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1 Introduction and preliminaries

Let E be a real Banach space with the norm || - || and E* be its dual. Let C be a nonempty
subset of E and T : C — C be a mapping. We denote by F(T) = {x € C : x = Tx} the set of
fixed points of T. We symbolize weak convergence and strong convergence of a sequence
{x,} in E as x, — x and x, — x, respectively. Let f : C x C — R (the set of reals) be a
bifunction and A : C — E* be a nonlinear mapping. A generalized equilibrium problem is
to find the set

GEP(f) = {xe C:f(x,y)+ (Ax,y—x) >0 forally € C}, (1.1)

where (-, ) stands for the duality product.
Note that:
(i) if A =0, then problem (1.1) reduces to the following equilibrium problem EP(f):

find x € C such that f(x,y) > 0 for all y € C;

(ii) if f =0, then problem (1.1) reduces to the classical variational inequality problem
VI(C,A):

find x € C such that (Ax,y —x) > 0 forally € C.
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The equilibrium problem provides a unified approach to finding a solution of a large
number of problems arising in physics, optimization, economics and fixed point prob-
lems [1]. Moreover, the generalized equilibrium problem addresses monotone inclusion
problems, variational inequality problems, minimization problems and vector equilibrium
problem [2-4]. Since an algorithmic construction plays a key role in solving nonlinear
equations in various fields of investigation, numerous implicit and explicit algorithms have
been developed for the approximate solution of nonlinear equations as well as for the ap-
proximation of fixed points of various mappings [5-7].

Recall that a Banach space E is said to be:

(i) strictly convex if for allx,y € Sg:={z € E: ||z|| =1} with x # y, we have ||x + y|| < 2;

(ii) uniformly convex if for any € € (0,2], there exists § > 0 such that

+
xyeSe lx-ylze = H’%Hsl—a.

A Banach space E is said to have the Kadec-Klee property if for any sequence {x,} in E with
%y — %o € E and lim,,_,  ||%4]| = [|%0||, we have x,, — x¢. Note that every uniformly convex
Banach space E is strictly convex and enjoys the Kadec-Klee property but the converse is
not true.

Furthermore, define /1: Sg x S x R\ {0} - R by

_ e+ 2yl — x|

h(x,y,t) ;

for x,y € Sg and ¢ € R \ {0}. The norm of E is said to be Gdteaux differentiable if
lim;_, ¢ K(x, y, £) exists for each x,y € Sg and in this case E is smooth.
The normalized duality mapping J : E — E* is defined by

Jx = {x* eE*:|lx|? = <x,x*> = Hx* ||2} (x € E).

It is remarked that the set-valued mapping J is nonempty, closed and convex in a real
Banach space whereas J is single-valued in a reflexive, strictly convex and smooth Banach
space. Furthermore, /™! : E* — E, the inverse of the normalized duality mapping /, is also
a duality mapping in a uniformly convex and smooth Banach space. Both J and /! are
uniformly norm-to-norm continuous on each bounded subset of E and E*, respectively. If
E is reflexive and strictly convex, then J -1 is norm-to-weak continuous. For more details,
see [8,9].

The Lyapunov functional ¢ : E x E — R is defined by

@x,y) = llx]|* = 2(x, Jy) + |ylI* forallx,y € E

It is obvious from the definition of ¢ that ¢(x,y) > 0 for all x,y € E. In a real Hilbert
space, ¢(x,7) = |x — || for all %,y € E. For details, see [5, 10].

Let E be a reflexive, strictly convex and smooth Banach space, and let C be a nonempty,
closed and convex subset of E. Then, for arbitrarily fixed x € E, there exists a unique point
¥x € C such that ¢(x, yx) = min,ec ¢(x, ). Following the notation of [5], we let TTc(x) = yx
and call I a generalized projection onto C. Note that the generalized projection operator
coincides with the metric projection in a Hilbert space.


http://www.fixedpointtheoryandapplications.com/content/2014/1/59

Khan et al. Fixed Point Theory and Applications 2014, 2014:59 Page3of 16
http://www.fixedpointtheoryandapplications.com/content/2014/1/59

A point x € C is said to be an asymptotic fixed point [11] of T : C — C if there exists a
sequence {x,} C C such that x, — x and lim,_, « ||x, — T, | = 0. The set of all asymptotic
fixed points of T is denoted by E(T).

