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1 Introduction

A very recent trend in metrical fixed point theory, initiated by Ran and Reurings [1] and
continued by Nieto and Rodriguez-Lépez 2, 3], is to consider a partial order on the ambi-
ent metric space (X, d) and to transfer a part of the contractive property of the nonlinear
operators into its monotonicity properties. Their results were extended in other contexts:
L-spaces [4], probabilistic metric spaces [5], and metric spaces with a graph [6]. Some
fixed point theorems are proved for a mixed monotone mapping in a metric space en-
dowed with partial order, and the obtained results found important applications to the
existence of solutions for matrix equations or ordinary differential equations and integral
equations; see [7—20] and the references therein.

In 2006, Bhaskar and Lakshmikantham [7] introduced the notion of coupled fixed
point and proved some fixed point theorems under certain conditions. Later, Berinde and
Borcut [8] introduced the concept of tripled fixed point and proved some related the-
orems. These results were then extended and generalized by several authors in the last
years; see [9-20] and the references therein. Amongst these generalizations, we refer to
the one obtained by Berinde [9], who considered the more general contractive condition

2

< go(a,’(x,u);af(y,v)) B w(d(x,u);rd(y,v))’

w(d(F(x,y),F(u, v)) + d(F(y,x), F(v, u)))

where ¢, : [0,00) — [0,00) are functions satisfying some appropriate conditions, and
x>u,y<v.
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Currently, the authors of [21-23] obtained some k-dimensional fixed point theorems
for mixed monotone mappings, which extended the corresponding coupled, tripled and
quadrupled fixed point theorems. In order to guarantee the existence of k-dimensional
fixed points, the authors proved that more than one sequences are simultaneously Cauchy.
Besides, some authors focused on obtaining some fixed point theorems for a monotone
mapping in the context of ordered metric space; see [24, 25] and the references therein. In
2010, Harjani and Sadarangani [24] proved some fixed point theorems for a one-variable
monotone mapping in a partially ordered metric space.

It is well known that the fixed point problems for isotone mappings are easier than that
of mixed monotone mappings. So, the above results bring us to the following natural ques-
tion: can we obtain some multidimensional fixed point theorems for a k-variable isotone
mapping, which include the unidimensional, coupled, tripled, and k-dimensional fixed
point theorems as particular cases?

Motivated and inspired by the above results, we establish some fixed point theorems
for a k-variable isotone mapping, which include the unidimensional, coupled, tripled, and
k-dimensional fixed point theorems as particular cases. Moreover, we show that some
control conditions in the recent corresponding literature are not necessary.

2 Preliminaries

In order to fix the framework needed to state our main results, we recall the following

notions. For simplicity, we denote from now on X x X - - - X x X by XX, where k € N and
_“\K_J

X is a non-empty set. If elements x, y of a partially orlélered set (X, <) are comparable
(i.e. x <y or y < x holds), we will write x < y. Let {A, B} be a partition of the set Ay =
{1,2,...,k}, thatis, AUB=Ayand ANB=0, Qup={0 : Ay > Ag:0(A) CAand o (B) C
B} and @), = {0 : Ay > Ay :0(A) C Band o(B) C A}. Henceforth, let 01,0, ...,0% be k
mappings from Ay into itself, and let Y be the k-tuple (o1, 03,...,0%).

Definition 2.1 ([12]) Let (R, <) be a partially ordered set and d be a metric on R. We say
that (R, d, <) is regular if the following conditions hold:

(i) if a non-decreasing sequence {x,} is such that x, — «, then x,, < x for all »,

(ii) if a non-increasing sequence {y,} is such that y, — ¥, then y, > y for all n.

Definition 2.2 (Altering distance function [26]) A function ¢ : [0,+00) — [0, +00) is
called an altering distance function if the following properties are satisfied:

(i) v is continuous and non-decreasing,

(i) ¥(¢)=01ifand onlyift=0.

