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Abstract
In this paper, we establish a reversed Hölder inequality via an α,β-symmetric integral,
which is defined as a linear combination of the α-forward and the β-backward
integrals, and then we give some generalizations of the α,β-symmetric integral
Hölder inequality which is due to Brito da Cruz et al.; some related inequalities are also
given.
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1 Introduction
Let ak ≥ , bk ≥  (k = , , . . . , n), p > , /p + /q = . The classical Hölder inequality [] is
stated as follows:

n∑

k=

akbk ≤
( n∑

k=

ap
k

)/p( n∑

k=

bq
k

)/q

. (.)

Similarly, the integral version of the Hölder inequality [] is

∫ b

a
f (x)g(x) dx ≤

(∫ b

a
f p(x) dx

)/p(∫ b

a
gq(x) dx

)/q

, (.)

where f (x) > , g(x) > , p > , /p + /q = , and f (x) and g(x) are continuous real-valued
functions on [a, b].

If p = q = , then inequalities (.) and (.) reduce to the well-known Cauchy inequalities
[] of the discrete form and the continuous form, respectively.

The Hölder inequality and Cauchy inequality play an important role in many areas of
pure and applied mathematics. A large number of generalizations, refinements, varia-
tions, and applications of these inequalities have been investigated in [–] and refer-
ences therein. Recently, Brito da Cruz et al. in [] gave a α,β-symmetric integral Hölder
inequality as follows.
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Let f , g : R → R and a, b ∈ R with a < b. If |f | and |g| are α,β-symmetric integrable on
[a, b], p >  with q = p/(p – ). Then

∫ b

a

∣∣f (t)g(t)
∣∣dα,β t ≤

(∫ b

a

∣∣f (t)
∣∣p dα,β t

)/p(∫ b

a

∣∣g(t)
∣∣q dα,β t

)/q

, (.)

with equality if and only if the functions |f | and |g| are proportional.
The aim of this work is to establish a reversed version of the α,β-symmetric integral

Hölder inequality and some generalizations of the α,β-symmetric integral Hölder in-
equality. Moreover, the obtained results will be applied to establish the α,β-symmetric in-
tegral reverse Minkowski inequality, Dresher inequality, and their corresponding reverse
versions. This paper is organized as follows. In Section , we recall some basic defini-
tions and properties of α,β-symmetric integral, which can also be found in [, ]; in
Section , we establish a α,β-symmetric integral reverse Hölder inequality and give some
generalizations of the α,β-symmetric integral Hölder inequality, we apply the obtained
results to establish the reverse Minkowski inequality, Dresher inequality, and its reverse
form involving α,β-symmetric integral, some extensions of the Minkowski and Dresher
inequalities are also given; in Section , we establish some further generalizations and
refinements of the α,β-symmetric integral Hölder inequality; in Section , we present a
subdividing of the α,β-symmetric integral Hölder inequality.

2 Preliminaries
In the section, we recall some basic definitions and properties of α,β-symmetric integral.

The α-forward and β-backward differences are defined as follows (see []):

�α[f ](t) :=
f (t + α) – f (t)

α
, ∇β [f ](t) :=

f (t) – f (t – β)
β

,

where α > , β > .

Definition . (see []) Assume that I ⊆ R with sup I = +∞ and let a, b ∈ I with a < b. If
f : I → R and α > , then the α-forward integral of f is defined by

∫ b

a
f (t)�αt =

∫ ∞

a
f (t)�αt –

∫ ∞

b
f (t)�αt,

where
∫ +∞

x f (t)�αt = α
∑+∞

k= f (x + kα), provided the series converges at x = a and x = b.

The α-forward integral has the following properties.

Proposition . (see []) Assume that f , g : I → R are α-forward integrable on [a, b],
c ∈ [a, b], k ∈ R, then:

.
∫ a

a f (t)�αt = ;
.

∫ b
a f (t)�αt =

∫ c
a f (t)�αt +

∫ b
c f (t)�αt, when the integrals exist;

.
∫ b

a f (t)�αt = –
∫ a

b f (t)�αt;
. kf is α-forward integrable on [a, b] and

∫ b

a
kf (t)�αt = k

∫ b

a
f (t)�αt;
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. f + g is α-forward integrable on [a, b] and

∫ b

a
(f + g)(t)�αt =

∫ b

a
f (t)�αt +

∫ b

a
g(t)�αt;

. if f ≡ , then
∫ b

a f (t)�αt = .

Proposition . (see []) Assume that f : I → R is α-forward integrable on [a, b]. Let
g : I → R be a nonnegative α-forward integrable function on [a, b]. Then fg is α-forward
integrable on [a, b].

Proposition . (see []) Assume that f : I → R and let |f | be α-forward integrable on
[a, b]. If p > , then |f |p is also α-forward integrable on [a, b].

