2
de

T

∫ R+ aa
2

R− aa
2

∫ O+ ba
2

O− ba
2

∫ h
2 +ha

h
2

Bf
T Df

aBfde dX dY dZ (7)

Upiezo-sen =
1
2
de

T

∫ R+ aa
2

R− aa
2

∫ O+ ba
2

O− ba
2

∫ h
2 +hs

h
2

Bf
T Df

aBfde dX dY dZ, (8)

where

Bf(3×12) =

⎡
⎢⎢⎢⎢⎢⎢⎣

0
∂N1

∂x
0 . . . 0

∂N4

∂x
0

0 0
∂N1

∂y
. . . 0 0

∂N4

∂y

0
∂N1

∂y

∂N1

∂x
. . . 0

∂N4

∂y

∂N4

∂x

⎤
⎥⎥⎥⎥⎥⎥⎦

, Bc(2×12) =

⎡
⎢⎢⎣

∂N1

∂x
N1 0 . . .

∂N4

∂x
N4 0

∂N1

∂y
0 N1 . . .

∂N4

∂y
0 N4

⎤
⎥⎥⎦ ,

Df =
E

1 − υ2

⎡
⎢⎢⎣

1 υ 0
υ 1 0

0 0
1 − υ

2

⎤
⎥⎥⎦ , Df

a =
E

1 − υ2
a

⎡
⎢⎢⎣

1 υa 0
υa 1 0

0 0
1 − υa

2

⎤
⎥⎥⎦ ,

de
T (1 × 12) =

[
w1 θx1 θy1 . . . w4 θx4 θy4

]
, DC =

κhE

2(1 + υ)

[
1 0
0 1

]
.

Finally, according to the Mindlin plate theory, the stiffness matrices of the element without and with the piezos are
as follows:

Ke =
h3

12

∫ aa

0

∫ ba

0

Bf
T DfBf dxdy + κh

∫ aa

0

∫ ba

0

Bc
T DcBc dxdy (9)

and

Ke =
h3

12

∫ aa

0

∫ ba

0

Bf
T DfBf dxdy + κh

∫ aa

0

∫ ba

0

Bc
T DcBc dxdy +

h3
a

12

∫ R− aa
2

R− aa
2

∫ O+ ba
2

O− ba
2

Bf
T Df

aBf dxdy

+
h3

s

12

∫ R− aa
2

R− aa
2

∫ O+ ba
2

O− ba
2

Bf
T Df

aBf dxdy. (10)

In a similar way, by using the kinetic energy defined in eq. (3), the mass matrices of the element without and with
the piezos are as follows:

Me =
∫ aa

0

∫ ba

0

ρpNT

⎡
⎢⎢⎢⎢⎢⎣

h 0 0

0
h3

12
0

0 0
h3

12

⎤
⎥⎥⎥⎥⎥⎦

Ndxdy, (11)
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where

N(3×12) =

⎡
⎣

N1 0 0 . . . N4 0 0
0 N1 0 . . . 0 N4 0
0 0 N1 . . . 0 0 N4

⎤
⎦ .

Me =
∫ aa

0

∫ ba

0

(ρp)NT

⎡
⎢⎢⎢⎢⎢⎣

h 0 0

0
h3

12
0

0 0
h3

12

⎤
⎥⎥⎥⎥⎥⎦

Ndxdy +
∫ R+ aa

2

R− aa
2

∫ O+ ba
2

O− ba
2

(ρa)NT

⎡
⎢⎢⎢⎢⎢⎣

ha 0 0

0
h3

a

12
0

0 0
h3

a

12

⎤
⎥⎥⎥⎥⎥⎦

Ndxdy

+
∫ R+ aa

2

R− aa
2

∫ O+ ba
2

O− ba
2

(ρa)T NT

⎡
⎢⎢⎢⎢⎢⎣

hs 0 0

0
h3

s

12
0

0 0
h3

s

12

⎤
⎥⎥⎥⎥⎥⎦

Ndxdy. (12)

Taking into account boundary conditions of the smart plate (G, the boundary matrix) the mass and stiffness matrices
of elements are transformed to the global coordinate system. The equation of motion of the plate according to the
Hamilton’s principle is expressed as

MGẍ + KGx = 0, (13)

where MG = GT MeG is the global mass matrix and KG = GT KeG is the global stiffness matrix.
Finally, assuming a harmonic motion, natural frequencies and mode shapes of the plate can be obtained by solving

the eigenvalue problem, (
KG − ω2MG

)
x = 0, (14)

where ω is a natural frequency of vibrations and x is a vector of the corresponding mode shape.