Recall that a mapping 7': C — Ciis:

(i) nonexpansive if | Tx — Ty|| < ||lx — y| for all x,y € C;

(ii) relatively nonexpansive ifj-:(T) =F(T) #@ and ¢(p, Tx) < ¢(p,x) for all p € F(T)
and x € C;

(i) quasi-@-nonexpansive if F(T) # ¥ and ¢(p, Tx) < ¢(p,x) for all p € F(T) and x € C;

(iv) quasi-@-asymptotically nonexpansive if there exists a real sequence {k,} with
k, > 1; k, "= 1 and F(T) # # such that ¢ (p, T"x) < k,¢(p,x) for all n > 1, p € F(T)
and x € C;

(v) total quasi-p-asymptotically nonexpansive if there exist nonnegative real sequences
{k,} and {n,} with k, "0, M "22°0 and F(T) # ) such that

9(p, T"x) < 9(p,%) + ku& (9(p,%)) + 0, foralln>1,peF(T)andx € C,

where £ : R* — R* is a strictly increasing continuous function with £(0) = 0.
It is worth mentioning that the class of total quasi-¢-asymptotically nonexpansive map-
pings properly contains the mappings defined in (i)-(iv), but the converse is not true.
A mapping T : C — C is said to be uniformly L-Lipschitzian if

|T"%~T"y| <Lllx -yl forsomeL>0andx,yeC.

Recently, numerous attempts have been made to guarantee strong convergence through
explicit and implicit algorithms for finding a common solution of the set of fixed points
of (relatively nonexpansive, quasi-¢-nonexpansive, quasi-¢-asymptotically nonexpansive,
total quasi-¢-asymptotically nonexpansive) mappings and the set of solutions of equilib-
rium problems; see [12—-21] and the references cited therein.

In 2008, Takahashi and Zembayashi [21] introduced an explicit algorithm based on the
shrinking projection method for finding a common solution of the set of fixed points of
a relatively nonexpansive mapping 7 and the set of solutions of an equilibrium problem.
Their algorithm reads as follows:

xo=x¢€ C=0C,

Y =T anfxn + (1= )] Txy),

u, € C such that f(u,,y) + % (y = thyy Juty = Jy,) >0 forally e C, (12)
Cun ={z € Cy: 0z, un) < ¢(z,%0)},

Xn+l = HlexO: n>0,

where J is the duality mapping on E and Il¢ is the generalized projection from E onto C.
They proved that the sequence {x,} generated by (1.2) converges strongly to ITr(7)nep)%o
under some appropriate conditions.

In 2010, Chang et al. [12] proved a strong convergence theorem for finding a common
element of the set of solutions for generalized equilibrium problem (1.1) and the set of

common fixed points for a pair of relatively nonexpansive mappings in Banach spaces.
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Their algorithm reads as follows:

% € C chosen arbitrarily,

2zp =] N @ufxn + (1= )] Txy),

Y =T (BuJxn + (1= B)]S20),

uy, € C such that f (i, y) + (Au,, y — u,) + % (y— by, Jutyy — Jyu) = 0 13)
forally e C,

Hy, ={z € C:9(z,un) < Bup(2,%1) + (1 = Bn)@(2,24) < 9(2,%4)},

Wy ={z € C: (%, —2,Jxo — Jxn) = 0},

Xns1 = Hp,nw,%0, n>0,

where /, T, S and I¢ are as in (1.2). The authors showed that the sequence {x,} generated
by (1.3) converges strongly to I1r(s)nr(r)ncep()X¥o under some appropriate conditions.

In 2009, Wattanawitton and Kumam [22] approximated a common solution for a pair
of relatively quasi-nonexpansive mappings and an equilibrium problem. Recently, Qin
et al. [18] established strong convergence results for a pair of asymptotically quasi-¢-
nonexpansive mappings in a Banach space. It is worth mentioning that the hybrid algo-
rithms proposed in [12, 18, 22] are computationally complex. Therefore, it is natural to
have improved and computationally simpler counterparts.

Quite recently, Zuo et al. [16] proposed a hybrid algorithm for total quasi-¢-asymp-
totically nonexpansive mappings and established strong convergence results in a Banach
space. Moreover, they characterized such strong convergence results by using the notion
of Mosco convergence; see also [23]. Inspired and motivated by the work of Takahashi
and Zembayashi [21], Chang et al. [12] and Zuo et al. [16], we aim to introduce and an-
alyze a general algorithm based on the shrinking projection method for finding a com-
mon element of the set of common solutions of a finite family of generalized equilibrium
problems and the set of common fixed points of two countable families of total quasi-¢-
asymptotically nonexpansive mappings. We also characterize the set of common solutions
for families of total quasi-¢-asymptotically nonexpansive mappings and equilibrium prob-
lems in terms of Mosco convergence.

We now introduce the notion of Mosco convergence.