Proposition . (see []) Assume that f , g : I → R are α-forward integrable on [a, b] with
b = a + kα for some k ∈ N. We have:

. If f (t) ≥  for all t ∈ {a + kα : k ∈ N}, then
∫ b

a f (t)�αt ≥ .
. If g(t) ≥ f (t) for all t ∈ {a + kα : k ∈ N}, then

∫ b
a g(t)�αt ≥ ∫ b

a f (t)�αt.

Proposition . (Fundamental theorem of the α-forward integral, see []) Assume that
f : I → R is α-forward integrable over I . Let x ∈ I and define F(x) =

∫ x
a f (t)�αt. Then

�α[F](x) = f (x). Conversely,
∫ b

a �α[f ](t)�αt = f (b) – f (a).

Proposition . (α-Forward integration by parts, see []) Assume that f , g : I → R. Let
fg and f �α[g] be α-forward integrable on [a, b]. Then

∫ b

a
f (t)�α[g](t)�αt = f (t)g(t)|ba –

∫ b

a
�α[f ](t)g(t + α)�α[g](t)�αt.

Similarly, the β-backward integral is defined by Definition ..

Definition . (see []) Assume that I ⊆ R with inf I = –∞ and let a, b ∈ I with a < b.
For f : I → R and β > , the β-backward integral of f is defined by

∫ b

a
f (t)∇β t =

∫ b

–∞
f (t)∇β t –

∫ a

–∞
f (t)∇β t,

where
∫ x

–∞ f (t)∇β t = β
∑+∞

k= f (x – kβ), provided the series converges at x = a and x = b.

The β-backward integral has similar results and properties to the α-forward integral. In
particular, the β-backward integral is the inverse operator of ∇β .

We recall the α,β-symmetric integral which is defined as a linear combination of the
α-forward and the β-backward integrals.

Definition . (see []) Assume that f : R → R and a, b ∈ R with a < b. If f is α-forward
and β-backward integrable on [a, b], α,β ≥  with α + β > , then we define the α,β-
symmetric integral of f from a to b by

∫ b

a
f (t) dα,β t =

α

α + β

∫ b

a
f (t)�αt +

β

α + β

∫ b

a
f (t)∇β t.
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The function f is α,β-symmetric integrable if it is α,β-symmetric integrable for all
a, b ∈ R.

The α,β-symmetric integral has the following properties.

Proposition . (see []) Suppose that f , g : R → R are α,β-symmetric integrable on
[a, b]. Let c ∈ [a, b] and k ∈ R. Then:

.
∫ a

a f (t) dα,β t = ;
.

∫ b
a f (t) dα,β t =

∫ c
a f (t) dα,βt +

∫ b
c f (t) dα,β t, when the integrals exist;

.
∫ b

a f (t) dα,β t = –
∫ a

b f (t) dα,β t;
. kf is α,β-symmetric integrable on [a, b] and

∫ b

a
kf (t) dα,β t = k

∫ b

a
f (t) dα,β t;

. f + g is α,β-symmetric integrable on [a, b] and

∫ b

a
(f + g)(t) dα,β t =

∫ b

a
f (t) dα,β t +

∫ b

a
g(t) dα,β t;

. fg is α,β-symmetric integrable on [a, b] provided g is a nonnegative function.

Proposition . (see []) Suppose that f : R → R and p > . Let |f | be symmetric α,β-
integrable on [a, b], then |f |p is also α,β-symmetric integrable on [a, b].

Proposition . (see []) Assume that f , g : R → R are α,β-symmetric integrable func-
tions on [a, b], A = {a + kα : k ∈ N} and B = {b – kβ : k ∈ N}. For b ∈ A and a ∈ B, we
have:

. if |f (t)| ≤ g(t) for all t ∈ A ∪ B, then

∣∣∣∣
∫ b

a
f (t) dα,β t

∣∣∣∣ ≤
∫ b

a
g(t) dα,β t;

. if f (t) ≥  for all t ∈ A ∪ B, then

∫ b

a
f (t) dα,β t ≥ ;

. if g(t) ≥ f (t) for all t ∈ A ∪ B, then

∫ b

a
g(t) dα,β t ≥

∫ b

a
f (t) dα,β t.

In Proposition . we assume that a, b ∈ R with b ∈ A = {a + kα : k ∈ N} and a ∈ B =
{b – kβ : k ∈ N}, where α,β ∈ R+

, α + β �= .

Proposition . (Mean value theorem, see []) If f , g : R → R are bounded and α,β-
symmetric integrable on [a, b] with g nonnegative. Let m and M be the infimum and the
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supremum, respectively, of the function f . Then there exists a real number K satisfying the
inequalities m ≤ K ≤ M such that

∫ b

a
f (t)g(t) dα,β t = K

∫ b

a
g(t) dα,β t.

3 Main results
As before, let a, b ∈ R with b ∈ A = {a + kα : k ∈ N} and a ∈ B = {b – kβ : k ∈ N}, where
α,β ∈ R+

, α + β �= .