3 The influence of piezo-element location on the plate natural frequencies

A correct location of the piezo-actuator on the plate is essential for further design of low-energy control law for an
active vibration damping system, especially for a few first mode shapes of the plate. The design process has many
stages. In the first step, a model of the plate with size 0.4 × 0.2 × 0.003m (length × width × height) is created with
ANSYS. The plate is divided into 435 elements of size 25 × 12.5mm (length × width). As the result of the FEM
calculations the first five natural frequencies of the plate are obtained and their modes shapes are shown in fig. 2.

The obtained results are presented in the form of the vertical deflection of the plate for the first five mode shapes.
It can be seen that odd mode shapes are symmetrical along the Y -axis. In contrast, even modes are skew-symmetrical
along the X- and Y -axis (the X-axis is related with the length of the plate, and the Y -axis is related with the width
of the plate).

To find out how the location of the piezo-actuator with size xa = 50 × ya = 25 × za = 0.38mm (length × width ×
height) influences the values of natural frequencies and mode shapes, we consider different orientations of the piezo
on the plate. At first, the actuator oriented parallel to the longitudinal edge of the plate is placed on the lower left
corner of the plate (see fig. 1). Next, the piezo is moved with a step of 1/4 length and 1/2 width of the piezo along
the whole surface of the plate. The calculations of the first five natural frequencies are repeated 90 times for different
locations of the piezo on the plate. The results are shown in fig. 3.

The obtained results present a strong dependence between the location of the piezo on the plate and the mode
shape, especially for even mode shapes. For even modes we can see the largest change of the even natural frequencies
(2% in comparison with odd modes, 0.2%). Such behavior of the plate is not unusual because the even mode shapes
are simultaneously symmetrical along the X- and Y -axes, but the odd modes are only symmetrically along the X-axis.
Thus, in order to properly control the vibration of the plate for the even modes, there is a need to glue a second piezo
to the plate oriented parallel to the Y -axis. In this case both piezos will generate correct bending moments in two
perpendicular directions.

4 Control forces

In this section the rectangular plate with two piezo-actuators oriented in two perpendicular directions is investigated.
At first, the aluminum plate without the piezos is considered. The motion equation of free vibrations of the plate after
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Fig. 2. The first five mode shapes of the aluminum plate.

separation of time and geometric variables can be expressed as

DΔ2w(x, y) = D

(
∂4w(x, y)

∂x4
+ 2

∂4w(x, y)
∂x2∂y2

+
∂4w(x, y)

∂y4

)
= 0, (15)

where D is the flexural rigidity of the plate.
Taking into account the boundary conditions of the smart plate with simply supported edges (two opposite edges

parallel to the Y -axis) vertical displacements of the plate can be presented as follows [20]:

w = 0,
∂2w

∂x2
+ ν

∂2w

∂y2
= 0, for x = 0, a, (16)

w(x, y) =
5∑

n=1

(Anchαny + Bnshαny + Cnαnchαny + Dnαnshαny) sin αnx, (17)

where αn = nπ
a and n is n-th mode shape.



Eur. Phys. J. Plus (2016) 131: 232 Page 7 of 17

Fig. 3. The first five natural frequencies for different locations of the piezo along X, Y (piezo orientated parallel to the X-axis
as is shown in fig. 1).

