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1 Introduction
Letay>0,br >0 (k=1,2,...,n),p>1,1/p+1/q = 1. The classical Holder inequality [1] is
stated as follows:

n n p /4 1/q
S < (DI;) (Z bz) . m
k=1 k=1 k=1

Similarly, the integral version of the Ho6lder inequality [1] is

b b 1/p b 1/q
/f(x)g(x)dxf(f f"(x)dx) (/ gq(x)dx> s 1.2)

where f(x) >0, g(x) >0, p>1,1/p + 1/q =1, and f(x) and g(x) are continuous real-valued
functions on [a, b].

If p = g = 2, then inequalities (1.1) and (1.2) reduce to the well-known Cauchy inequalities
[2] of the discrete form and the continuous form, respectively.

The Holder inequality and Cauchy inequality play an important role in many areas of
pure and applied mathematics. A large number of generalizations, refinements, varia-
tions, and applications of these inequalities have been investigated in [3-18] and refer-
ences therein. Recently, Brito da Cruz et al. in [19] gave a «, 8-symmetric integral Holder
inequality as follows.
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Letf,g:R— Rand a,b € R with a < b. If |[f| and |g| are «, B-symmetric integrable on
[a,b], p >1with g =p/(p—1). Then

b b 1/p b 1/q
/ [f(t)g(t)|da,ﬂt5< / lf(t)|1’da,ﬁt) ( / |g(t)|qda,ﬂt) , (1.3)

with equality if and only if the functions |f| and |g| are proportional.

The aim of this work is to establish a reversed version of the «, f-symmetric integral
Holder inequality and some generalizations of the «, B-symmetric integral Holder in-
equality. Moreover, the obtained results will be applied to establish the «, 8-symmetric in-
tegral reverse Minkowski inequality, Dresher inequality, and their corresponding reverse
versions. This paper is organized as follows. In Section 2, we recall some basic defini-
tions and properties of «, B-symmetric integral, which can also be found in [19, 20]; in
Section 3, we establish a o, f-symmetric integral reverse Holder inequality and give some
generalizations of the «, f-symmetric integral Holder inequality, we apply the obtained
results to establish the reverse Minkowski inequality, Dresher inequality, and its reverse
form involving «, 8-symmetric integral, some extensions of the Minkowski and Dresher
inequalities are also given; in Section 4, we establish some further generalizations and
refinements of the «, f-symmetric integral Holder inequality; in Section 5, we present a
subdividing of the «, 8-symmetric integral Holder inequality.

2 Preliminaries
In the section, we recall some basic definitions and properties of «, f-symmetric integral.
The a-forward and -backward differences are defined as follows (see [19]):

A1) ;:w, Vi (£1(2) ;:w

o B

’

where @ >0, 8> 0.

Definition 2.1 (see [19]) Assume that / € R with sup/ = +co and let a,b € [ with a < b. If
f:I— Rand«a > 0, then the «-forward integral of f is defined by

/abf(t)Aatz/aoof(t)Aat_/boof(t)Aat,

where [ f(£) Aot = a Y ;% f(x + kat), provided the series converges at x = a and x = b.
The «-forward integral has the following properties.

Proposition 2.1 (see [19]) Assume that f,g : I — R are a-forward integrable on [a,b],
c € la,b], k €R, then:

L [Pf(6)Aat=0;

2. f:f(t)Aat = [Cf(OA L+ fcbf(t)Aat, when the integrals exist;

3. [Pf(O) At = - [ f(8)Aut;

4. Kkf is a-forward integrable on [a, b] and

/ﬂ bkf(t)Aat =k / ’ F(6) Aot
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5. f + g is a-forward integrable on [a, b] and
b b b
[ vro0sa= [ rons [ gonu

6. iff =0, then ["f(t)Aqt =0.

Proposition 2.2 (see [19]) Assume that f : I — R is a-forward integrable on [a,b]. Let
g:1 — R be a nonnegative a-forward integrable function on [a,b]. Then fg is a-forward
integrable on [a, b).

Proposition 2.3 (see [19]) Assume that f : I — R and let |f| be a-forward integrable on
[a,b]. If p > 1, then |f|’ is also a-forward integrable on [a, D).