Theorem . (Reverse Hölder inequality) Let f , g : R → R and a, b ∈ R with a < b. If |f |
and |g| are α,β-symmetric integrable on [a, b],  < p <  (or p < ) with q = p/(p – ), then

∫ b

a

∣∣f (t)g(t)
∣∣dα,β t ≥

(∫ b

a

∣∣f (t)
∣∣p dα,β t

)/p(∫ b

a

∣∣g(t)
∣∣q dα,β t

)/q

, (.)

with equality if and only if the functions |f | and |g| are proportional.

Proof We assume that

(∫ b

a

∣∣f (t)
∣∣p dα,β t

)/p(∫ b

a

∣∣g(t)
∣∣q dα,β t

)/q

�= ,

and let

ξ (t) =
∣∣f (t)

∣∣p
/∫ b

a

∣∣f (τ )
∣∣p dα,βτ

and

γ (t) =
∣∣g(t)

∣∣q
/∫ b

a

∣∣f (τ )
∣∣q dα,βτ .

Since the two functions ξ (t) and γ (t) are symmetric α,β-integrable on [a, b], applying the
following reverse Young inequality (see []):

xy ≥ 
p

xp +

q

yq, x, y > ,  < p < , /p + /q = ,

with equality holding iff x = y, we have

∫ b

a

|f (t)|
(
∫ b

a |f (τ )|p dα,βτ )/p

|g(t)|
(
∫ b

a |g(τ )|q dα,βτ )/q
dα,β t

=
∫ b

a
ξ /p(t)γ /q(t) dα,β t ≥

∫ b

a

(
ξ (t)

p
+

γ (t)
p

)
dα,β t

=

p

∫ b

a

( |f (t)|p
∫ b

a |f (τ )|p dα,βτ

)
dα,β t +


q

∫ b

a

( |g(t)|q
∫ b

a |g(τ )|q dα,βτ

)
dα,β t = .

Therefore, we obtain the desired inequality. �

Combining (.) and (.), we have Corollary ..
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Corollary . Let fj : R → R, pj ∈ R, j = , , . . . , m,
∑m

j= /pj = . If |fj| is α,β-symmetric
integrable on [a, b], then:

() For pj > , we have

∫ b

a

m∏

j=

∣∣fj(t)
∣∣dα,β t ≤

m∏

j=

(∫ b

a

∣∣fj(t)
∣∣pj dα,β t

)/pj

. (.)

() For  < p < , pj < , j = , . . . , m, we have

∫ b

a

m∏

j=

∣∣fj(t)
∣∣dα,β t ≥

m∏

j=

(∫ b

a

∣∣fj(t)
∣∣pj dα,β t

)/pj

. (.)

Theorem . (Reverse Minkowski inequality) Let f , g : R → R and a, b, p ∈ R with a < b
and  < p <  (or p < ). If |f | and |g| are α,β-symmetric integrable on [a, b], then

(∫ b

a

∣∣f (t) + g(t)
∣∣p dα,β t

)/p

≥
(∫ b

a

∣∣f (t)
∣∣p dα,β t

)/p

+
(∫ b

a

∣∣g(t)
∣∣p dα,β t

)/p

, (.)

with equality if and only if the functions |f | and |g| are proportional.

Proof Let

M =
∫ b

a

∣∣f (t)
∣∣p dα,β t, N =

∫ b

a

∣∣g(t)
∣∣p dα,β t,

W =
(∫ b

a

∣∣f (t)
∣∣p dα,β t

)/p

+
(∫ b

a

∣∣g(t)
∣∣p dα,β t

)/p

.

By the α,β-symmetric integral Hölder inequality [], in view of  < p < , we have

W =
∫ b

a

(∣∣f (t)
∣∣pM/p– +

∣∣g(t)
∣∣pN /p–)dα,β t

≤
∫ b

a

∣∣f (t) + g(t)
∣∣p(M/p + N /p)–p dα,β t

= W –p
∫ b

a

∣∣f (t) + g(t)
∣∣p dα,β t. (.)

By using (.), we immediately arrive at the Minkowski inequality and the theorem is com-
pletely proved. �

An improvement of inequality (.) and its corresponding reverse form are obtained in
Theorem ..

Theorem . Assume that f , g : R → R and a, b ∈ R with a < b. Assume that |f | and |g|
are α,β-symmetric integrable on [a, b], p > , s, t ∈ R\{}, and s �= t.



Chen and Wei Journal of Inequalities and Applications  (2015) 2015:138 Page 7 of 18

() Suppose that p, s, t ∈ R are different, such that s, t >  and (s – t)/(p – t) > , then
∫ b

a

∣∣f (x) + g(x)
∣∣p dα,βx

≤
[(∫ b

a

∣∣f (x)
∣∣s dα,βx

) 
s

+
(∫ b

a

∣∣g(x)
∣∣s dα,βx

) 
s
]s(p–t)/(s–t)

×
[(∫ b

a

∣∣f (x)
∣∣t dα,βx

) 
t

+
(∫ b

a

∣∣g(x)
∣∣t dα,βx

) 
t
]t(s–p)/(s–t)

. (.)