Next, the plate is equipped with two piezo-actuators. The first piezo is oriented parallel to the X-axis while the
second is parallel to the Y -axis. Both piezos generate bending moments, Mx(x, y) and My(x, y), in two perpendicular
directions, so they influence the vibrations of the whole plate. The equation of motion of the smart plate (with piezos)
is developed in the following form:

∂4w(x, y)
∂x4

+ 2
∂4w(x, y)
∂x2∂y2

+
∂4w(x, y)

∂y4
=

∂2Mx(x, y)
∂x2

+
∂2My(x, y)

∂y2
. (18)

Bending moments Mx(x, y) and My(x, y) in eq. (18) represent force excitation. Taking into account the orientation of
the piezos on the plate, each moment can be defined with control forces generated by individual piezo (see fig. 4) and
with the electro-mechanical coupling effect. In our case, the distributed control forces are expressed with the point
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Fig. 4. Distribution of control forces on the plate piezo (a) parallel to the X-axis and (b) parallel to the Y -axis.

forces as is shown in fig. 4. Thus, the bending moments Mx(x, y) and My(x, y) take the form

{
Mx(x, y)
My(x, y)

}
= C0 ·

U

ha
·
[
QXX QY Y

QY X QXY

]
·
{

d31

d32

}

=C0 ·
U

ha
·

⎡
⎢⎢⎢⎣

QXX

(
−δ

(
x−R− aa

2

)
−δ

(
x−R+

aa

2

)
+2δ(x−R)

)
QY Y

(
−δ

(
y−O− ba

2

)
−δ

(
y−O+

ba

2

)
+2δ(y−O)

)

QY X

(
−δ

(
y−R− aa

2

)
−δ

(
y−R+

aa

2

)
+2δ(y−R)

)
QXY

(
−δ

(
y−O− ba

2

)
−δ

(
y−O+

ba

2

)
+2δ(y−O)

)

⎤
⎥⎥⎥⎦

·
{

d31

d32

}
, (19)

where δ is the Dirac’s function, U is the voltage applied to the piezo, ha is the thickness of the piezo-actuator, d31,
d32 the piezo-electric constants [21] and C0 is the constant of the electro-mechanical coupling effect [21].

The constant of the electromechanical coupling effect is calculated as follows [22]:

C0 = −Ea

6
· (1 + νa)

(1 − ν)
· Ph2

1 + νa − (1 + νa)P
, (20)

where ν is the Poisson coefficient of the plate, νa is the Poisson coefficient of the piezo-actuator, E is the Young
modulus of the plate, Ea is the Young modulus of the piezo-actuator, h is the thickness of the plate, P is the constant
defined as P = Ea

E · 1−ν2

1−ν2
a
.

5 Numerical calculations of control forces

Numerical simulations are carried out to evaluate the ability of piezoelectric patches to generate proper forces for the
active vibration reduction of the rectangular plate. For this purpose, the smart plate with SFSF boundary conditions
formulated in sect. 4 was used for investigations. Since the simultaneous vibration reduction in two perpendicular
directions of the plate for the first five lowest modes is considered, the numerical research is carried out in two stages.
First, the piezo is oriented parallel to the longitudinal edge of the plate and next it is moved in two directions with
a step of 1/4 length of the piezo in the X-direction and 1/2 width in the Y -direction. As a result of this procedure,
435 different locations of the piezo on the plate are obtained. For each location of the piezo, the control forces are
calculated and the results are shown in fig. 5.

Next, the procedure is repeated for the piezo-actuator oriented parallel to the Y -axis. Thus, the control forces in
two perpendicular directions at 403 different locations of the piezo are obtained. The results for this step are presented
in fig. 6.

The calculated control forces generated by the piezo in the two perpendicular directions X (upper plot) and Y
(lower plot) for the consider mode shapes are shown in fig. 5. The values of the modal control forces for the first mode
are shown in the upper left corner while the control forces for the fifth mode shape are given at the lower left corner.
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Fig. 5. Control forces generated by the piezo in the two perpendicular directions X and Y versus its location (piezo orientated
parallel to the X-axis).

Comparing fig. 5 with fig. 2 one can suppose that the control forces generated by the piezo in the X-direction depend
on the mode shapes of the plate. Thus, the modal control forces FX (see the upper plot) are significantly higher than
the control forces FY generated in the perpendicular direction. Moreover, the calculated control forces achieve their
extreme (minimum and maximum) values in the vicinity of the corresponding extreme of the vertical deflection of the
plate. However, in this case, the sign of the control forces is opposite to the sign of the vertical deflection of the plate.
Such behavior is not unusual, because the considered plate has been simply supported at two opposite edges parallel
to the Y -axis.