Proposition 2.4 (see [19]) Assume thatf,g: 1 — R are a-forward integrable on [a, b] with
b = a + ka for some k € Ny. We have:

1. Iff(t) =0 forall t € {a + ka : k € Ny}, then fabf(t)AD,t > 0.

2. Ifg(t) > f(¢) forall t € {a + ka : k € No}, then fﬂbg(t)Aat > f:f(t)Aat.

Proposition 2.5 (Fundamental theorem of the a-forward integral, see [19]) Assume that
f 1 — R is a-forward integrable over 1. Let x € I and define F(x) = f:f(t)Aat. Then

Ay [F1(x) = f(x). Conversely, f: A [f18) At = f(D) - f(a).

Proposition 2.6 («-Forward integration by parts, see [19]) Assume that f,g:I — R. Let
fo and f A, [g] be a-forward integrable on [a, b]. Then

b b
/ F(OD )0 At = FD)g)! - / AalF IO + o) Aalg](O) Aut.

Similarly, the B-backward integral is defined by Definition 2.2.

Definition 2.2 (see [19]) Assume that I C R with inf/ = —co and let a,b € I with a < b.
For f:I — Rand § > 0, the B-backward integral of f is defined by

/ﬂbf(t)wt: /;iof(t)vﬁt—‘/::of(t)vﬁt’

where [*_f(£)Vst = B> ;50 f(x — kB), provided the series converges at x = @ and x = b.

The B-backward integral has similar results and properties to the a-forward integral. In
particular, the 8-backward integral is the inverse operator of Vg.

We recall the «, B-symmetric integral which is defined as a linear combination of the
a-forward and the 8-backward integrals.

Definition 2.3 (see [19]) Assume that f:R — Rand a,b € R with a < b. If f is a-forward
and B-backward integrable on [4,b], o, 8 > 0 with « + 8 > 0, then we define the «, 8-
symmetric integral of f from a to b by

b b b
/ﬂf(t)da,,gtzﬁfaf(t)Aat+ p /af(t)V,gt.

a+ B
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The function f is o, B-symmetric integrable if it is «, B-symmetric integrable for all
a,beR.

The «, B-symmetric integral has the following properties.

Proposition 2.7 (see [19]) Suppose that f,g : R — R are a, B-symmetric integrable on
|a,b]. Let c € [a, b] and k € R. Then:

L [f(t)dapt=0;
2. fabf(t) dopt= [ f(0)dapt + fchf(t) de pt, when the integrals exist;

3. [0 dupt == [} 10 dapts
4. kf is o, B-symmetric integrable on [a, b] and

b b
[ @ dupt = [ r0duge

5. f + g is o, B-symmetric integrable on [a, b] and

b b b
/ (f +2) (&) dopt = / f(&) dopt + / g(t) dy pt;
6. fg is o, B-symmetric integrable on [a, b] provided g is a nonnegative function.

Proposition 2.8 (see [19]) Suppose that f : R — R and p > 1. Let |f| be symmetric «, B-
integrable on [a, b), then |f|P is also «, B-symmetric integrable on [a, b].

Proposition 2.9 (see [19]) Assume that f,g: R — R are o, B-symmetric integrable func-
tions on [a,b), A ={a+ka :k € No} and B={b - kB :k € Ny}. For b € A and a € B, we

have:
1. if|f(®)| <g(¢) forallt € AU B, then

/ﬂ bf(t) da,ﬂt‘ < /a ’ g8 dupt;

2. iff(t)=0forallt e AUB, then

b
f F(O) dugt = 0;

3. ifg(t)=f(¢) forallt € AUB, then

/a ’ e6)dugt > / ) dut.

In Proposition 2.9 we assume that a,b e Rwithbe A={a+ka:k€Ny}anda e B=
{b—kpB:keNgy}, where o, B € R}, ¢ + B #0.