() Suppose that p, s, t ∈ R are different, such that  < s, t <  and (s – t)/(p – t) < , then
∫ b

a

∣∣f (x) + g(x)
∣∣p dα,βx

≥
[(∫ b

a

∣∣f (x)
∣∣s dα,βx

) 
s

+
(∫ b

a

∣∣g(x)
∣∣s dα,βx

) 
s
]s(p–t)/(s–t)

×
[(∫ b

a

∣∣f (x)
∣∣t dα,βx

) 
t

+
(∫ b

a

∣∣g(x)
∣∣t dα,βx

) 
t
]t(s–p)/(s–t)

. (.)

Proof () From the assumption, we have (s – t)/(p – t) > , and it is obvious that
∫ b

a

∣∣f (x) + g(x)
∣∣p dα,βx

=
∫ b

a

(∣∣f (x) + g(x)
∣∣s)(p–t)/(s–t)(∣∣f (x) + g(x)

∣∣t)(s–p)/(s–t) dα,βx.

From the Hölder inequality (see []) with indices (s – t)/(p – t) and (s – t)/(s – p), it follows
that

∫ b

a

∣∣f (x) + g(x)
∣∣p dα,βx

≤
(∫ b

a

∣∣f (x) + g(x)
∣∣s dα,βx

)(p–t)/(s–t)(∫ b

a

∣∣f (x) + g(x)
∣∣t dα,βx

)(s–p)/(s–t)

. (.)

On the other hand, from the Minkowski inequality (see []) for s >  and t > , respectively,
we obtain

(∫ b

a

∣∣f (x) + g(x)
∣∣s dα,βx

) 
s

≤
(∫ b

a

∣∣f (x)
∣∣s dα,βx

) 
s

+
(∫ b

a

∣∣g(x)
∣∣s dα,βx

) 
s

(.)

and
(∫ b

a

∣∣f (x) + g(x)
∣∣t dα,βx

) 
t

≤
(∫ b

a

∣∣f (x)
∣∣t dα,βx

) 
t

+
(∫ b

a

∣∣g(x)
∣∣t dα,βx

) 
t
. (.)

From (.), (.), and (.), the desired result is obtained.
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() Based on the assumption, we have (s – t)/(p – t) <  and in view of

∫ b

a

∣∣f (x) + g(x)
∣∣p dα,βx

=
∫ b

a

(∣∣f (x) + g(x)
∣∣s)(p–t)/(s–t)(∣∣f (x) + g(x)

∣∣t)(s–p)/(s–t) dα,βx,

by using inequality (.) with indices (s – t)/(p – t) and (s – t)/(s – p), we have

∫ b

a

∣∣f (x) + g(x)
∣∣p dα,βx

≥
(∫ b

a

∣∣f (x) + g(x)
∣∣s dα,βx

)(p–t)/(s–t)(∫ b

a

∣∣f (x) + g(x)
∣∣t dα,βx

)(s–p)/(s–t)

. (.)

On the other hand, thanks to the Minkowski inequality (.) for the cases of  < s <  and
 < t < ,

(∫ b

a

∣∣f (x) + g(x)
∣∣s dα,βx

) 
s

≥
(∫ b

a

∣∣f (x)
∣∣s dα,βx

) 
s

+
(∫ b

a

∣∣g(x)
∣∣s dα,βx

) 
s

(.)

and

(∫ b

a

∣∣f (x) + g(x)
∣∣t dα,βx

) 
t

≥
(∫ b

a

∣∣f (x)
∣∣t(dx)α

) 
t

+
(∫ b

a

∣∣g(x)
∣∣t dα,βx

) 
t
. (.)

It follows from (.), (.), and (.) that the desired result is obtained. �

Remark .
() For Theorem ., for p > , letting s = p + ε, t = p – ε, when p, s, t are different,

s, t > , and (s – t)/(p – t)/ > , and letting ε → , we obtain the result of [].
() For Theorem ., for  < p < , letting s = p + ε, t = p – ε, when p, s, t are different,

 < s, t < , and  < (s – t)/(p – t)/ < , and letting ε → , we obtain (.).

From the Minkowski inequality [] and the reverse Minkowski inequality involving
α,β-symmetric integral, we can deduce the following generalization.

Corollary . Let fj : R → R, j = , , . . . , m. If |fj| is α,β-symmetric integrable on [a, b],
then:

() For p > , we have

(∫ b

a

∣∣∣∣∣

m∑

j=

fj(x)

∣∣∣∣∣

p

dα,βx

)/p

≤
m∑

j=

(∫ b

a

∣∣fj(x)
∣∣p dα,βx

)/p

. (.)