Let {C,} be a sequence of nonempty closed convex subsets of a reflexive Banach space E.
We denote the set of all strong limit points of {C,} by s — Li,C,, that is, x € s — Li,,C,, if
and only if there exists {x,} C E such that {x,} converges strongly to x and that x, € C,
for all n. Similarly, we define the set of all weak subsequential limit points by w — Ls,,C,,;
y € w—Ls,C, if and only if there exist a subsequence {C,,} of {C,,} and a sequence {y;} C E
such that {y;} converges weakly to y and y; € C,, for all i. If Cy satisfies Cy = s — Li,,C, =
w — Ls,C,, then we say that {C,} converges to C, in the sense of Mosco and we write
Co = M-lim, C,.. By definition, it always holds that s — Li,C, C w — Ls,,C,. Therefore, to
prove Cy = M-lim, C,, it suffices to show that w — Ls,C,, C Cy C s — Li,C,. One of the
simplest examples of Mosco convergence is a decreasing sequence {C,} with respect to
inclusion. The Mosco limit of such a sequence is [ -, C,.. For more details, we refer to
[23, 24].

For a relation between a sequence of closed convex sets and the corresponding general-
ized projections, we state the following lemma which plays a key role in our main result.


http://www.fixedpointtheoryandapplications.com/content/2014/1/59

Khan et al. Fixed Point Theory and Applications 2014, 2014:59 Page 5 of 16
http://www.fixedpointtheoryandapplications.com/content/2014/1/59

Lemma 1.1 ([23], Theorem 2.2) Let E be a smooth, reflexive and strictly convex Banach
space having the Kadec-Klee property. Let {C,} be a sequence of nonempty closed subset
of E. If Cy = M-lim,, C, exists and is nonempty, then {I1c,x} converges strongly to Il¢c,x for
eachx € C.

The following two results can be found as Remark 7.3 in [5].

Lemma 1.2 Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E, let xo € E and let x € C. Then lcxy = x if and only if

{(x=y,Jxo—Jx) >0 forallyeC.

Lemma 1.3 Let E be a reflexive, strictly convex and smooth Banach space, let C be a

nonempty closed convex subset of E and let x € E. Then

0¥, Mex) + o(TMex,x) < (y,x) forallyeC.

The following well-known results are also needed in the sequel for the development of

our main result.

Lemma 1.4 ([25], Proposition 2) Let E be a uniformly convex and smooth Banach space
and let {x,}, {y,} be two sequences of E. If p(x,,, y,) — 0 and either {x,} or {y,} is bounded,
then x, — y, — 0.

Lemma 1.5 ([6], Lemma 1.4) Let E be a uniformly convex Banach space and let B,[0]
be a closed ball in E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

loex + By + yzl* < allxll® + Blyl* + v |zl —Olﬁg(Hx—yH)
forallx,y € B,[0] and o, B,y € [0,1]] witha + B +y =1.

For solving the equilibrium problem, let us assume that the bifunction f satisfies the
following conditions (cf. [2, 26]):

(Al) f(x,x)=0forallx € C;

(A2) f is monotone, i.e., f(x,y) +f(y,x) <0 for all x,y € C;

(A3) limsup, of(tz + (1~ t)x,y) <f(x,y) forallx,y,z € C;

(A4) f(x,-)is convex and lower semicontinuous for all x € C.

The following result is stated as Lemma 2.7 in [21] (see also [2]).

Lemma 1.6 Let C be a closed convex subset of a smooth, strictly convex and reflexive Ba-

nach space E, let f : C x C — R be a bifunction satisfying (A1)-(A4), let r > 0 and x € E.
Then there exists z € C such that

Sy + %()’—Z;]Z—]x) >0 forallyeC.
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Lemma 1.7 ([21], Lemma 2.8) Let C be a closed convex subset of a uniformly smooth,
strictly convex and reflexive Banach space E. Let f : C x C — R be a bifunction satisfy-
ing (A1)-(A4). For r > 0 and x € E, define a mapping V, : E — C by

Vi(x) = {zeC:f(z,y)+ %(y—z,]z—]x) >0forallye C}

forall x € C. Then the following hold:
(1) EP(f) is closed and convex;
(2) V; is single-valued;
(3) Vi, is firmly nonexpansive-type mapping, i.e.,

(Vix =V, JVix = JVoy) < (Ve = Vo, Jx = Jy)  forallx,y € E,
(4) F(V;) = EP(f).