Proposition 2.10 (Mean value theorem, see [19]) Iff,g : R — R are bounded and a, 8-
symmetric integrable on [a, b] with g nonnegative. Let m and M be the infimum and the
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supremum, respectively, of the function f. Then there exists a real number K satisfying the
inequalities m < K < M such that

b b
[ 1O dupt =k [ g0 duse

3 Main results
As before, let a,b e RwithbeA={a+ka:keNp}anda € B={b-kf :k € Ny}, where
a,BeRl,a+pB#0.

Theorem 3.1 (Reverse Holder inequality) Let f,g:R — R and a,b € R with a < b. If |f|
and |g| are o, B-symmetric integrable on [a,b], 0 < p <1 (or p < 0) with q = p/(p — 1), then

b b Up s pb /g
/[f(t)g(t)]da,ﬂtz(/ [f(t)‘pda,ﬁt> (/ ’g(t)’qda,ﬂt) ) (3.1)

with equality if and only if the functions |f| and |g| are proportional.

Proof We assume that

b Up / b g
(/ V(f)|pda,ﬁt> ( / \g(t)lqda,,st) 40,

and let

b
£ =10l / [ 1o dupe

and

b
y(t) = Ig(t)!q// f ()| da .

Since the two functions & (¢) and y (¢) are symmetric «, S-integrable on [, b], applying the
following reverse Young inequality (see [21]):

1 1
xy>—af + =91, %,y>0,0<p<lLl/p+1l/g=1,
p q

with equality holding iff x = y, we have

/" iG] 18(8)]
o« SPU@Pdapr)? ([ lg@)7dgprVe "

b brE®) v
_ 1/p 1/q 2N AV
/a §P(t)y (t)da,ﬂtZ/ﬂ (p + » )da,ﬂf

1 b IF@)P ) 1 [ < lg(®)|9 )
= | (5 )dapt+— | [ )dapt=1.
P/a <ff f@Pdagt) " +q/a [P lg@) 1 dust) "

Therefore, we obtain the desired inequality. O

Combining (1.3) and (3.1), we have Corollary 3.1.
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Corollary 3.1 Letf;: R — R, pj e R, j=1,2,...,m, Z;Zl 1/p; = 1L If |fj| is «, B-symmetric
integrable on [a, b], then:
(1) Forp;>1, we have

Ipj

/anlf(f|daﬁt<]_[(/a )] ’daﬁt> - (3.2)

(2) ForO<p1<1,p;<0,j=2,...,m, we have

1/p;

b om m b
[ 1‘[Lﬁ<t>\da,ﬁtzl‘[( [ or a,ﬁt) . (33)
a 1'=1 j=1 a

Theorem 3.2 (Reverse Minkowski inequality) Let f,g:R — Rand a,b,p e Rwitha<b
and 0 <p<1(orp<0).If|f| and |g| are o, B-symmetric integrable on [a, b], then

b 1/p
( / lf(t)+g(t)|”da,ﬂt)
b 1/p b 1p
z( / [f(t)l”da,ﬁt) +( f Ig(t)l”da,,st) , (3.4)

with equality if and only if the functions |f| and |g| are proportional.

Proof Let
b b
M= / FOF dupt,  N-= / leO)]” dupt,

b 1/p b 1/p
W = (/ [f(t)|”da,ﬂt) + (/ |g(t)|"da,ﬁt> )

By the «, B-symmetric integral Holder inequality [12], in view of 0 < p < 1, we have
b
W = / (lf(t) |17M1/p—1 + |g(t) |17N1/p—1) da,ﬁt
b 1
5/ If@) +g®|" (M7 + N?) " d, gt
b
= whr / If@®) +g(®)|° du,pt. (3.5)

By using (3.5), we immediately arrive at the Minkowski inequality and the theorem is com-
pletely proved. d

An improvement of inequality (3.4) and its corresponding reverse form are obtained in
Theorem 3.3.