For the piezo-actuator oriented parallel to the Y -axis (see fig. 6) similar results are obtained. In this case the control
forces FX are still higher than the control forces FY , but values of the control force FY are at least twice bigger than
the values of the control force FY for the piezo oriented parallel to the Y edge of the plate (see table 1).
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Fig. 6. Control forces generated by the piezo in the two perpendicular directions X and Y versus its location (piezo orientated
parallel to the Y -axis).

Table 1. The ratio of the control force FY versus orientation of the piezo-actuator on the plate. FY (X) is the calculated control
force FY for the piezo-actuator oriented parallel to the X edge of the plate and FY (Y ) is the calculated control force FY for the
piezo-actuator oriented parallel to the Y edge of the plate.

Mode of the smart plate Ratio FY = FY (Y )/FY (X)

1st mode 4

2nd mode 4

3th mode 2

4th mode 2

5th mode 2
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Fig. 7. Cost functions derived for modal forces versus piezo-patch locations.

6 Optimal location of the piezo-actuators

At this step of the present study the following question arises: how can one determine the quasi-optimal locations
of the piezo-actuators on the plate? To answer this question the following two cost functions are introduced for two
different orientations of the piezo-actuators on the plate, separately for odd and even modes:

JF -odd =
n=cm-odd∑

n=1

|FX | −
m=ucm-even∑

m=1

|FX | (21)

JF -even =
n=cm-even∑

n=1

|FY | −
m=ucm-odd∑

m=1

|FY |, (22)

where n is the controlled modes, m is the uncontrolled modes, cm-odd is the number of considered controlled odd
modes, ucm-even is the number of considered uncontrolled even modes, cm-even is the number of considered controlled
even modes, ucm-odd is the number of considered uncontrolled odd modes, FX is the modal control force generated
by the piezo in the X-direction (N) and FY is the modal control force generated by the piezo in the Y -direction (N).

The cost functions depend on the orientations of the actuators on the plate. If the piezo-actuator is utilized parallel
to the X-axis then the first three odd modes are controlled while the second and fourth modes are not controlled.
Then eq. (21) is used. On the other hand, if the piezo-actuator parallel to the Y -axis is utilized, then the first two odd
modes are controlled while the first three odd modes are not controlled. In this case eq. (22) is used. The calculations
of the cost functions are carried out for different locations of the piezo-actuators on the plate. During calculations
boundary locations of the piezos on the plate are not included. Moreover, in order to eliminate the influence of the
bending moment, Mx(x, y), generated by the piezo oriented parallel to the X-axis on the bending moment, My(x, y),
generated by the actuator utilized parallel to the Y -axis, the condition of the minimum displacement between both
piezos is introduced (see eq. (23)). As a result of the calculations, the values of cost functions Jf-odd and Jf-even are
presented in fig. 7:

d >
aa

2
+

ba

2
, (23)

where aa is the length of the piezo-actuator, ba is the width of the piezo-actuator.
The shapes of the obtained modal control forces are similar to the shapes of the vertical deflections of the plate.

Thus, the values of the cost functions have their extreme values at the vicinities of the minimum and maximum
deflections of the plate. This is obvious for the cost function, Jf-odd, which is similar to the fifth mode (fig. 7(a)).
On the other hand, the cost function Jf-even is similar to the fourth mode (fig. 7(b)). Finally, it can be seen that the
quasi-optimal locations of the actuators depend on number of the considered odd and even natural frequencies and
the locations of the piezo-element on the plate.

It can be seen in fig. 7(a) that the cost function Jf-odd achieves its maximum values at the points Ax = (0.125, 0.1),
Ax = (0.2, 0.1) and Ax = (0.325, 0.1). On the other hand, the cost function Jf-even achieves its maximum values at the
points Ay = (0.15, 0.1625) and Ay = (0.325, 0.1625). Thus, the indicated locations or their vicinity can be quasi-optimal
locations of both piezo-actuators.
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Fig. 8. The piezo-sensor divided into two parts in different orientations on the plate.