2 Main results

Let C be a nonempty closed convex subset of a strictly convex, reflexive and smooth Ba-
nach space E having the Kadec-Klee property. Let 7}, S; : C — C be two countable fam-
ilies of uniformly L-Lipschitzian and uniformly total quasi-¢-asymptotically nonexpan-
sive mappings with sequences {k!}, {nf} and {kg}, {nﬁ}, respectively. Let f, : C x C — R,
n=1,2,3,...,N, be a finite family of bifunctions such that f, = f,(mod N) (here the mod N
function takes values in {1,2,3,...,N}).

Algorithm
X0 € C() = C,
yn,i = ]_1(an,i]xn + ;Bn,i]TL'nxn + yn,i]S;lxn);
St 9) + (Athnny = ) + - (¥ = s Jbni = Jyni) = 0 forally e C, (2.1)

Cu1={z€ Cy:sup;s; @z, i) < @(z,%4) + O},
Xn+l = HlexO: n>0,

where Oy + ,Bn,i t Vi = 1and @)n = (1 - an,i){kn SUPy,er %-((p(u’xn)) + nn}-

Theorem 2.1 Let C be a nonempty closed convex subset of a strictly convex, reflexive and
smooth Banach space E having the Kadec-Klee property and let T;,S;: C — C be two
countable families of uniformly L-Lipschitzian and uniformly total quasi--asymptotically
nonexpansive mappings with sequences {k,} and {n,}, where 0 < L := max{L[, LS} for each
i > 1, (k) = max,er ((kT), (K1) and () = maxer ({n7), (nS)}). Let fi: € x C = R, m =
1,2,3,...,N, be a finite family of bifunctions satisfying (Al)-(A4) such that f, = f,(mod N).
Let a < ayj, Bui» Vi < b for some a,b € (0,1) and {r,} C (0, 00) satisfying:

(C1) liminf,_, 1, > 0.

Assume that F := [[5 F(T)1 N[N F(SHIN [ﬂlyyzl GEP(f,,)] # 0. Then the sequence {x,}
generated by (2.1) converges strongly to x = I pxg, where IlF is the generalized projection of
EontoF.

Proof Foreachn=1,2,3,...,N, define G, : C x C — R by G,(x,5) =f,(x,9) + (A%, y — x).
Then G, coincides with the classical equilibrium problem and satisfies (A1)-(A4). Now,
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we show that algorithm (2.1) is well defined. By Lemma 1.7(1) we have that F is closed
and convex. Next we show that C,,; is closed and convex. Clearly, Cy = C is closed and
convex. Suppose that Cy is closed and convex for k € N (set of naturals). For each z € Cy,
we observe that

Cre1 = {z € Cr :sup o(z, ug,;) < ¢(z,x¢) + ®k}

i>1

= ﬂ{z € Cr:9(z,up;) < o(z,x1) + ®k}

i>1

= ({z € Ce: 2z, ok = Juas) + Nueil> = e ]l” = Ok < 0} N Cie

i>1

This implies that Cy,; is closed and convex. This implies, inductively, that C,,; is closed
and convex for all # > 0. Now we prove that F C C,,; for each n > 0. Obviously, F C Cy =
C. Suppose that F C C; for some k € N. It follows from Lemma 1.6 that u;; = V,, yx,; and
V,, is relatively nonexpansive. Hence, for any p € F, we have

o, uki) = 0B Vi i) < 9 Yii)

= @ (o, (owilx + B T %k + viiJ S} %))

= IplI* - 2(p, cwiJxic + B T %k + Vi i)
+ Jawin + B Tl xi + vidSiai |

< IpI* = 20ki(p, k) — 2Brilp, JT1 %) — 2vii{p, IS} k)
wotgllwil” + Bl i + yia|Sione |

= aki(Ilpl* = 2(p Jax) + llxel®)
+ Bea(IP1 = 20p, T ) + || T )
+ vk (Ip1” = 2p.IS7 ) + | 7|

= a0 (ps X) + Bri (o, Tixx) + i ( Sixk)

< arip(p k) + Brif o0, %) + ki (0(p ) + mi}
+ Vi o0 %0) + ki€ (@ (1)) + nic}

That is,

0P uki) < e(p,xi) + (1 — ) { ki (@ (1)) + i} = 0(ps %) + O, (2.2)

where Oy := (1 — otge;){kx sup,cp & (0(u, %)) + ni}. This shows that p € Ci,y; consequently,
F C Ciy41. By induction, we also get that F C C,41 for all n > 0 with ©,, := (1 — a,;) X
{ky sup,.r & (@(u,x,)) + n,,}. Since F # ¥ and C,,; is a nonempty closed convex subset of E,
hence both I,,,x and {x,} are well defined.