Theorem 3.3 Assume that f,g:R — R and a,b € R with a < b. Assume that |f| and |g|
are o, B-symmetric integrable on [a,b], p > 0, s,t € R\{0}, and s #t.
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(1) Suppose that p,s,t € R are different, such that s,t >1 and (s—t)/(p — t) > 1, then

b
/ () + g0)[” do

b L b
5[( [ v<x)|sda,,sx) +( / |g(x)|sda,,sx)
b 1 b Fts-p)/(s—t)
X |:(/ [f(x)’tday,gx) +</ ‘g(x)‘tdalﬁx) ] . (3.6)

(2) Suppose that p,s,t € R are different, such that 0 < s,t <1 and (s—t)/(p — t) < 1, then

1
s

:| s(p—t)/(s—t)

b
[ () + g0)|” dupx

b 1 b Lo s(p-)/(s-1)
([ rores)' ([ oot
b % b % t(s—p)/(s—t)
x |:</ [f(x)|tdu,ﬁx> + </ |g(x)|tda,5x) ] . (3.7)

Proof (1) From the assumption, we have (s — £)/(p — £) > 1, and it is obvious that

b
[ 1w+ gl
b
- / (|f(x) +g(x)|s)(p_[)/(s_t)([f(x) +g(x)|t)(s_p)/(s_t) A pi.

From the Holder inequality (see [19]) with indices (s — £)/(p — £) and (s —£)/(s — p), it follows
that

b
/ () + g) [ dx

b s (p-1)/(s—t) b . (s—p)/(s—t)
s( / () + g(x)| da,ﬂx> ( / @) + )| da,ﬁx> . (3.8)

On the other hand, from the Minkowski inequality (see [19]) for s > 1 and ¢ > 1, respectively,
we obtain

b L
( / Lf<x)+g(x>|sda,ﬂx)
b . L b \ %
5( / )| da,,sx) +( f lo60)| da,ﬁx) (3.9)

b i

( / v<x>+g(x>|£da,,sx)
b , 1 b , 1

= < f |f ()] da,ﬂx> + ( / lg@)| doz,ﬂx) . (3.10)

From (3.8), (3.9), and (3.10), the desired result is obtained.

and
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(2) Based on the assumption, we have (s — £)/(p — t) < 1 and in view of

b
[ 1)+ gl o
b
- f () +gG) () + @] )" d,

by using inequality (3.1) with indices (s — £)/(p — t) and (s — t)/(s — p), we have
b
[ 1w+ gl o

b s (p-t)/(s—t) b . (s—p)/(s—t)
z( / () + ()| da,,sx) ( / () + 0)| da,ﬁx> . (3.11)

On the other hand, thanks to the Minkowski inequality (3.4) for the cases of 0 < s <1 and
0<t<l,

b
(1 + e o)
b . : b ) §
> (/ V(x)‘ da,ﬁx) + (f ’g(x)’ da,ﬁx) (3.12)

and
b , 1
( INCEE] da,,sx)
b , ! b , $
> </ [f(x)| (dx)"‘) + </ |g(x)| da,ﬁx> . (3.13)
It follows from (3.11), (3.12), and (3.13) that the desired result is obtained. O
Remark 3.1

(1) For Theorem 3.3, for p > 1, lettings=p + ¢, t = p — &, when p, s, t are different,
s,t>1,and (s —t)/(p — £)/2 > 1, and letting ¢ — 0, we obtain the result of [19].

(2) For Theorem 3.3, for 0 <p <1, lettings=p +¢, ¢ =p—¢, when p, s, t are different,
O<s,t<l,and 0 < (s—12)/(p—£)/2 <1, and letting ¢ — 0, we obtain (3.4).

From the Minkowski inequality [19] and the reverse Minkowski inequality involving
o, B-symmetric integral, we can deduce the following generalization.

Corollary 3.2 Let fj: R — R, j = 1,2,...,m. If |fj| is o, B-symmetric integrable on |a, b,
then:
(1) For p >1, we have

(

)4 1/p m b 1p
da,ﬂx) gz( / L;;(x)|”da,ﬂx> . (3.14)

j=1

21
j=1
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(2) For0<p<1, wehave

(L

Corollary 3.3 is an analog of Corollary 3.2.

