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1 Introduction
In the present article, we are concerned with oscillations of the third-order nonlinear neu-
tral dynamic equation

(nO[(nO[@) + pOy(z®)]°)°])" +f((5®)) =0 (1)

on a time scale T. Throughout this paper it is assumed that y > 1 is a ratio of odd positive
integers, t(t) : T — T and 8(¢) : T — R are rd-continuous functions such that 7(¢) < ¢,
8(t) < t, limy_, oo 8(t) = limy_, o, T(£) = 00 and §°(¢) > 0 is rd-continuous, 71 (£), 75 () and p(¢)
are positive real valued rd-continuous functions defined on T, 0 < p(¢) < p <1 is increas-
ing. We define the time scale interval [£,00) by [£,00) = [y, 00) N T. Furthermore,
f:T x R— Risa continuous function such that uf (¢, #) > 0 for all u # 0 and there exists
a rd-continuous positive function ¢(¢) defined on T such that |f (¢, u)| > q(¢£)|u”|.

We use throughout this paper the following notations for convenience and for shorten-
ing the equations:

x(t) =y +p@y(z(0), M= (na®)”,

(2)
2 =y ()7, REI (xm)A.

A nontrivial function y(¢) is said to be a solution of (1) if x € C}[¢t,,00), rix® € CL[£y,00)
and x? € Crld[ty, oo) for t, > to and y(¢) satisfies equation (1) for ¢, > £. A solution of (1)
which is nontrivial for all large ¢ is said to be oscillatory if it is neither eventually positive

nor eventually negative. Otherwise, it is called nonoscillatory.
Recently, there has been many important research activity on the oscillatory behavior
of dynamic equations. For example, on second-order dynamic equations, Saker [1], and
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Agarwal et al. [2], Saker [3], Hassan [4] and Candan [5, 6] considered the following non-

linear dynamic equations:

(&) (((8) + eyt = 1)) ) +£ (6,3 - 8)) =0,
(&) () + ey (x(0)) ) +f(£,2(5(8))) =0,
(rO(=>@®)")" + pe)x’ () = 0,

and

d

(&)@ + p@y(x(0))"))" + / f(6y(6(8))) 28 =0,

c

respectively, and they gave sufficient conditions which guarantee that every solution of the
equation oscillates. Moreover, there are also some papers on third-order dynamic equa-
tions. For instance, Erbe et al. [7] considered the third-order nonlinear dynamic equation

(c@)(a®)x”(©)%)" + q@)f (x@)) = 0.
Later, Erbe et al. [8] considered the third-order nonlinear dynamic equation
2B + p(t)x(t) = 0

by giving Hille and Nehari type criteria. Then, Hassan [9] studied the third-order nonlin-
ear dynamic equation

(@@®)((rx©)°)")" +£(t,x((®))) = 0.

Lastly, Wang and Xu [10] studied asymptotic properties of a certain third-order dynamic
equation,

(@ ((n@x>®)"))" + q(e)f (x(2)) = 0.

As we see from all the above, our equation, a neutral dynamic equation, is more general
than other third-order dynamic equations and therefore it is very important. For some
other important articles on oscillations of second-order nonlinear neutral delay dynamic
equation on time scales and oscillations of third-order neutral differential equations, we
refer the reader to the papers [11, 12], and [13], respectively. We give [14, 15] as references
for books on the time scale calculus.

2 Main results
Lemma 1 Assume that y is an eventually positive solution of (1) and

At R 1 %
fto no - fm (m) A= oo ®)

Then, there is a t) € [ty,00) 1 such that either

G x@®>0, x2@®)>0, U@ >0, te[t,00),
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or
i) x()>0, x2()<0, xH@)>0, te[f,00)r.
Proof Assume that y(t) > 0 for ¢ > £, and therefore y(z(¢)) > 0 and y(5(£)) > 0 for ¢ > #; > £o.