Note that ¢(x,,x*) is nondecreasing. In fact, from the definition of C,,;, we conclude
that x,, = T1¢, %0 and x,,,; = [, ;%0 € Cyy1 C Cy; hence

(p(xnyx*) < (/)(xn+1yx*)'
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Moreover, from Lemma 1.3 we get that

@ (%0, x%) = o(T ¢, %0,%) < @(p,x") — @(p, ¢, %0) < ¢ (p,x¥)

foreachp € F.
So ¢(x,,x*) is nondecreasing and bounded. This implies that lim,,_, o ¢(x,, x*) exists.

Let m € Z* (a set of positive integers). Then Lemma 1.3 implies

(p(xn+mrxn) = (p(xn+mx HCnxO) =< q)(xn+m’x*) - w(HC,,xny*)
= @ (%nems &) = @ (%0, 5%).
Letting n — 00, we have ¢(%y1,%,) — 0. By Lemma 1.4, we have

%00 — 2]l "= 0. (2.3)

Hence {x,} is Cauchy. Since C is a closed subset of the Banach space E, we can assume

that there exists a point x € C such that
X, —> X asu—> 00. (2.4)

Note that {C,} is a decreasing sequence of closed convex subsets of E with Cy = ﬂf;’l C,

is nonempty. That is,

oo
M-imC, = Co =[] Cy #0.

n=1

Hence Lemma 1.1 asserts that {I1¢,xo} converges to IT¢,xo.

In what follows, we show that:

Step 1. x € [(:2 F(T)1 N [N F(S)I;

Step 2. x € [, EP(G,)];

Step 3. x = ITgxo.

Proof of Step 1. As x,,11 € Cy41, 80 SUP;5q (K41, Up,i) < @(Xni1,%4) + O It follows from
(2.3) and the fact that ©, "Z0, we get limy,—, oo @(Xp41, Up,;) = O for all i > 1. Again by
Lemma 1.4, we have

lim ||x41 — ] =0, i>1. (2.5)
n—00

Observe that the following implication of the triangle inequality
”xn - un,i” = ”xn —Xn+l ” + ||xn+l - un,i”

yields that

lim ||x, — u,,]| = 0. (2.6)
n— 00

Page 8 of 16
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As J is uniformly norm-to-norm continuous on bounded sets, so we have
fim [ty — Jiti | = 0. (2.7)
n— 00

Moreover, it follows from (2.4) and (2.6) that
lim ||u,; —x||=0 foralli>1. (2.8)
n—00

From (2.2), we know that ¢(p,y,:) < ¢(p,x,) + ©, for all i > 1 and for all p € F. So, by
Lemma 1.3, we have

O(nisYni) = ¢ Vo,V Yni) < @@, Yni) = 0@, Vi, ni)
< o,xn) + Oy =0, Vi, ¥ni)
= @B, xn) = (P, tni) + Oy
= [loull® = Nstnill® = 2(p, Jn = it} + ©,,
< 1%n = sl (1% [l + Nt ill) = 25 Jn = Jttn) + Oy

Letting #n — oo in the above estimate and using (2.7), we have lim,,_, oo @ (4,5, ¥4,;) = 0 for
all i > 1; consequently, Lemma 1.4 asserts that

lim ||u,; -y, =0, i>1. (2.9)
n—0o0
From (2.6) and (2.9), we have
lim [, = yull =0, i>1.
n— o0
Hence, we conclude that
Vi "Zx foralli>1. (2.10)

On the other hand, from Lemma 1.5, we have

B, uni) = @B Vi, i) < 0> Yni)
= (P, ] (ot iftn + Buid T)%n + Vi S %))
= pII* = 2(p, 0t in + Buid T{%n + YniJS}%n)
+ | in + Bud TV + S|
< \pI* = 20,1, J6n) = 2B il P T T1 %) = 2Vilp, IS} %)
il + B | T | + v | S0 | = tniBnig (o =TTV )
= @i 9 (P %n) + i (P, T7'%n) + Vnisp (0> S7%n)
— i Buig (| Jn =TT} %0 )
< @i (p,%) + (1= 0, )0 (0, %) + (1= ) Oy = i@ (| o6 = T T7 %))
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Since a < a,, By, re-arranging the terms of the above estimate and simplifying, we get
ﬂzg(”]xn _]T,‘nxn ”) < ¢(p;xn) - (P(pr Mn,i) + (1 - an,i)®n'

