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1 Introduction

In 3-D space, the equilibrium equations for a self-gravitating fluid rotating about the x3

axis with prescribed velocity €(r) can be written

VP =pV(-® + ) sQ%(s)ds), @)
AD =4mgp. ’

Here p, g, and ® denote the density, gravitational constant, and gravitational potential,
respectively, P is the pressure of the fluid at a point x € R3, r = \/x? + x3. We want to find
axisymmetric equilibria and therefore always assume that p(x) = p(r, x3).

For a density p, from (1.1); we can obtain the induced potential

)
dy.
| — yl !

D,x) =—g (12)
Obviously, @, is decreasing when p is increasing.

In the study of this model, Auchmuty and Beals [1] proved the existence of the equilib-
rium solution if the angular velocity satisfies certain decay conditions. For constant an-
gular velocity, Miyamoto [2] have found that there exists an equilibrium solution if the
angular velocity is less than a certain constant and there is no equilibrium for large veloc-
ity. Huang and Liu [3] addressed the exact numbers of stationary solutions. Many other
interesting results exist; see [4, 5].

In more general conditions than in [2], we prove that there exists an equilibrium solution
under the following constraint set:

Ay = {p ‘ p >0, p is axisymmetric, / pdx = M} (1.3)
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A standard method to obtain steady states is to prescribe the minimizer of the stellar en-
ergy functional. The main problem is to show the steady state has finite mass and compact
support. To approach this problem, we define the energy functional,

/Q)M /N M——/[ﬂ?ﬂ? (1.4)

Qo)=——p, ()= fo ' s22(s)ds. (L5)

In this paper, we assume J(r) is nonnegative, continuous, and bounded on [0, +00). P is
nonnegative, continuous, and strictly increasing for s > 0, and satisfies:

4
3

Py: lim,_ P(p)p~t =0, lim,_, ,oc P(p)p ™3 = +00.

In Section 2, first we prove the existence of a minimizer of the energy functional F in Ay;.
Then we give the properties of minimizers, they are stationary solutions of (1.1) with finite
mass and compact support. The main difficulty in the proof is the loss of compactness
due to the unboundedness of R3. To prevent mass from running off to spatial infinity
along a minimizing sequence, our variational approach is related to the concentration-
compactness principle due to Qiao [5]. Many other interesting results exist; see [6—9].

Throughout this paper, for simplicity of presentation, we use | to denote [g3, and we
use || - [I, to denote || - || »(g3). Define

Brx):={yeR’||ly-«| <R},  Brx):={yeR’|R<|y-x <K},

g p(x)p () 1 / ) (1.6)
Foor(p) i= =2 Y dydx = ——— | VD, 2dx <0
pt(p) 2// |x_y| Yy ax 8rg | p| X <

Let C denote a generic positive constant. x is the indicator function.

2 Minimizer of the energy

In this section, we present some properties of the functional F, and we prove the existence
of minimizer. It is easy to verify that the function F is invariant under any vertical shift.
Thatis, if p € Ay, then Tp(x) := p(x+aes) € Ayyand F(Tp) = F(p) foranya € R. Here e =
(0,0,1). Therefore, if (p,,) is a minimizing sequence of F in Ay, then (T p,) is @ minimizing
sequence of F in A too. First we give some estimates.

Lemma 2.1 Assume p € L' NLY(R?). If1<y < %, then ® € L"(R3) for3<r <35 and

1@ll, < ClplE ol + ol o115 ), 2.1)

where 0 <a,B < 1. If y > %, then ® is bounded and continuous and satisfies (2.1) with

7 = +00.
Proof The proof can be found in [1]. d

Lemma 2.2 Assume p € L' N L3 (R3), then V® € L2(R).
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Proof The interpolation inequality implies

13y 1213
lolle < ol ol

By Sobolev’s theorem, | ®||s < C||p||g. So
VD3 = 4mglp®l < Cliplig Pl = CIIPIIZg.