7 Numerical calculations of the measurement signals and the optimal locations of the
piezo-sensors

It is well known that the locations of sensors have a big influence on the vibration control of such systems as plates
or membranes with many node lines. To find the proper location, the elongations of the piezo-sensors have been
calculated. These elongations depend on voltage signals generated on the walls of the piezos. At first we assume that
the piezo-sensor is oriented parallel to the X-axis (fig. 8(a)). The elongation results from the angular deformation of
the piezo. The angular deformation of the piezo is considered separately for its two parts indicated in fig. 8. Thus, the
unit elongation of each part of the piezo is expressed by these angular deformations in the following form:

εX1 = −Δr

aa

(
∂2w(x, y)

∂x2

∣∣∣∣
xp2

− ∂2w(x, y)
∂x2

∣∣∣∣
xp1

)
(24)

εX2 = −Δr

aa

(
∂2w(x, y)

∂x2

∣∣∣∣
xp3

− ∂2w(x, y)
∂x2

∣∣∣∣
xp2

)
. (25)

The total unit elongation is a sum of the unit elongations of both parts of the piezo-sensor,

εX = εX1 + εX2, (26)

where w(x, y) is the vertical displacement of nodes of the smart plate, aa is the length of the piezo-sensor along the
X-direction, Δr is the radius of the plate curvature in the X-direction, where Δr = h

2 + hs

2 .
In the next step, we assume that the piezo-sensor is oriented parallel to the Y -direction. Then, the total unit

elongation is expressed in the following form:
εY = εY 1 + εY 2, (27)

where

εY 1 = −Δr

aa

(
∂2w(x, y)

∂y2

∣∣∣∣
yp2

− ∂2w(x, y)
∂y2

∣∣∣∣
yp1

)
and εY 2 = −Δr

aa

(
∂2w(x, y)

∂y2

∣∣∣∣
yp3

− ∂2w(x, y)
∂y2

∣∣∣∣
yp2

)
.

The numerical simulations are repeated to evaluate the ability of the piezoelectric patch to generate the elongations
separately for two different orientations of the piezo-sensor on the plate. For this purpose the plate with the quick-pack
piezo-sensor (Mide QP10N) is analyzed in two steps. At first, the piezo is oriented parallel to the longitudinal edge of
the plate and, secondly, the piezo is oriented parallel to the crosswise edge. In both cases the piezo is moved in two
directions with a step of 1/2 length of the piezo in the X-direction and 1/2 width in the Y -direction. As a result, the
unit elongations εx for odd modes and εy for even modes are obtained, respectively. The results of these calculations
are shown in fig. 9.

As we can see in fig. 9, the modal unit elongation of the piezo-sensor strongly depends on the deflection of the
plate. It is evident especially for odd modes when the piezo is oriented parallel to the X-axis. Then, the minimum
unit elongations εX are obtained exactly at the same locations of minimum deflections of the plate. Additionally, the
unit elongations εX are obtained also at locations of nodal lines of vertical deflections of the plate.
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Fig. 9. Absolute values of modal unit elongation versus piezo-sensor location and orientation for the five lowest modes.

Fig. 10. Cost functions obtained for different piezo-sensors locations on the plate (a) parallel to the X-axis, (b) parallel to the
Y -axis.

The obtained results can be used to find the best location of the piezo-sensors on the plate. For this purpose the
following cost functions are defined separately for odd and even modes,

Jε-odd =
n=cm-odd∑

n=1

|εX | −
m=ucm-even∑

m=1

|εX | (28)

Jε-even =
n=cm-even∑

n=1

|εY | −
m=ucm-odd∑

m=1

|εY |, (29)

where n is the controlled modes, m is the uncontrolled modes, cm-odd is the number of considered controlled odd
modes, ucm-even is the number of considered uncontrolled even modes, cm-even is the number of considered controlled
even modes, ucm-odd is the number of considered uncontrolled odd modes, εX is the total unit elongation of the piezo-
sensor in the X-direction, εY is the total unit elongation of the piezo-sensor in the Y -direction.