Reasoning as above and then utilizing (2.6), we get that
i gy~ ) =0, i1

Note that g is a continuous function and g(0) = 0, so we have

lim ||Jx, —JT"%,| =0, i>1 (2.11)
n— 00

In view of estimate (2.4), we conclude that Jx, — Jx. Hence, from (2.11) we obtain

n— 00

JT'%, "=, i> L (2.12)
Since /7! is uniformly norm-to-norm continuous, (2.11) implies that

lim ||x, - T/'%,] =0, i>1 (2.13)

n—00

Observe that
N T = || < || T7 %0 = | + 120 — .
So, we conclude from (2.4) and (2.13) that
lim | 7/%, - x| =0, i>1
n— o0
Since each T; is uniformly L-Lipschitzian, we have
|| Tl’nﬂxn - Tlnxn || = || Tl'nJrlxn - TirHIan || + || T;Hlxnd — Xn+l H

+ ||xn+1 _xn” + Hx” - Ti"x,, H

<L+ Dllxr —xall + “ Tin+1xn+1 — Xn+l ” + ”xn - Tinxn ”
Hence, from (2.3) and (2.13), we obtain that
lim | 77", - T'x,| =0, i>1
n—0oQ

Moreover, it yields that lim,_ o || Ti’”lxn — x|l = 0, i > 1; consequently, we have
TA(T!'x,) "2 x,i>1. So we infer that x € Mo E(T7).

Reasoning as above, one can also show that x € (5, F(S;).

Proof of Step 2. We first show that x € EP(G;), where G; = G,,/. for some j > 1. In view of
estimate (2.9) and (C1), i.e., liminf,_, o, 7, > 0, we observe that

lim ”]un/,i _]yn/',i|| _ O

Jj—00 rn/,

’
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From u,,; = V,njyn/.,i, forall > 0 and i > 1, we have

1
G1(unyi0) + 0 =ty Sty = Ty i) 2 0 forally e C.

j
Using (A2), the above estimate yields that

r%j(y = Upir J g = Jyni) = =G, 9) = Gi(y, uy,i)  forally € C.

From u,,; — x and (A4), we obtain G;(y,x) <0 for all y € C. Let y; = ty + (1 — t)x, for
0<t<1landyeC. Then y; € C and hence G;(y;,x) < 0. From (Al) and (A4), we have
0=Gi(yy:) <tGi(yr,y) + A — £)Gi1 (¥, %) < tG1(y1,9). Thus, Gi(y;,y) > 0. From (A3), we
have G;(x,y) > 0 for all y € C. Hence x € EP(G;). In a similar fashion, we have some k > 1
such that G, = G, and x € EP(G). Therefore, x € ﬂi\[zl EP(G,) and hence x € F.

Proof of Step 3. Lemma 1.1 asserts that the sequence {x,,} = {TI¢,x} converges to I, x.
Let p = [1¢y% € F and F is a nonempty closed convex subset of Cy = ﬂﬁl C,.. Therefore
p = Hgxg. It suffices to show that x = p. For this, we reason as follows:

Since x,, = I1¢,xo and p € F C C,,, we have

‘P(xmxo) = <P(P, X0).

Since the norm is weakly lower semicontinuous, we have

9% %0) = [l]1> = 2(x, Jwo) + llxo 1>
= Himinf(lsn [1* = 2@ Jo) + %]l
< liminf g (x,,,xo)
k— 00

< limsup ¢(xy,;,, %0) < ¢(p,x0)-
k—o00
From the definition of I1r, we have x = p. Hence limy_, o ¢ (%, %0) = ¢(p,%0). Therefore,

we have

0 = lim (@(%u,%0) — ¢(x, %))

k—00

: 2 2
=klgrolo(||xnkll — [lxlI* + 2{, — 2, Jx0))

= lim (||x,, % = [12]%).
k_wo(ll w I = l1%1%)

Since E has the Kadec-Klee property, we have that limy_, oo %, = = ITpxo.

The arbitrariness of {x,, } implies that {x,} converges strongly to x = I1rxo. O
Remark 2.2 If {T;}¥, and {S;}¥, are finite families in Theorem 2.1, then its conclusion
can be strengthened as follows:

The sequence {x,} generated by (2.1) converges strongly to some x € F if and only if
lim,,, o d(x,, F) = 0, where x = [1rx and d(q, F) = inf{d(q,y) : y € F}.

Page 11 of 16
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Proof The necessity is obvious. Conversely, suppose that lim,_, . d(x,,F) = 0. Since
@(x,,,x*) is bounded and lim,,_, o, ¢ (x,,, ™) exists (established above). Moreover, Lemma 1.3
and the following estimate

O %n) = ©Xnems T, %) < (p(xm;x*) - @(chx,x*)

= (p(xn+m:x*) - (/)(xn:x*)

imply @ (®ym,%4) — 0 when m, n — oo. Hence, Lemma 1.4 asserts that ||%.,, — x| — O.
Thus, {x,} is a Cauchy sequence. Therefore, there exists a point x € C such that x, — x as
n — 0o. Thus,

d(x,F) = lim d(x,,F)=0.