Chen and Wei Journal of Inequalities and Applications  (2015) 2015:138 Page 9 of 18

() For  < p < , we have

(∫ b

a

∣∣∣∣∣

m∑

j=

fj(x)

∣∣∣∣∣

p

dα,βx

)/p

≥
m∑

j=

(∫ b

a

∣∣fj(x)
∣∣p dα,βx

)/p

. (.)

Corollary . is an analog of Corollary ..

Corollary . Let fj : R → R, j = , , . . . , m. If |fj| is α,β-symmetric integrable on [a, b],
then:

() For p > , we have

∫ b

a

( m∑

j=

∣∣fj(x)
∣∣
)p

dα,βx ≥
m∑

j=

∫ b

a

∣∣fj(x)
∣∣p dα,βx. (.)

() For  < p < , we have

∫ b

a

( m∑

j=

∣∣fj(x)
∣∣
)p

dα,βx ≤
m∑

j=

∫ b

a

∣∣fj(x)
∣∣p dα,βx. (.)

Proof () For p > , let s = p, r = , by the Jensen inequality [], it follows that

∣∣f(x)
∣∣ +

∣∣f(x)
∣∣ + · · · +

∣∣fm(x)
∣∣ ≥ (∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p)/p,

from the above inequality, we obtain

(∣∣f(x)
∣∣ +

∣∣f(x)
∣∣ + · · · +

∣∣fm(x)
∣∣)p ≥ ∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p,

by integrating the above inequality with respect to x, we obtain the desired result.
() For  < p < , let s = , r = p, by the Jensen inequality [], we have

∣∣f(x)
∣∣ +

∣∣f(x)
∣∣ + · · · +

∣∣fm(x)
∣∣ ≤ (∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p)/p,

it follows from the above inequality that

(∣∣f(x)
∣∣ +

∣∣f(x)
∣∣ + · · · +

∣∣fm(x)
∣∣)p ≤ ∣∣f(x)

∣∣p +
∣∣f(x)

∣∣p + · · · +
∣∣fm(x)

∣∣p,

by integrating the above inequality with respect to x, the desired result is obtained. �

Theorem . (Dresher inequality) Let f , g : R → R and a, b ∈ R with a < b. If |f | and |g|
are α,β-symmetric integrable on [a, b],  < r <  < p, then

(∫ b
a |f (t) + g(t)|p dα,β t

∫ b
a |f (t) + g(t)|r dα,β t

)/(p–r)

≤
(∫ b

a |f (t)|p dα,β t
∫ b

a |f (t)|r dα,β t

)/(p–r)

+
(∫ b

a |g(t)|p dα,β t
∫ b

a |g(t)|r dα,β t

)/(p–r)

, (.)

with equality if and only if the functions |f | and |g| are proportional.
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Proof Based on the α,β-symmetric integral Hölder and Minkowski inequalities [], we
have

(∫ b

a

∣∣f (t) + g(t)
∣∣p dα,β t

)/(p–r)

≤
((∫ b

a

∣∣f (t)
∣∣p dα,β t

)/p

+
(∫ b

a

∣∣g(t)
∣∣p dα,β t

)/p)p/(p–r)

=
((∫ b

a |f (t)|p dα,β t
∫ b

a |f (t)|r dα,β t

)/p(∫ b

a

∣∣f (t)
∣∣r dα,β t

)/p

+
(∫ b

a |g(t)|p dα,βx
∫ b

a |g(t)|r dα,β t

)/p(∫ b

a

∣∣g(t)
∣∣r dα,β t

)/p)p/(p–r)

≤
((∫ b

a |f (t)|p dα,β t
∫ b

a |f (t)|r dα,β t

)/(p–r)

+
(∫ b

a |g(t)|p dα,β t
∫ b

a |g(t)|r dα,β t

)/(p–r))

×
((∫ b

a

∣∣f (t)
∣∣r dα,β t

)/r

+
(∫ b

a

∣∣g(t)
∣∣r dα,β t

)/r)r/(p–r)

. (.)

From Theorem ., we get

((∫ b

a

∣∣f (t)
∣∣r dα,β t

)/r

+
(∫ b

a

∣∣g(t)
∣∣r dα,β t

)/r)r

≤
∫ b

a

∣∣f (t) + g(t)
∣∣r dα,β t. (.)

From (.) and (.), we get (.). Hence, the theorem is completely proved. �

Corollary . Let fj : R → R,  < r <  < p, j = , , . . . , m. If |fj| is α,β-symmetric integrable
on [a, b], then

(∫ b
a |∑m

j= fj(t)|p dα,β t
∫ b

a |∑m
j= fj(t)|r dα,β t

)/(p–r)

≤
m∑

j=

(∫ b
a |fj(t)|p dα,β t

∫ b
a |fj(t)|r dα,β t

)/(p–r)

. (.)