If the piezo-sensor parallel to the X-axis is utilized, then the first, third and fifth modes are controlled while the
second and fourth modes are not controlled. In this case eq. (28) is used. On the other hand, if the piezo-sensor parallel
to the Y -axis is utilized, then the second and fourth modes are controlled while the first, third and fifth modes are
not controlled. Then eq. (29) is used. The obtained values of cost functions Jε-odd and Jε-even are presented in fig. 10.
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Fig. 11. Test rig (a) block diagram, (b) photo.

Fig. 12. Experimental Bode plots of both subsystems: odd modes and even modes.

Based on the above calculations the best piezo-sensors locations can be determined to properly control the odd
and even modes. In both cases a maximum of the cost functions Jε-odd and Jε-even should be defined. As a result,
for the piezo-patch orientated parallel to the X-axis the best piezo-sensor locations on the plate are obtained at the
points Sx = (0.150, 0.1) and Sx = (0.275, 0.1) (fig. 10(a)). On the other hand, for the piezo-sensor location parallel
to the Y -axis the best piezo-sensor locations on the plate are obtained at the points Sy = (0.0875, 0.1625) and
Sy = (0.2875, 0.1625) (fig. 10(b)). Similarly, the indicated locations are quasi-optimal locations of both piezo-sensors.
Thus, the piezos located in these points are used in experimental tests.

8 Identification of dynamic parameters of the plate

This section of the paper is mainly related to the experimental identification of the plate which is an important step
for the proper design of the control system. In order to determine mathematical models used to separately control the
odd and even mode shapes the plate is equipped with two piezo-patch actuators and two piezo-patch sensors oriented
in the perpendicular directions X and Y . Moreover, the aforementioned components of the control system are located
at opposite planes of the plate at their quasi-optimal locations. Their locations and orientations lead to consider two
separate non-collocated subsystems, of which each subsystem can next be translated virtually into collocated systems.
The obtained models in the mentioned way can be used to design low-energy control systems.

The full identification process was carried out at the laboratory stand (fig. 11) for both orientations of the piezo-
sensors using the Dynamic Signal Analyzer (DSA), the 3-channel piezo-amplifier Piezomechanik SVRbip3/150 and the
piezo-charge amplifier Kistler 5018A1000. The DSA generates the chirp signal u(t) = 5 sin(wt) in the frequency range
from 10Hz to 250Hz. The selected frequency range from 10Hz to 250Hz contains the first five natural frequencies of
the plate. The amplified periodic signal u(t) is applied simultaneously to both piezo-actuators. The vibration of the
plate is measured by two piezo-sensors. For the piezo-sensor oriented parallel to the X-axis, the amplitude plot of the
odd modes is obtained. On the other hand, for the piezo-sensor oriented parallel to the Y -axis the amplitude plot of
the even modes is obtained. The results of the experiment are shown in fig. 12.
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Fig. 13. Comparison of the model and the experimental data (a) 55th order model, (b) 20th order model and 6th order model.

Fig. 14. Comparison of the model and the experimental data (a) 65th order model, (b) 40th order model and 4th order model.

As we can see in fig. 12 experimental values of natural frequencies of the plate are almost the same as the
natural frequencies obtained with FEM calculations. Additionally, it is shown that the second resonance frequency
(f2 = 69Hz) is measured only by the piezo-sensor oriented parallel to the Y -axis. Thus, the proper measurement
of vibrations of the plate depends on the locations of the piezo-sensor. Further analysis of both amplitude plots
leads to two subsystems: “odd modes” system and “even modes” system. The first subsystem has three resonance
frequencies, 34.8Hz, 137.6Hz, 218.9Hz, and also three anti-resonance frequencies, 41.9Hz, 140.5Hz, 222.6Hz. On
the other hand, the second subsystem has two main resonance frequencies, 69.2Hz, 163.1Hz, and two anti-resonance
frequencies, 89.2Hz, 181.6Hz. Based on these experimental results the mathematical models of both subsystems can
be determined by using the ARX method [23]. As a result, the estimate model of the subsystem may be expressed as

G(z) = M−1(z)L(z), (30)

where M(z) = 1 + M1z
−1 + M2z

−2 + M3z
−3 + . . . + Mpz

−p, L(z) = L0 + L1z
−1 + L2z

−2 + L3z
−3 + . . . + Lpz

−p and
p is the assumed order of the identified model.