From the above estimates we can complete our proof. O

Lemma 2.3 Assume Py hold, then there exists a nonnegative constant C, which depends
only on L M, and J(r) such that F > —C.

m:

Proof For p € Ay, since Py holds, similar to [2], we know that there exists a constant
S1 > 0, such that

Foy= [ Q)+ / Q)= Ml - M / Pt
pP=31

p<S1

1
> [ Qi [ Q) - Ml - CMP / 3

<Sy 2 Jpss, p<S1
1
= / Q) = Ml 1o — CMBS,
So F = —C, here Gy = M| |loc — CM53S3, -

Let /iy = inf 4,, F, a simple scaling argument shows that /s < 0: let p(x) = &3 p(ex), then
[P =/ p.Since lim,_,o Q(p)p~! = 0, it is easy to see that, for ¢ small enough, [ Q(p) =
[ e2Q(e®p) — 0. Therefore hy < 0.

Lemma 2.4 Assume Py holds, then, for every 0 < M < M, we have hy > (%)%hM.

Proof Let 5(x) = p(ax), J(r) = J(ax) here a = (M/M)"3 > 1. So, forany p € Ay and 5 € As;,
we have

F@ - [ @) [+ Frad) = 0 (0), (22)

the mappings Ay — Az, 0 —> 0, ] — 7 are all one to one and onto; this completes our
proof. O

From Lemma 2.3 we immediately find that any minimizing sequence (po,)5; € Ay of F
satisfies

/ 3/3 = / ,03/3 + / ,0;“3 <MSi/3 + / cQ(p,) <2¢F(p,) + C +MSi/3.
Pn<S1 Pn=S1

Lemma 2.5 Let (p,)°, be bounded in L*3(R®) and p, — po weakly in L**(R3), then, for
any R> 0,

/|V<I>XBan|2dx—>f|VCI>XBRp0|2dx.
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Proof By the Sobolev theorem and Lemma 2.1 we can complete the proof. O

Lemma 2.6 Assume Py holds, let (p,);2, C Am be a minimizing sequence of F(p). Then

there exist a sequence (a,)5; C R3 and 8y > 0, Ry > 0 such that
/ Pn(®)dx >89, R=>Ry,
an+BR

for all sufficient large n € N.

Proof Split the potential energy:

x
ey // Pr®)Pny) ddx+// . //
woyl<yr 1= Yl UR<yl<R le-y1=R

= 11 +12 +13.

From Lemma 2.2 we easily know [; < % The estimates for I; and I3 are straightforward:

L < R/ / Pn(x)pn(y) dxdy < MR sup / on(x) dx,
|x—y|<R acR3 Ja+Bp

M2
13_// PO i < M
x—yl=R X =V R

Therefore
1 2 M2 C
sup / pa)dx> — (——Fpot e —). (2.3)
acR3 Ja+Bp MR g R R

We know Fyot(p0,) < 0 from (1.6). Thus when R is large enough, —F,o¢ > 0 dominates the
sign of (2.3), so there exist o > 0, Ry > 0 as required. O

We are now ready to show the existence of a minimizer of /4, as P; holds.

Theorem 2.1 Assume Py holds. Let (p,)2, € Am be a minimizing sequence of F. Then
there exist a subsequence, still denoted by (p,)52,, and a sequence of translations T p,, :=

on(+ + ayes), where a,, are constants and e3 = (0,0,1), such that

F(po) = Jiﬁ{lfF(,O) =hy
M

and Tp, — po weakly in L%(RS). For the induced potentials we have V®r, — V&,
strongly in L*(R3).

Remark 2.1 Without admitting the spatial shifts, the assertion of the theorem is false:
given a minimizer py and a sequence of shift vectors (a,e3) € R3, the functional F is trans-
lation invariant, that is, F(T p) = F(p). But if |a,es| — oo this minimizing sequence con-

verges weakly to zero, which is not in Ajy,.
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Proof Split p € Ay into three different parts:

P = XBp, P+ XBryry P+ XBpyooP *= P1+ P2+ 03

with

Ilmzszwdydx, Lm=1,23,
lx =yl

thus
F(p) := F(o1) + F(p2) + F(p3) — o — 13 — 3.