Consequently, x(¢) > 0, eventually. Using (2) in (1) and the fact that |f(¢, )| > g(¢)|u” |, we
obtain

2@ +q6)(y(3(0))" <0, te [t,00)7. (4)
Hence, we conclude that x/(¢) is a strictly decreasing function on [t;,00) . We claim

that x1(£) > 0 on [f;,00) 1. If not, then there exists a t, € [t;,00) 1 such that /() < 0 on

[£2,00) 1. Then, there exist a negative constant ¢ and 3 € [£;,00) 7 such that
# () <c<0, te[t00)7

and it follows that

1] ‘. v
* (t)f(rz(t)) ' ®

Integrating (5) from #3 to ¢t and using (3), we obtain

n(O)x2 () < r(ts)x (85) + v /t3 (%) ?AS’

which implies that r; (£)x” (£) — —oco0 as t — oo. Therefore, there exists a ¢, € [£3,00) 1 such
that

r(B)x” () < ri(ta)x"(ts) <0, t€ [ts,00)7. (6)

Dividing both sides of (6) by r;1(£) and integrating from ¢4 to ¢, we obtain

x(t) — x(ta) < rl(t4)xA(t4)/ (%@))AS-

Hence, we see from (3) that x(¢) — —o0 as t — 00, which contradicts the fact that x(¢) > 0,
and therefore x!(t) > 0 for ¢ € [t;,00) 7. As a result of x1(£) > 0 for ¢ € [t;,00) 7 it follows
that r,(£)x>(¢) < 0 on [t;,00) 1 or ri(t)x>(¢) > 0 on [t;,00), which completes the proof.

O

Lemma 2 Let y be an eventually positive solution of (1). Assume that Case (i) of Lemma 1
holds. Then, there exists a t| € [ty,00) 1 such that

- rZ(t’ tl)

> W[xm(t)]%, te [t,00)7, 7)

x2(2)
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and

where ry(t, 1)) = ftl S
(ra(s)7

1
x(t) = n(t, tl)[xlz](t)] 7, te[t,00)7
where r1(t, t) = f; rzrls(stl As.

Proof Since x!(¢) is strictly decreasing on [t;,00) 1, we have

n(®x" () > n(e)x" ) - ri(t)x" (t)
ATPITANT
i / LSOl
u (ros))”

it follows that

2] (¢ As
At = -
§ ri(£) /n(rz(s)w

or

ry(t, )

el A0]7, te [6,00)r. ()

x5 =

Similarly, integrating (8) from ¢; to ¢, we obtain

x(£) > [x[z](t)]% /t MAS

u 1)

or
1
x(t) = ntn)[x2@®)]7, te lt,00)r.
This completes the proof. d

Lemma 3 Let y be an eventually positive solution of (1). Assume that Case (ii) of Lemma 1
holds. If

0o 1 00 1 00 1y
/to ﬁ_(lf)/z [%/S q(u)Au] ASAE = 00, 9)

then lim;_, o, y(£) = 0.

Proof Since Case (ii) of Lemma 1 is satisfied,

lim x(¢) =1> 0.

t—00

We claim that lim,_, o, x(¢) = 0. Assume that l > O Then for any € > 0, we have [l < x(f) < [+€
for sufficiently large ¢ > #;. Choose 0 < € < 2 On the other hand, since

x(t) = y(t) + p(Oy(z (1)),
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we have

y(t) > x(t) - px((£))
>I-pl+e)
=k(l+¢€)

> kx(t), t>t >0,

where k = l_’l’ilf) > 0. Then,

(@) =k (x(3))", t=t>1. (10)
Substituting (10) into (4), we obtain
«B(e) < —q@k” (x(51)))", t=>ts. (11)

Integrating (11) from ¢ to oo, we get

22t > k7 /00 q(s)(x(é(s)))VAs, >ty

t

or using x(8(¢)) > [,

(o] 1/y
xm(t)zkl[ﬁ /Z q(s)As] . t>ts. 12)

Integrating (12) from ¢ to co and dividing both sides by r,(¢), we have

kl 00 9] 1y
_xA(t)Zrl—(t) t [rzzu)/ q(s)Asi| Au, t>ts. (13)

Integrating (13) from t3 to 0o, we obtain

00 o9 1 00 1/y
96('ffs)Z/'<l/t3 h_(t)/t [%/S q(u)Au} AsAt,

which contradicts (9) and therefore / = 0. By making use of 0 < y(¢) < x(t), we conclude
that lim,_, », y(¢) = 0. O

Theorem 2.1 Assume that 5(o (t)) = 0(8(t)). Furthermore, suppose that (3), (9), and
oo
/ Q(s)As = o0, (14)
to

where Q(s) = q(s)(1 — p)?, hold. Then, every solution y(t) of (1) is either oscillatory on

[£0,00) 7 or lim,_, » ¥(£) = 0.