Definition 2.3 ([7]) Let (X, <) be a partially ordered set and F : X*> — X. We say F has
the mixed monotone property if F is monotone non-decreasing in its first argument and
is monotone non-increasing in its second argument, that is, for any x,y € X,

x1,% €X, x <x, implies F(x;,y) < F(xy,5)

and

Yy, €X, y1 <y, implies F(x,y1) > F(x y2).
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Definition 2.4 ([8]) Let (X, <) bea partially ordered set and F : X> — X. We say that F has
the mixed monotone property if F(x, y, z) is monotone non-decreasing in x, it is monotone
non-increasing in y and is monotone non-decreasing in z, that is, for any x,,z € X,

x,€X, x<x = Fx,52) <F(x,%2),

ywy2€X, n<y2 = Fy,2)=Fx,2)
and
21,22 € X: 2152y = F(%J’,Zl) =< F(%J’,Zz)-

Definition 2.5 ([22]) Let (X, <) be a partially ordered space. We say that F has the mixed
g-monotone property if F is monotone non-decreasing in arguments of A and monotone
non-increasing in arguments of B, i.e., for all x1,x,,...,%,,7,z € X and all i

y <z = F(xl: .o ~1xi—17y7xi+11 .o ')xn) ﬁi F(xll e i1, % Xi41s e -;xn)'

Definition 2.6 Let F: X* — X be a mapping. A point (x;,%,...,%) € X is:
(i) a coupled fixed point [7] if k =2, F(x1,%) = %1 and F(xy,%1) = xp;
(ii) a tripled fixed point [8] if k = 3, F(x1,%2,%3) = 21, F(x2,%1,%2) = x5 and
F(x3,%2,%1) = x3;
(iii) a Y-fixed point [23] of F if F(Xo,(1), X0;(2)s - - - 1 %o, (k)) = %i for i € Ag.

Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a metric
space. We use the next notation from [22]:

x<y, ifieA,
X<y << e
x>y, ifieB.

The product space X* is endowed with the following natural partial order: for (y1,%2,..., i

e i) VL Vo, Vi, VE) e Xk,
(y1¢y27--'1yi’---:yk) = (VI’VZ:'-~tVi’---7Vk) < Vi <iVi (21)
which will be denoted in the sequel, for convenience, by <, also. Obviously, x*,<)isa

partially ordered set. In particular, we denote by A the odd numbers in Ay and by B its
even numbers if k = 2 or 3. The mapping p; : X¥ x X¥ — [0, +00), given by

pk(Yr V) = [d(yb Vl) + d(y2xv2) L d(ykka)]: (22)

=

where Y = (51,%2,...,9), V = (1, va,..., ) € XX, defines a metric on XX, It is easy to see
that

k(YY) >0 (asn—o00) < d(ly)—0 (asn—o0),i=12,...,k (23)

where Y, = ()1, %5, ¥5), Y = 1,92, -5 Yk) e x*.
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Let ® denote the set of all continuous and strictly increasing functions ¢ : [0, 00) —
[0,00), and W denote the set of all functions i : [0, 00) — [0, 00) such that lim,_,, ¥ (¢) >0
forall r > 0.

Inspired by Definitions 2.3-2.6, we give Definitions 2.7 and 2.9.

Definition 2.7 Let (X, <) be a partially ordered set and T be a self-mapping on X*. It is
said that T is an isotone property if, for any Y;,Y> € X’ k

<Y, = T{)=<T(Y).

Remark 2.8 Note that if k =1 in Definition 2.7, then T is a non-decreasing mapping
(see [2]).

Definition 2.9 An element Y € XX is called a fixed point of the mapping 7 : X* — X* if
T(Y)=Y.

In order to prove our main results, we need the following lemmas.

Lemma 2.10 ([27]) Let (X, <) be a partially ordered set and d be a metric on X. If (X, <,d)
is regular, then (X*, <, px) is regular.

3 Main results

Now, we state and prove our main results.