Theorem . (Reverse Dresher inequality) Let f , g : R → R and a, b ∈ R with a < b. If |f |
and |g| are α,β-symmetric integrable on [a, b], p ≤  ≤ r ≤ , then

(∫ b
a |f (t) + g(t)|p dα,β t

∫ b
a |f (t) + g(t)|r dα,β t

)/(p–r)

≥
(∫ b

a |f (t)|p dα,β t
∫ b

a |f (t)|r dα,β t

)/(p–r)

+
(∫ b

a |g(t)|p dα,β t
∫ b

a |g(t)|r dα,β t

)/(p–r)

, (.)

with equality if and only if the functions |f | and |g| are proportional.

Proof Let α ≥ , α ≥ , β > , and β > , and – < λ < , using the following Radon
inequality (see []):

n∑

k=

ap
k

bp–
k

<
(
∑n

k= ak)p

(
∑n

k= bk)p– , xk ≥ , ak > ,  < p < ,
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we have

αλ+


βλ


+
αλ+



βλ


≤ (α + α)λ+

(β + β)λ
, (.)

with equality if and only if (α) and (β) are proportional. Let

α =
(∫ b

a
|f |p dα,β t

)/p

, β =
(∫ b

a
|f |r dα,β t

)/r

, (.)

α =
(∫ b

a
|g|p dα,β t

)/p

, β =
(∫ b

a
|g|r dα,β t

)/r

, (.)

and set λ = r
p–r . From (.)-(.), we have

αλ+


βλ


+
αλ+



βλ


=
(
∫ b

a |f |p dα,β t)(λ+)/p

(
∫ b

a |f |r dα,β t)λ/r
+

(
∫ b

a |g|p dα,β t)(λ+)/p

(
∫ b

a |g|r dα,β t)λ/r

=
(∫ b

a |f |p dα,β t
∫ b

a |f |r dα,β t

)/(p–r)

+
(∫ b

a |g|p dα,β t
∫ b

a |g|r dα,β t

)/(p–r)

≤ (α + α)λ+

(β + β)λ

=
[(
∫ b

a |f |p dα,β t)/p + (
∫ b

a |g|p dα,β t)/p]p/(p–r)

[(
∫ b

a |f |r dα,β t)/r + (
∫ b

a |g|r dα,β t)/r]r/(p–r)
. (.)

Since – < λ = r
p–r < , we may assume p <  < r, and by Theorem . and  < r ≤ , we

obtain, respectively,

[(∫ b

a
|f |p dα,β t

)/p

+
(∫ b

a
|g|p dα,β t

)/p]p

≥
∫ b

a
|f + g|p dα,β t, (.)

with equality if and only if f and g are proportional, and

[(∫ b

a
|f |r dα,β t

)/r

+
(∫ b

a
|g|r dα,β t

)/r]r

≤
∫ b

a
|f + g|r dα,β t, (.)

with equality if and only if |f | and |g| are proportional.
From the equality conditions for (.), (.), and (.), it follows that the sign of

equality in (.) holds if and only if |f | and |g| are proportional.
From (.)-(.), we obtain the reverse Dresher inequality and the theorem is com-

pletely proved. �

Corollary . Let fj : R → R, p ≤  ≤ r < , j = , , . . . , m. If |fj| is α,β-symmetric integrable
on [a, b], then

(∫ b
a |∑m

j= fj(t)|p dα,β t
∫ b

a |∑m
j= fj(t)|r dα,β t

)/(p–r)

≥
m∑

j=

(∫ b
a |fj(t)|p dα,β t

∫ b
a |fj(t)|r dα,β t

)/(p–r)

. (.)

4 Some further generalizations of the Hölder inequality
Theorem . Suppose that pk > , αkj ∈ R (j = , , . . . , m, k = , , . . . , s),

∑s
k


pk

= ,∑s
k= αkj = , fj : R → R. If |fj| is α,β-symmetric integrable on [a, b], then:
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() For pk > , we have

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≤
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+pkαkj dα,β t

)/pk

. (.)

() For  < ps < , pk <  (k = , , . . . , s – ), we have

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≥
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+pkαkj dα,β t

)/pk

. (.)

Proof () Let

gk(t) =

( m∏

j=

f
+pkαkj

j (t)

)/pk

. (.)

Applying the assumptions
∑s

k


pk
=  and

∑s
k= αkj = , it follows from a direct computation

that

s∏

k=

gk(t) = g(t)g(t) · · · gs(t)

=

( m∏

j=

f +pαj
j (t)

)/p( m∏

j=

f +pαj
j (t)

)/p

· · ·
( m∏

j=

f +psαsj
j (t)

)/ps

=
m∏

j=

f /p+αj
j (t)

m∏

j=

f /p+αj
j (t) · · ·

m∏

j=

f /ps+αsj
j (t)

=
m∏

j=

f /p+/p+···/ps+αj+αj+···+αsj
j (t) =

m∏

j=

fj(t).

That is,

s∏

k=

gk(t) =
m∏

j=

fj(t).

It is obvious that

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t =
∫ b

a

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t. (.)

From the Hölder inequality (.), it follows that

∫ b

a

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t ≤
s∏

k=

(∫ b

a

∣∣gk(t)
∣∣pk dα,β t

)/pk

. (.)