Proof Assume that (1) has a nonoscillatory solution; without loss of generality we may
suppose that y(¢) > 0 for ¢ > £, and therefore y(z(£)) > 0 and y(5(¢)) > 0 for £ > £ > £y. In
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the case when y(¢) is negative the proof is similar. As we see from Lemma 1 we have two

cases to consider. First we assume that x(¢) satisfies Case (i) in Lemma 1. Then, by using

(2) we see that
y(6) = x(0) - p(Ox(r () > A-p)x(t), t>H>h
or
(W) =0-p) (®(6®)), t=ts>t.

Substituting (15) into (4), we obtain

By < —q)A - p) (x(5(0)) = -Q)(x(5(®)))", t>ts.

Furthermore, using Pétzche’s chain rule, we find

((=(5))")"
-y [ Tet0)) + 0= xe0)] (o0) ah

1
>y /0 [hx(5®) + (1 - Wx(8(2)) ] (x(5(2)))" dh
=y (x(5(2)))" % (5(£))8°(£) > 0.
Define the function

)
= Gemy 2

It is easy to see that z(f) > 0. Taking the derivative of z(¢), we see that

A ~ xB](t) 2 0( 1 )A
#0=5eon D Gy
_ x[S](t) 2] o ((x(a(t)))y)A
“weoy Y oy eea)y

Substituting (16) into (19) and using (17), respectively, we have

(37~
(x(87 ()7 (x(8(2)))Y
o ¥ (x(8(£))) 'x(8(£))5°(2)
(x(87 (@)Y (x(8(2)))”
s x2(8()8% ()
(x(89 (1)) x(5(2))
o X2 (8(2))84(2)
(87 (2)))r+1”

22(t) < -Q) - (x2@)7

< -Q(t) - (»*(1))

= —-Q(t) -y (x* (@)

<-Qt) -y (x?(»)

(15)

(16)

17)

(19)
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Using (7) in (20) and the fact that x?/(¢) is strictly decreasing, we obtain from (18)

AOn6(e,0) EP60)7 @2 0)
r(8(¢)) x(87(2))  (x(87 (1))

3O (@), h) 1
W(Z ®) 7.

8
22 <-Q(t) -y

<-Q)-vy (21)

Finally, integrating (21) from £; to ¢, we get

r2(8(s), £1)8%(s)
r1(8(s))

v+l
Y

) —2(ts) < f [—Q(S)—y ()

t3

:|As < —/tQ(s)As

and consequently

/ Q(s)As < z(t3),

which contradicts (14). When Case (ii) holds, we can conclude from Lemma 3 that
limy—, o0 ¥(£) = 0. O

Theorem 2.2 Suppose that (3), (9) hold and 5(o (¢)) = 0 (8(t)). Furthermore, assume that

there exists a positive rd-continuous A-differentiable function o(t) such that

o @\ o) .
imsw [ |a00- (200 ) (baamea) 5o )

where (a”(s)), = max{0,a”(s)} and Q(s) = q(s)(1 — p)”. Then, every solution y(t) of (1) is

either oscillatory on [ty, 00) 1 or lim;_, o y(t) = 0.

Proof Suppose to the contrary that y(£) is nonoscillatory solution of (1). We assume that
y(£) > 0 for ¢ > £y, then y(7(£)) > 0 and y(5(£)) > O for ¢t > #; > ty. We first consider that x(¢)
satisfies Case (i) in Lemma 1. We proceed as in the proof of Theorem 2.1, and we obtain
(16). Let us define the function

[2]
2t) = a(t)%, £>ts 23)

It is clear that z(¢) > 0. Taking the derivative of z(z), we see that

a2y (20 >A a®) g
0 = (70) ((x(8(t)))V MECO

@) ((x(é(t)))VaA(t) _ a(t)((x(é(z))w)
= ooy HEO) W) 67 (1) (24)
Now using (16) in (24), we obtain
0=t 07O aOEEOr (60 05

a’(t) (x(8(2)))” (x(8 (£)))

Page 7 of 10
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Substituting (17) into (25), we obtain

A at(0z2°()  a®)*P2(2)7x2(5(2))54(8)
@) ==+ — ™ Y T e @) (26)

By using (7) into (26), we obtain

28(8) < —a()Q() + (27)

(@2(8).2°()  a(®)ra(8(2), 01)3%(2) (z" () )A
® 7T n6w) w(®))

where A = y7+1 Let

A =

a(Ora(8(t),6)8%(0) (z" (t) )A
r(8(t)) a(2)

and

Bl - (a®(8)+ ( r(8(t)) )”*
A ya(t)ra(8(), 0)82(8) )