V4 1/p m b 1p
da,ﬁx> zZ( / L;;(x)|"da,ﬂx> . (3.15)

j=1

2 i)
j=1

Corollary 3.3 Let fi: R — R, j =1,2,...,m. If |fj| is «, B-symmetric integrable on |a, b,
then:
(1) For p >1, we have

b m p m b
/ (Z Wx)|> EDY / [fi@)|” da,px. (3.16)
a = 1 Ja

(2) For0<p<1, wehave

b m p m b
/ (Z lf/(x)|> dapr <y / [ ®)|° do,px. (3.17)
?\j=1 j=1

Proof (1) For p >1, let s = p, r = 1, by the Jensen inequality [3], it follows that
@]+ @]+ + [fu@]| = (A + @I+ + @)™,
from the above inequality, we obtain
(@[ + @]+ + @) = i@ + [+ + [fu@)],

by integrating the above inequality with respect to x, we obtain the desired result.
(2) For 0 <p <1, lets=1,r=p, by the Jensen inequality [3], we have

@]+ @]+ + @] < (RO + @]+ + [f@])",
it follows from the above inequality that
(@[ + @]+ + @) < @[ + [+ + [fu@)]’,
by integrating the above inequality with respect to x, the desired result is obtained. [

Theorem 3.4 (Dresher inequality) Let f,g:R — Rand a,b € R with a < b. If |f| and |g|
are o, -symmetric integrable on [a,b], 0 <r <1< p, then

(fab If (&) +g(&)? dalﬁt)l/(p_r)
JPUF (@) + g()) da gt

B (M)“M . (M)W-ﬂ

< (3.18)
JP @ do gt I 1@ d gt

with equality if and only if the functions |f| and |g| are proportional.
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Proof Based on the o, f-symmetric integral Holder and Minkowski inequalities [19], we

b 1/(p-r)
( / lf(t)+g(t)|”da,ﬁt)
b Up b Up\ pl(p-7)
5((/ lf(t)|pda,,gt) +(/ |g(t)|pda,ﬁt> )
SO do g )”P( )p
VYN (t) a,pLl
(<fa f(&)]" dupt / @ dog
f"lg(t)lpda,ﬂx>lfp( b )1/p>p/<p-r>
Sl 2| do gt
<f;’ GO da st / 8O dap
«M)W ’ (M)W >)
T\ SO dt J? g1 do st
b 1r 1 rl(p-r)
X(( / lf(t)l’da,,st) +< / |g(t)|rda,ﬂt) ) . (3.19)

From Theorem 3.2, we get

b 1/r b 1/r\ r
(v ([ sores)

b r
< f If@) +g(8)| dapt. (3.20)

have

From (3.5) and (3.20), we get (3.18). Hence, the theorem is completely proved. O

Corollary 3.4 Letfi:R— R, 0<r<1<p,j=12,...,m.If|f;| is a, B-symmetric integrable
on |a, b), then

(3.21)

(f,,"lzj“ilﬁ<t>|f’da,ﬂt>l/@ <i<f O d ﬂt)“@
IO dept TF N\ O dupt

Theorem 3.5 (Reverse Dresher inequality) Let f,g:R — Rand a,b € Rwitha<b. If |f|
and |g| are a, B-symmetric integrable on [a,b], p <0 <r <1, then

(f,f’ (&) +g(t)? da,ﬂt)uw
fab If(t) +g(t)|rda,,3t

><M)w (M)”(‘“ ’
TN O dugt S 181" du st

with equality if and only if the functions |f| and |g| are proportional.

(3.22)

Proof Let a; >0, a3 > 0, 1 >0, and B, > 0, and -1 < A < 0, using the following Radon
inequality (see [3]):

ay
Z < leiklbkpl’ x> 0,ar>0,0<p<1,
kl =
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we have
A+l A+l A+l
of o (0q + o)

BB T (Bt B (3.23)

with equality if and only if («) and () are proportional. Let

b 1/p b 1/r
= (/ IfIP da,f}t) , BL= (/ [fl’da,ﬁt> , (3.24)
(/ |g|pda,gt) , (/ lgl” daﬁt> , (3.25)

and set A = -~ From (3.23)-(3.25), we have

aft! N ajtt _ (fab f 1P dg, )+ 1)/P . (fab \QIP doy )+

BL B (T dapt? (] Nl dapt

_ (M)“@ ’ (M)”““ ) _ (e
fbmrd"‘ﬂt f lg|" do,pt (Br + B2)*
[ UV dapt)™ + (), gl dut) 710
(S dag V7 + ([ |1 do pit)Vr)r 00