Substituting gk(t) in (.), we have inequality (.) immediately.
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() The proof of inequality (.) is similar to the proof of inequality (.); by (.), (.),
and (.), we obtain

∫ b

a

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t ≥
s∏

k=

(∫ b

a

∣∣gk(t)
∣∣pk dα,β t

)/pk

. (.)

Substitution of gk(t) in Eq. (.) gives inequality (.) immediately. �

Remark . Let s = m, αkj = –/pk for j �= k, and αkk =  – /pk . Then the inequalities (.)
and (.) are respectively reduced to (.) and (.).

Many existing inequalities concerned with the Hölder inequality are special cases of the
inequalities (.) and (.). For example, we have the following.

Corollary . Under the assumptions of Theorem ., assume that s = m, αkj = –t/pk for
j �= k, and αkk = t( – /pk) with t ∈ R, then:

() For pk > , one obtains

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≤
m∏

k=

(∫ b

a

( m∏

j=

∣∣fj(t)
∣∣
)–t(∣∣fk(t)

∣∣pk )t dα,β t

)/pk

. (.)

() For  < pm < , pk <  (k = , , . . . , m – ), one obtains

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≥
m∏

k=

(∫ b

a

( m∏

j=

∣∣fj(t)
∣∣
)–t(∣∣fk(t)

∣∣pk )t dα,β t

)/pk

. (.)

Theorem . Suppose that pk > , r ∈ R, αkj ∈ R (j = , , . . . , m, k = , , . . . , s),
∑s

k


pk
= r,∑s

k= αkj = , fj : R → R. If |fj| is α,β-symmetric integrable on [a, b], then:
() For rpk > , we have

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≤
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

. (.)

() For  < rps < , rpk <  (k = , , . . . , s – ), we have

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≥
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

. (.)

Proof () Since rpk >  and
∑s

k


pk
= r, it follows that

∑s
k


rpk

= . Then by (.), we imme-
diately find inequality (.).

() From  < rps < , rpk < , and
∑s

k


pk
= r, it follows that

∑s
k


rpk

= . By (.), we im-
mediately get inequality (.). This completes the proof. �

From Theorem ., we establish Corollary ., which is a generalization of Theorem ..

Corollary . Under the assumptions of Theorem ., assume that s = , p = p, p = q,
αj = –αj = αj, then:
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() For rp > , we get

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t

≤
(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpαj dα,β t

)/rp(∫ b

a

m∏

j=

∣∣fj(t)
∣∣–rqαj dα,β t

)/rq

. (.)

() For  < rp < , we get

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t

≥
(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpαj dα,β t

)/rp(∫ b

a

m∏

j=

∣∣fj(t)
∣∣–rqαj dα,β t

)/rq

. (.)

Now we present a refinement of inequalities (.) and (.), respectively.

Theorem . Under the assumptions of Theorem .:
() For rpk > , one has

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≤ ϕ(c) ≤
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

, (.)

where

ϕ(c) ≡
∫ c

a

m∏

j=

∣∣fj(t)
∣∣dα,β t +

s∏

k=

(∫ b

c

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

is a nonincreasing function with a ≤ c ≤ b.
() For  < rps < , rpk <  (k = , , . . . , s – ), one has

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t ≥ ϕ(c) ≥
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

, (.)

where

ϕ(c) ≡
∫ c

a

m∏

j=

∣∣fj(t)
∣∣dα,β t +

s∏

k=

(∫ b

c

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

is a nondecreasing function with a ≤ c ≤ b.

Proof () Let

gk(t) =

( m∏

j=

f
+rpkαkj

j (t)

)/rpk

.
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By rearrangement and the assumptions of Theorem ., it follows that

m∏

j=

fj(t) =
s∏

k=

gk(t).

Then thanks to the Hölder inequality (.), we have

∫ b

a

∣∣∣∣∣

m∏

j=

fj(t)

∣∣∣∣∣dα,β t =
∫ b

a

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t

=
∫ c

a

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t +
∫ b

c

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t

≤
∫ c

a

∣∣∣∣∣

s∏

k=

gk(t)

∣∣∣∣∣dα,β t +
s∏

k=

(∫ b

c

∣∣gk(t)
∣∣rpk dα,β t

)/rpk

≤
s∏

k=

(∫ c

a

∣∣gk(t)
∣∣rpk dα,β t +

∫ b

c

∣∣gk(t)
∣∣rpk dα,β t

)/rpk

=
s∏

k=

(∫ b

a

∣∣gk(t)
∣∣rpk dα,β t

)/rpk

=
s∏

k=

(∫ b

a

m∏

j=

∣∣fj(t)
∣∣+rpkαkj dα,β t

)/rpk

.

Therefore, we obtain the desired result.
() The proof of inequality (.) is similar to the proof of inequality (.). �

5 A subdividing of the Hölder inequality
Theorem . Let f , g : R → R and a, b ∈ R with a < b. Assume that |f | and |g| are α,β-
symmetric integrable on [a, b], and s, t ∈ R, and let p = (s – t)/ – t, p = (s – t)/(s – ).