By making use of the inequality
MB -A* < (A -1)B*, A>1LA,B>0 (28)

in (27), we have

X @O\ nee)
: (t)f_“(t)Q(t”( )1 ) (a(t)rz(S(t),tl)SA(t)> ' (29)

Integrating both sides of (29) from #; to ¢ then yields

f @O\ b))\
/tg (a(s)o(s)—( e ) (a(s)rz(s(s),tl)m)> )Assz@g)—z(t)sz(rg),

which contradicts (22).
When Case (ii) holds, we can conclude from Lemma 3 that lim,_, o, ¥(£) = 0. O

Let Dg = {(t,s) € T>: t >s > ty} and D = {(¢,5) € T? : t > s > t3}. The function H ¢
Cia(D,R) is said to belong to class % if H(t,£) = 0, t > £y, H(t,s) > 0 on Dy and H has a
continuous A-partial derivative H”:(¢,s) on DDy with respect to the second variable.

Theorem 2.3 Assume that (3) and (9) hold and 5(o (t)) = 0(8(¢t)). Furthermore, a(t) is
defined as in Theorem 2.2 and H € N such that

1

ll?_lj;lp m /tot |:H(t, $)a(s)Q(s)

(oc"(s)C(t,s) v+l r1(5(s)) ’ As—
Ty ) (H(t,s)a<s)rz(a(s>,t1)8A<s>>} T

(30)

Page 8 of 10
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where C(t,s) = max{0, H*s(¢,s) + %&“”*}. Then every solution y(t) of (1) is either oscil-

latory on [ty, 00) 1 or lim;_, oo ¥(¢) = 0.

Proof Assume that y(£) is a nonoscillatory solution of (1). Define z(¢) as in (23). We proceed
as in the proof of Theorem 2.2 to obtain (27). Multiplying both sides of (27) by H(t,s),
integrating with respect to s from 3 to ¢, we get

t t t A o
/ H(t,5)a(s)Q(s)As < —/ H(t,s)zA(s)As+/ Ht9)(@”(5).27 () As
t3 t3 t3 a(s)
Ly H(E,s)a(s)ra(8(s), 61)8%(s) (27 (s) \*
§ / n(5(5) (a%)) as Gy
where A = y7+1 Integrating by parts yields by (31)
/tH(t, s)a(s)Q(s)As
< H(t, t3)z(t3) + /tHAS(t,S)z“(s)As
CH( )@ (9):2°(6) [f yH{E8)a(s)ra(8(s), 1)8%(s) (za (s) )A
' / o / G ) >
< H(t, t3)z(t3) + /t C(t,5)z° (s)As
[ yH(@,8)a(s)ra(8(s), 1) (s) (Z" (s) )A
L n(5(9) w) (32)
Let
4 YHG 8)o(s)ra(8(s), £1)8% (s) <Z" (s) >A
r1(8(s)) a(s)
and
i C(t,s)oz"(s)( r(5(2) >“
A YH(t,9)a(t)ra(8(t),11)8%(8) )

Then, using the inequality (28) in (32), we have

f H(t,9)a(s)Q(s) s < H(t, 1)2(ts)
tlac(s)C(t,s)\ " r1(8(s)) Y A
+/( y i1 ) (H(t,s)a(s)rz(us),tl)aﬁ\(s>) s

1 t
e / [H(t,S)a(S)Q(S)

@7(6)Cs) ) n(6(s) v
_( y+1 ) (H(t,s)a(s)rz(S(S),tl)gA(s)> i|As§z(t3),

which contradicts (30) and completes the proof.

or
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When Case (ii) holds, we can conclude from Lemma 3 that lim;_, o y(¢) = 0. a

Example 2.4 Consider the following third-order neutral nonlinear dynamic equation:

A\ A3\ A
(ts[(t[y(t)+%y<%):| ) ]) +§y3(§>=0, t € [ty,00),t >0, (33)

where y =3, r1(t) = £, n(t) = ra(t) = £ p(t) = 3, ©(t) = 8(¢) = %, and ¢(¢) = 3¢™. We can
verify that all conditions of Theorem 2.1 are satisfied, therefore every solution of (33) is
oscillatory or lim;_,  ¥(t) = 0. In fact, y(¢) = ¢! is a solution of (33).
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