Since F is closed, this implies x € F. Now, as in the proof of Step 3 in Theorem 2.1, we
have x = ITrxy. O

To proceed further, we need the following concept.

Let f be a nondecreasing self-mapping on [0, c0) with f(0) = 0 and f(¢) > 0 for all £ €
(0,00). Let {T;:i €I} and {S; : i € I} be two finite families of total quasi-¢-asymptotically
nonexpansive mappings on C with F # . Then the two families are said to satisfy condi-
tion (I) on C if

lx — Tx|| zf(d(x,F)) or |lx—Sx| Zf(d(x, F)) forallx € C.

As an application of Theorem 2.1 to the case of finite families of mappings {7;}%, and
{S;}}¥,, we obtain the following new strong convergence result.

Theorem 2.3 Let C be a nonempty closed convex subset of a strictly convex, reflexive and
smooth Banach space E having the Kadec-Klee property and let T;,S; : C — C be two fi-
nite families of uniformly L-Lipschitzian and uniformly total quasi-p-asymptotically non-
expansive mappings with sequences {k,} and {n,}, where 0 < L := max{LiT,Lf} for each
i>1, {k,} == max,>1 {{kL ), {k5}} and {n,} := max,=1{{nL}, {(n3}). Let f, :Cx C > R, n =
1,2,3,...,N, be a finite family of bifunctions satisfying (Al)-(A4) such that f, = f,(mod N).
Let a < ayj, Bui» Yni < b for some a,b € (0,1) and {r,} C (0, 00) satisfying

(C1) liminf,_, 1, > 0.

Assume that T; and S; satisfy condition (1) and F # (. Then the sequence {x,} generated
by (2.1) converges strongly to some x € F, where x = Tlgxy.

Proof 1t follows from Theorem 2.1 that

lim ”x,, - T, ” =0= lim ”x,, - S'x, ||

n—00 n—00

Since {1} :i € I} and {S! : i € I} satisfy condition (I), so we have either

lim f(d(un;, F)) < lim [, T7a ] =0,

n—00
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or
lim f(d(x,, F)) < lim |, - S'x,| = 0.

This implies that limy,_,  f(d(u,,;, F)) = 0. Since f is nondecreasing and f(0) = 0, we have
lim,,_, o d(u,,;, F) = 0. The rest of the proof follows from Remark 2.2 and is, therefore, omit-
ted. O

As another application of Theorem 2.1, we establish a result for finding a common ele-
ment in the set of solutions of a finite family of generalized equilibrium problems and the
set of common zeros of two finite families of maximal monotone operators on a Banach
space.

First we recall some preliminary concepts as follows.

A multi-valued operator T : E — E* is said to be monotone if for any x,y € E and x*,y* €
E* with x* € Tx and y* € Ty it holds that

(x* =yt x—y)=0.

A point u € E satisfying 0 € Tu is called a zero of T and the set of all such points is denoted
by T710. T is said to be maximal monotone if 7 has no monotone extension. Equivalently,
T is maximal monotone if the graph of T, i.e., G(T) = {(x,y) : y € Tx}, is not properly con-
tained in the graph of any other monotone operator (c¢f. [27], p.264).

Let E be a strictly convex, reflexive and smooth Banach space and let T: E — E* be a
maximal monotone operator. For a positive real number r, we can define a single-valued
mapping J, : E — D(T) by J,(x) = (] + rT)"Yx for each x € E. This mapping is called resol-
vent of T for r > 0. It is known that if T’ is maximal monotone, then 7710 = F(J,) for each
r> 0. Moreover, 710 is a closed convex subset of E. For each r > 0, we can define Yosida
approximation of T by Y,x = %(]x —JJx) for all x € E. We know that Y,x € T(J,x); for more
details, see [9].

Theorem 2.4 Let C be a nonempty closed convex subset of a strictly convex, reflexive and
smooth Banach space E having the Kadec-Klee property. Let T;,S; : E — E*,i=1,2,3,...,N,
be two finite families of maximal monotone operators and let ]rTl‘ and ]5 . be the correspond-
ing finite families of resolvents of T; and S;, respectively, where r > 0. Let f, : C x C — R,
n=12,3,...,N, be a finite family of bifunctions satisfying (A1)-(A4). Let {a;}, {Bni} and
{Yni} be three sequences in [0,1] such that o, ; + By + Vui =1 and {r,} C (0, 00) satisfying

(C1) liminf,_, 1, > 0.