() If s <  < t or s >  > t, then

∫ b

a

∣∣f (x)g(x)
∣∣dα,βx ≤

(∫ b

a

∣∣f (x)
∣∣sp dα,βx

)/p(∫ b

a

∣∣g(x)
∣∣tq dα,βx

)/q

×
(∫ b

a

∣∣f (x)
∣∣tp dα,βx

∫ b

a

∣∣g(x)
∣∣sq dα,βx

)/pq

(.)

with equality if and only if f (x) and g(x) are proportional.
() If s > t >  or s < t < ; t > s >  or t < s < , then

∫ b

a

∣∣f (x)g(x)
∣∣dα,βx ≥

(∫ b

a

∣∣f (x)
∣∣sp dα,βx

)/p(∫ b

a

∣∣g(x)
∣∣tq dα,βx

)/q

×
(∫ b

a

∣∣f (x)
∣∣tp dα,βx

∫ b

a

∣∣g(x)
∣∣sq dα,βx

)/pq

(.)

with equality if and only if f (x) and g(x) are proportional.
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Proof () Set p = s–t
–t , and it follows from s <  < t or s >  > t that

p =
s – t
 – t

> .

From inequality (.) with indices s–t
–t and s–t

s– , it follows that

∫ b

a

∣∣f (x)g(x)
∣∣dα,βx

=
∫ b

a

∣∣f (x)g(x)
∣∣s(–t)/(s–t)∣∣f (x)g(x)

∣∣t(s–)/(s–t) dα,βx

≤
(∫ b

a

∣∣f (x)g(x)
∣∣s dα,βx

)(–t)/(s–t)(∫ b

a

∣∣f (x)g(x)
∣∣t dα,βx

)(s–)/(s–t)

, (.)

with equality if and only if (fg)s and (fg)t are proportional.
On the other hand, by the Hölder inequality again, for p = s–t

–t > , the following two
inequalities are obtained:

∫ b

a

∣∣f (x)g(x)
∣∣s dα,βx

≤
(∫ b

a

∣∣f (x)
∣∣s(s–t)/(–t) dα,βx

)(–t)/(s–t)(∫ b

a

∣∣g(x)
∣∣s(s–t)/(s–) dα,βx

)(s–)/(s–t)

, (.)

with equality if and only if f s(s–t)/(–t) and gs(s–t)/(s–) are proportional, and

∫ b

a

∣∣f (x)g(x)
∣∣t dα,βx

≤
(∫ b

a

∣∣f (x)
∣∣t(s–t)/(–t) dα,βx

)(–t)/(s–t)(∫ b

a

∣∣g(x)
∣∣t(s–t)/(s–) dα,βx

)(s–)/(s–t)

, (.)

with equality if and only if f t(s–t)/(–t) and gt(s–t)/(s–) are proportional.
It follows from (.), (.), and (.) that the case () of Theorem . is proved.
() Let p = s–t

–t , and in view of s > t >  or s < t < , we have

p =
s – t
 – t

< ,

and t > s >  or t < s < , we have  < s–t
–t < , by inequality (.) with indices s–t

–t and s–t
s– , we

have

∫ b

a

∣∣f (x)g(x)
∣∣dα,βx

=
∫ b

a

∣∣f (x)g(x)
∣∣s(–t)/(s–t)∣∣f (x)g(x)

∣∣t(s–)/(s–t) dα,βx

≥
(∫ b

a

∣∣f (x)g(x)
∣∣s dα,βx

)(–t)/(s–t)(∫ b

a

∣∣f (x)g(x)
∣∣t dα,βx

)(s–)/(s–t)

, (.)

with equality if and only if (fg)s and (fg)t are proportional.
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On the other hand, from the reverse Hölder inequality again for  < p = s–t
–t <  or p =

s–t
–t < , we obtain the following two inequalities:

∫ b

a

∣∣f (x)g(x)
∣∣s dα,βx

≥
(∫ b

a

∣∣f (x)
∣∣s(s–t)/(–t) dα,βx

)(–t)/(s–t)(∫ b

a

∣∣g(x)
∣∣s(s–t)/(s–) dα,βx

)(s–)/(s–t)

, (.)

with equality if and only if f s(s–t)/(–t) and gs(s–t)/(s–) are proportional, and

∫ b

a

∣∣f (x)g(x)
∣∣t dα,βx

≥
(∫ b

a

∣∣f (x)
∣∣t(s–t)/(–t) dα,βx

)(–t)/(s–t)(∫ b

a

∣∣g(x)
∣∣t(s–t)/(s–) dα,βx

)(s–)/(s–t)

, (.)

with equality if and only if f t(s–t)/(–t) and gt(s–t)/(s–) are proportional.
From (.), (.), and (.), the proof of the case () of Theorem . is completed. �
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