The first step of the model identification is the determination of the model transfer function of the “odd modes”
subsystem. For this purpose the order of the model is assumed in such a way that the difference between the model and
the experimental data is not greater than 83%, as is shown in fig. 13(a). However, the obtained order of the estimated
model p = 55 is definitely too high for the synthesis of the control system. So, in the next step, the discrete time model
is changed into the continuous time model, and next transformed to the state space model. With the balance method
the order of the model has been reduced to 20 retaining a very good fitting to the experimental data (fig. 13(b)).
However the obtained model is still too high. Therefore, in the next step the zeros and the poles of equal frequencies
are cancelled. As a result, the 6th order model is obtained as a minimum realization of the “odd modes” subsystem:

Godd(s) =
Yodd(s)
U(s)

= 0.0168 · (s2 + 11.23s + 6.482e4)(s2 + 46.47s + 9.353e5)(s2 + 62.66s + 2.685e6)
(s2 + 7.641s + 4.885e4)(s2 + 36.7s + 8.443e5)(s2 + 50.08s + 2.574e6)

. (31)
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Next, the mathematical model of the “even modes” subsystem (the sensor located parallel to the Y -axis) is determined
in a similar way. In this case, the assumed order model ensuring the 83% agreement between the estimated model and
the experimental data is p = 65 (fig. 14(a)). Using the balance method the order of the estimated model has been
further reduced to 40 (fig. 14(b)). Finally, taking into account only the two lowest even resonance and anti-resonance
frequencies the 4th order model has been obtained. The final transfer function of the “even modes” subsystem is as
follows:

Geven(s) =
Yeven(s)

U(s)
= −0.00142 · (s2 + 6.32s + 3.273e5)(s2 + 25.98s + 1.403e6)

(s2 + 22.84s + 1.896e5)(s2 + 60.88s + 9.953e5)
. (32)

9 Summary and conclusions

The problem of the optimal location of the piezo-actuators and piezo-sensors for active vibration control of the
rectangular aluminum plate with the SFSF boundary conditions is presented in the paper. Based on the Mindlin plate
theory and the finite element analysis of the first five mode shapes and natural frequencies is conducted. Using the
obtained results the equation of motion of the plate has been modified by introducing two bending moments Mx(x, y)
and My(x, y) generated by the piezos in the two perpendicular directions X and Y . The control forces generated by
the piezos have been calculated for two different orientations of the piezos: parallel to the X-axis and parallel to the
Y -axis. The results show that the values of the modal control forces significantly depend on the deflection of the plate,
especially in the X-direction (figs. 5 and 6). Next, the performance index of modal control forces for two considered
directions of vibration has been determined. Again, the obtained results have proven that the best locations of both
piezo-actuators are at the vicinity of maximum values of the cost functions Jf-odd and Jf-even (fig. 7). Further analysis
of the measurement signals has shown that also unit elongations εX and εY depend on modal deflections of the plate.
Moreover, these elongations depend on the orientations of the piezo-sensors on the plate. The elongations (fig. 9) have
been used to determine performance indexes Jε-odd and Jε-even for odd and even modes, respectively. Again, maximum
values of these cost functions have been used to determine the best locations of the piezo-sensors on the plate.

After numerical calculations the identification procedure of the plate equipped with two piezo-actuators and two
piezo-sensors are carried out at the laboratory stand. In this way, the obtained results of the FEM analysis have been
confirmed by the experimental investigations. The measurements have been conducted for two different orientations
of the piezo-sensors on the plate. After several transformations of the experimental signals and by using the balance
method the mathematical models Godd(s) and Geven(s) have been obtained for two piezo-sensor locations: parallel
to the X-axis and parallel to the Y -axis, respectively. In future research the separate control laws for odd and even
modes of the considered plate will be designed especially for system with virtual collocation of the piezo-elements on
the structure.
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