(3.26)

Since -1 < A = 1# < 0, we may assume p < 0 < r, and by Theorem 3.2 and 0 <7 <1, we
obtain, respectively,

b 1/p b 1/pp b
[(f lf|pda,ﬁt> +([ |g|Pda,,st) ] > [t dugt (3.27)
a a a

with equality if and only if f and g are proportional, and

b 1/r b 1/rqr b
|:</ [f|’da,5t> + (/ |g|rda,,3t) :| 5/ If +gl"dagt, (3.28)
a a a

with equality if and only if |f| and |g| are proportional.

From the equality conditions for (3.23), (3.27), and (3.28), it follows that the sign of
equality in (3.22) holds if and only if |f| and |g| are proportional.

From (3.26)-(3.28), we obtain the reverse Dresher inequality and the theorem is com-
pletely proved. d

Corollary3.5 Letfj:R— R,p<0<=<r<1,j=12,...,m If|fj| is a, B-symmetric integrable
on |a, b), then

(3.29)

(fjlzzlﬁa)lpdaﬂt)“@‘ >f<f O do ﬁt>w
SISO dagt) N[O dapt

4 Some further generalizations of the Holder inequality
Theorem 4.1 Suppose that py >0, ag; € R (j = 1,2,...,m, k =1,2,...,5), Zskpik =1,
Y pa o =0, fi: R— R If|fi| is o, B-symmetric integrable on [a, ], then:
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(1) For pr > 1, we have

r

(2) ForO<ps<1,px<0(k=1,2,...,5s—1), we have

b
| Tl
a |

Proof (1) Let

s b m Vpk
dapt <[] ( / [Tls@] da,ﬂt) : (4.1)
k=1 \Y% j=1

s b m Upk
dupt =[] ( / [Tl5@] " da,ﬁt) . 4.2)
k=1 \Y% j=1

m 1/pk
&(8) = <]_[J§1+pk“k’ (t)) : (4.3)

j=1

Applying the assumptions > ; pik =land ) ;_, ) = 0, it follows from a direct computation
that

[ [e® = a(0)g2(®) - g(®)

m Lipray Upt / m Lipaay 1/p2 m Loy 1/ps
= H}j @) Hf} (®) Hﬁ (t)
j=1 j=1 j=1

1/ “ 1/ “ 1/
1_[ Pl*‘Xl} l_[_f/ p2+(x21 . l_[_]j Ps+0sj (t)
j=1 j=1 j=1
“ 1/p1+1/ 1/ i

p1+1/p2+--1/ps+agj+agi+:+og;
_ H]; s+ () = l_[];(t)
j=1 j=1

That is,

[ e =] [50-
k=1 j=1

It is obvious that

r

From the Hoélder inequality (3.2), it follows that

h

Substituting gi(¢) in (4.5), we have inequality (4.1) immediately.

apl = dopt. (4.4)

|BVGIE
j=1

[ &®
k=1

S b 1/pk
dapt <[] ( / lgk (@)™ da,ﬂt) . (4.5)
k=1 a
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(2) The proof of inequality (4.2) is similar to the proof of inequality (4.1); by (4.3), (4.4),
and (3.3), we obtain

/

Substitution of gx(¢) in Eq. (4.6) gives inequality (4.2) immediately. O

[ Je®
k=1

s b » Upk
dapt =] | (f |g(e)[** da,ﬁt> ) (4.6)
k=1 W&

Remark 4.1 Let s =m, ay = —1/p; for j # k, and ax = 1 - 1/pg. Then the inequalities (4.1)
and (4.2) are respectively reduced to (3.2) and (3.3).

Many existing inequalities concerned with the Holder inequality are special cases of the
inequalities (4.1) and (4.2). For example, we have the following.