Assume that F = [\X, T/ 0 [N, SN [N, GEP(f,)] # 8. Then the sequence {x,)

generated by
X0 € Co = C,
yn,i = ]71 (an,z’]xn + ,Bn,i]]rTni,'xn + yn,i]]riilixn):
St 9) + (Anthnn ) = thn) + 3V = s Jbi = Jyni) = 0 forally e C, (2.14)

Cin={zeCy: Sup;~1 ¢(Z, un,i) < ‘p(z»xn) +0,},

Xntl = HC,,Hle: n>0,

converges strongly to Ilrxg, where I1f is the generalized projection of E onto F and ©,, :=
1- an,i){kn Supung((p(u) Xn)) + Nn}.
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Proof The first part of this proof - ],Z . (resp. ];g,f’,.) are relatively nonexpansive mappings
for each i > 1 - is essentially due to Matsushita and Takahashi (¢f [27, p.265]) which
we include for completeness. Note that f(],i‘;i) C T;7'0 for each i =1,2,3,...,N. Let p €
f(],Tnfi). Then there exists {z,,} C E such that z, — p and lim, . ||z, — ],Tr,fiznll = 0. Since

liminf,_, o 7, > 0, we have
1 T
||]Zn _]]r l.Zn || > O
Vi m

It follows from %(Izn - ]],Tnf,.zn) € Y"i(J,TV,fizn) and the monotonicity of T; that

<w—],§{,.zn,w* - i(lzn —/f,ﬁ{,.zn)> >0

n

for all w € D(T;) and w* € T;w. Letting n — 00, we have
(w -p w*) >0

for all w € D(T;) and w* € T;w. Therefore, from the maximality of 7}, we obtain that p €
T7'0. On the other hand, 7,0 = F(]Z;) and F(]Zf) - ﬁ(]ff), so we have 7710 = F(]Z;) =
F(}) for each i = 1,2,3,...,N. Similarly, we can show that p € $;'0 and §;'0 = F(/.') =
/I-:(]ffli) foreachi=1,2,3,...,N. Moreover, the resolvent ],Tl‘ of T; (resp. ],S’l of S;) withr>0
satisfies go(u,]ffx) < ¢(u,x) forall u € F(]Zf) and x € E (resp. ¢(u,]§§x) < @(u,x) forall u €
F (]f ‘) and x € E). Hence /',T; and /'f . are relatively nonexpansive mappings. Since the class
of relatively nonexpansive mappings is properly contained in the class of total quasi-¢-
asymptotically nonexpansive mappings, for a finitely many mappings case, one can derive
the desired result from Theorem 2.1. O

Remark 2.5 It is worth to mention that Theorem 2.1 and Theorem 2.4 improve and gen-
eralize various results available in the current literature. In particular, we highlight some
significant features of both these theorems as follows.

(i) Algorithm (2.1) is comparatively more general and computationally simpler than
the algorithms which appeared in [12, 18] and [22], respectively, in the context of
(two) countable families of total quasi-¢-asymptotically nonexpansive mappings.

(i) Theorem 2.1 improves and extends [12, Theorem 3.1], [16], [21, Theorem 3.1] and
[22, Theorem 3.1] for two countable families of total quasi-¢-asymptotically
nonexpansive mappings and a finite family of generalized equilibrium problems.

(iii) Theorem 2.4 improves and extends [12, Theorem 4.1] for two finite families of
maximal monotone operators. Moreover, our algorithm (2.14) is computationally
simpler in comparison with algorithm (4.3) in [12, Theorem 3.1].

(iv) Theorem 2.4 improves and extends [28, Theorem 4.1] for two finite families of
maximal monotone operators in the more general domain of a strictly convex,
reflexive and smooth Banach space E.

(v) In the context of an approximate common solution for an equilibrium problem, a
maximal monotone operator and a countable family of relatively nonexpansive
mappings, algorithms (2.1) and (2.14) are more general and computationally
simpler in comparison with algorithms (3.1) and (4.2), respectively, in [28].
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(vi) Algorithm (2.14) is computationally simpler in comparison with algorithms (3.6) in
[29] and (3.1) in [30]. Moreover, Theorem 2.4 improves [29, Theorem 3.2] and [30,
Theorem 3.1] by removing the H,, and W), conditions in the corresponding
algorithms.

(vii) Theorem 2.4 is an analogue of [17, Theorem 3.1] for the approximation of a
common zero for a finite family of maximal monotone operators.
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