If we choose R, > 2R;, then

C
Iy <2 / p(x) dx / o) dy <
Br, Bpr

e
2,00 Ry
Next we estimate I}, and I»3:
1
112 + ]23 = - ,Olcpz dx — ,qu)g dx = 4— V(CI)I + @3) . VCI)Z dx
g
= Glp+ psll VP22 = GVl

where ®; = ®,,.
Define M; = [ p;, [ =1,2,3, then M = M; + M, + Ms. Using the above estimates and
Lemma 2.4, we have

M 5/3 M 5/3 M 5/3 C
hM—F(p)s(1—<ﬁl> —(ﬁ) —<MS> )hM+R—;+c3nva>2||z

1
< CahpyMiMs + CS(R_ + ||Vd’2||2), (2.4)
2

here C4, C5 are positive and depend on M but not on R; or R,. Let (p,,) € Ay be a minimiz-
ing sequence and (a,.e3) € R3, such that Lemma 2.6 holds. Since F is translation invariant,
the sequence (Tp,) is a minimizing sequence too. So ||Tp,|l; < M. Thus there exists a
subsequence, denoted by (T p,) again, such that Tp, — po weakly in L3 (R3). By Mazur’s

lemma and Fatou’s lemma

[ Qo) as <timint [ Q7o) d 25)
Now we want to show that

V&r,, — V&, stronglyin 1? (Rg). (2.6)

Due to Lemma 2.5, V®1,, ,.7,,, converges strongly in L?(Bg,). Therefore we only need
to show that, for any ¢ > 0,

/ V&7, ,[*dx<e.
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By Lemmas 2.1 and 2.2, it suffices to prove

/ Tpusdx<e. (2.7)

Choose Ry < Ry, we see that M,; > 8 for n large enough from Lemma 2.6. By (2.4), we
have

—CahpiboMyy3 < —CohprMy 1My 3

C
< R—5 + CsllV®opalla + CslIV @z = V@02ll2 + [F(T ) = hiar
2

o (28)

where @, is the potential induced by T p,,;, which in turn has mass M,,;, n € NU {0}, and
the index [ =1, 2, 3 refers to the splitting.

Given any ¢ > 0. By Lemma 2.6 we can increase R; > Ry such that Cs5||V®;sl2 < €/4.
Next choose R, > 2R; such that the first term in (2.8) is less than £/4. Now that R; and
R, are fixed, the third term converges to zero by Lemma 2.5. Since (7T p,) is minimizing
sequence, |F(T p,) — hp| < €/4 for suitable n. If # is sufficiently large, then we have

—CyhpboM,3 <e, ie M,3<s,

thus (2.7) holds, (2.6) follows, and

Mz/ To,=M-M,3>M-—c¢.
an+BR,

Since T p, — po weakly in L}(RYN), for any ¢ > 0, there exists R > 0 such that

M = / Lo = M- &,

Br

thus

Po € LI(RN) with / podx =M,
s0 po € Ap. Together with (2.5) we obtain

F =inf F = hyy.

(00) Inf M

The proof is completed. O

Next we show that the minimizers obtained above are steady states of (1.1).

Theorem 2.2 Let pg € Ay be a minimizer of F(p) with induced potential ®o. Then

D¢ + Q'(po) —J(r) =Ko on the support of po,

where Ky is a constant. Furthermore, pg satisfies (1.1).



Shi and Liao Journal of Inequalities and Applications (2015) 2015:363 Page 7 of 8

Proof We will derive the Euler-Lagrange equation for the variational problem. Let py €

Ay be a minimizer with induced potential ®. For any ¢ > 0, we define
3 1
Vei=qxelR ‘Sfpof— .
3

For a test function w € L*(R?) which has compact support and is nonnegative on V¢,
define

Jody

=potTw—T
Pr = Po meas(V;)

XVE)

where 7 > 0 is small, such that

pr =0, /pr=/po=M.

Therefore p, € Ajy. Since pg is a minimizer of F(p), we have
0 < F(p:) = F(po)
1
- [Qo-Qeads— [ 100 -0+ 5 [(6:0: - pada)ds

< /(Q’(po) —J()(p: — po) dx + /(pr% - po®o) dx + o(T)

d
= T/(Q’(Po) —J(r) + @) <a)— MXVS) dx + o(7).

meas(V5;)

Hence

/[Q/(Po)—/(")+¢o— ( Q/(po)—](r)+d>0dy)i|a)dxz().

meas(V;) \Jv,

This holds for all test functions w positive and negative on V, as specified above, hence,
for all & > 0 small enough,

Q(po) =J(r) +Po=K: onV, and Q(pg)-J(r)+Po>K, onV[, (2.9)
where K, is constant. Taking ¢ — 0, we get
Q'(po) —J(r) + @9 = Ky on the support of pq. (2.10)

By taking the gradient on both sides of (2.10), we can prove that py satisfies the equilibrium
equation (1.1). O
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