Corollary 4.1 Under the assumptions of Theorem 4.1, assume that s = m, ay; = —t/py for
j#k, and oy = t(1 —1/py) with t € R, then:
(1) For px > 1, one obtains

p|m m b/ m 1-t 1/pk
[ |Tse @,ﬂs]‘[( / <]‘[ [;;(t>|> ([fk<t)|”k)tda,ﬂt) . @7)
a |21 k=1 \"4 \j=1

(2) ForO<p,<1,pr<0(k=1,2,...,m—1), one obtains

[T

[Tr®
j=1

1-¢

m b [ m 1/pk
wor=T1([ ({ol) oryan) . a
k=1 \"4 \j=1

Theorem 4.2 Suppose that p; >0,r e R, ay; R (j=1,2,...,m, k=1,2,...,5), Z;% =7,
Y i =0, fi: R— RUIf|fi| is «, B-symmetric integrable on [a, b), then:
(1) Forrpy >1, we have

[T

[15®
j=1

s b m 1/rpi
dapt <[] ( / [Ti5@[ da,ﬁt) : (4.9)
k=1 \"% j=1

(2) ForO<rps<1,rpr <0 (k=1,2,...,s—1), we have

b| m
/ L7
a |ja

a

s p m 1/rpi
dapt =[] ( / [Tis@[ 7 da,ﬁt) : (4.10)
k=1 j=1

Proof (1) Since rpx >1and > pik = r, it follows that ) ; i =1. Then by (4.1), we imme-
diately find inequality (4.9).

(2) From 0 <rps <1, rpr < 0,and ) Pik =r, it follows that ) ", @ = 1. By (4.2), we im-
mediately get inequality (4.10). This completes the proof. 0

From Theorem 4.2, we establish Corollary 4.2, which is a generalization of Theorem 4.2.

Corollary 4.2 Under the assumptions of Theorem 4.2, assume that s =2, py = p, pa2 = q,

Q1 = —Qj = 0, then:
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(1) Forrp>1, we get

(t) aﬂt

1/rq

1/rp b m
(/ Hlﬁ(fﬂ“’m’dwﬂt) ( / l_[lﬁ(ﬂll‘”’“’da,ﬁt) . (4.11)
1 a i

(2) For0<rp<1, weget

a.pl

| m
[1/0|4
j=1

l/rq

p m 1/rp b m
z (/ 1_[ lﬁ(t)‘lwpa/ da,ﬂt) (/ 1_[ lﬁ(t)‘l—rqw‘ da,ﬂt> ) (4.12)
4 =1 a i

Now we present a refinement of inequalities (4.9) and (4.10), respectively.

Theorem 4.3 Under the assumptions of Theorem 4.2:
(1) Forrpy>1, one has

[

where

s b m Vrpg
1 .
dopt < p(c) < (/ [TIs@[ da,,.«;t> , (4.13)
k=1 \"% j=1

cm s b m 1rpg
(o) = / [TV®]dapt+] ] / [TI5@[ Y d st
4 =1 k=1 \"¢ j=1

is a nonincreasing function with a < ¢ <b.
(2) ForO<rps<1,rpr <0 (k=1,2,...,s - 1), one has

1/rpg
dupt > p(c) (f [TIH@ ™ dopt ) : (4.14)

where

¢ m s b m 1/rpg
= f 1_[ [f,(t)| dy pt + 1_[ (/ l_[ lf],(t)|1+rpl<a/</ da,ﬁt)
4 j=1 k=1 \V¢ j=1

is a nondecreasing function with a < c <b.

Proof (1) Let

m 1/rpg
@)= (]‘[ﬁ“’”‘”kfm) .

j-1
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By rearrangement and the assumptions of Theorem 4.2, it follows that

[T150=]]a®.
k=1

J=1

Then thanks to the Holder inequality (3.2), we have

p| m bl s
[ |T150] duse = [ [0 dust
4 |j=1 @ | k=1

dayﬂt

cl| S b| S
- [ |TTa®|dust+ [ |[Teut
4 k=1 ¢ k=1
el s s b ; Vrpg
f [ Jec® da,,sn]_[(f lgk(t)|"kda,ﬁt>
4 k=1 k=1 V¢

N c b 1/rpg
(/ e (O du st + / o)™ "’a’ﬁ’f)

k=1

S b ., 1/rpk
= (/ |gk(t)|pkdo,,ﬂt)
k=1 V4
b L+rpgogi e
/ [Tl5®) T d pt )
a

Therefore, we obtain the desired result.
(2) The proof of inequality (4.14) is similar to the proof of inequality (4.13). d

IA

IA

S

k=1

5 A subdividing of the Holder inequality
Theorem 5.1 Let f,g:R — R and a,b € R with a < b. Assume that |f| and |g| are a, B-
symmetric integrable on [a,b], and s,t e R, and letp=(s—t)/1-t, p=(s—1t)/(s-1).

(1) Ifs<l<tors>1>t,then

b b 1/102 b ) 1/q2
/ V(")g("”daﬂxS( / V(x)rpda,ﬁx) ( / |g(x)|qda,ﬁx>
b b 1/pq
([ 1 due [ gt ) 51

with equality if and only if f (x) and g(x) are proportional.
(2) Ifs>t>1lors<t<ljt>s>lort<s<]l,then

b b Up? ; pb . 1/4%
/ f()g(0)] da,px = ( f [f@)]* da,ﬂx> ( / )| qda,ﬂx>
b b 1/pq
X < / |f@)]" dapx / lg(x)[* da,,sx) (5.2)

with equality if and only if f (x) and g(x) are proportional.
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Proof (1) Setp = i;_i, and it follows from s <1< ¢ or s >1 >t that

s—t 1
= — > 1.
P=1%

From inequality (1.3) with indices 3=t and =, it follows that
b
Ve

b
_ / v(x)g(x)r(l—t)/(s—t) V(x)g(x)r(s—l)/(s—t) do g

b s (1-2)/(s—t) b . (s=1)/(s—t)
5( [ s da,ﬂx) ( [ e da,ﬂx) , 53)

with equality if and only if (fg)* and (fg)* are proportional.
On the other hand, by the Holder inequality again, for p = 3= > 1, the following two

inequalities are obtained:
b S
| g du
a

b (s-0)/(1-2) A=0/6=1) /b 0/ (s-1)/(s—1)
sis=b/= s(s—t)/(s—
5( / [f@)] dot,ﬂx> ( / lg@)] da,ﬂx> . (54)
a a

with equality if and only if £*¢~9/0-9) and g*¢~9/-V) are proportional, and
b t
| V)] dug
b A-0/(s=t) ; pb (s=1)/(s-1)
< < / V(x)‘:(sft)/(lfz) da,ﬁx) ( / |g(x)|t(s—t)/(s—1) da,,gx) , 5:5)

with equality if and only if £4¢~/0-%) and g#s-9/-1) are proportional.
It follows from (5.3), (5.4), and (5.5) that the case (1) of Theorem 5.1 is proved.

(2) Letp= i;_’;,andinviewofs>t>lors<t<1,wehave

=—x<0,
P 1-t

andt>s>1ort<s<1,wehave 0 < = <1, by inequality (3.1) with indices = and &£, we

have
b
/ 1 (x)g ()| i
b
_ / lf(x)g(x)|s(1—t)/(s—t)lf(x)g(x)|t(s—l)/(s—t) do g

b s 1-2)/(s—t) b ; (s=1)/(s—t)
> < / If (x)g(x)| dvz,ﬁx> < / If (x)g(x)| da,,sx) ) (5.6)

with equality if and only if (fg)* and (fg)* are proportional.
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On the other hand, from the reverse Hélder inequality again for 0 <p = £ <1 or p =

i;_i < 0, we obtain the following two inequalities:

b
/ g @) do g

b (5=0)/(11) (1-2)/(s—t) b ot/ (s-1)/(5-1)
88— - S(s— o
> </ If ()| da,,sx) ( / lg@)| da,,gx> , (5.7)
@ a

with equality if and only if £*¢=9/0-%) and g*¢-/-1 are proportional, and
b t
| g dug

b Hs—t)/(1-1) (1-2)/(s—t) b Hs—)/(s-1) (s=1)/(s—2)
e d s—t)/(s—
> </ lf(x)| Ot,ﬂx) (/ |g(x)| da,ﬂx> , (58)
a

a

with equality if and only if £4¢~/0-%) and g#s-9/-1) are proportional.
From (5.6), (5.7), and (5.8), the proof of the case (2) of Theorem 5.1 is completed. [
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