Theorem 3.1 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T : X* — X* be an isotone mapping for
which there exist ¢ € ® and € V such that, for all Y,V € XX with Y >V,

9(o(T(Y), T(V))) < @(ox(Y, V) = ¥ (ox(Y, V), (3.1)

where py is defined by (2.2). Suppose either
(a) T is continuous or
(b) (X,<,d) is regular.
If there exists Zy € X* such that Zy < T(Z,), then T has a fixed point.

Proof Consider the Picard iteration associated to 7" and the initial approximation Z, that
is, the sequence {Z,} C X* defined by Z,.1 = T(Z,) for n > 0. Obviously, if Z,,,+1 = Z,, for
some 719 > 0, then Z,, is a fixed point of T. So, we may assume that Z,,; # Z, for every
n>0.

Since Zy =< T(Zy), without loss of generality, we assume that Zy < T(Z,) (the case Zy >
T(Zy) is treated similarly), that is, Zy < Z;. Since T is an isotone mapping, we see that the
sequence {Z,}°°, is non-decreasing. Taking Y = Z, and V = Z,,; in (3.1), we obtain

(p(pk(ZrHl)Zn)) = w(pk(T(Zn)¢ T(Zn—l)))
< QD(IOk(Zm Zn—l)) - 1ay(lok(zm Zn—l)): Vn > 1. (32)

In view of the fact that ¢ > 0,

(p(pk(ZrHlyZn)) < ¢(pk(Zm Zn—l))¢ Vn > 1.
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Since ¢ is strictly increasing, we have
pk(Zn+1: Zn) = pk(ZVu Zn—l)r Vrn>1

Hence, the sequence {4,}°, given by &, = px(Z,.1,Z,) is monotone decreasing and
bounded below. Therefore, there exists some § > 0 such that lim,,_, », §,, = 8. We shall prove
that § = 0. Assume that § > 0. Then by letting » — oo in (3.2) and using the properties of
¢ and ¥, we have

@(8) < @(8) — lim ¥ (8,-1) = 9(8) — lim ¥ (8,-1) < @(3),
n—00 Sp—1—>68
which is a contradiction. Thus,

lim 8, = 0. (3.3)

n—00

We claim that {Z,} is a Cauchy sequence. Indeed, if not, then there would exist an € > 0
and subsequences {Z,,,;} and {Z,,;)} of {Z,} such that n(£) is the minimal in the sense that
n(t) > m(t) > t and px(Zye), Zu@) > €. Therefore, pi(Z,1), Zuy-1) < €.

Using the triangle inequality, we obtain

€ < Pr(Zm)s Zn) = P Zim(e)s Zime)-1) + Pk Zm(e)-15 Zn()-1) + Px(Znt)-1) Zn(z))
< 0k Zmt)s Zim)-1) + Pt Zmie)-1, Zin() + Pk Zn()s Zn(t)-1) + Pk Znie)=1, Znr))

<20k Z )y Zin(ty-1) + € + Pi(Zu(t)=1, Zn(z))-
Letting ¢ — oo in the above inequality and using (3.3), we get
Jim 0k Zm(e), Znr)) = Jim P Zn(t)=1> Zn(ry—1) = €. (3.4)

Since n(t) > m(t), we have Z,,;-1 < Z,»-1. Hence, using (3.1) with ¥ = Z,;); and V =
Zu(»-1, we obtain

(0 Zn) Zm)) < 0k Zn-1> Zm(e)-1)) = ¥ (06 Zney-1> Zimy-1))-

Letting ¢ — oo in the above inequality and using (3.4), we have
9(€) = ple) = Jim () = ple) ~ lim () < p(©)

where r; = p(Zyy)-1, Zm-1), which is a contradiction. Hence, the sequence {Z,}%, is a
Cauchy sequence in the metric space (XX, p;). Since (X,d) is a complete metric space,
by (2.2), we find that (X%, p;) is complete. Therefore, there exists Z € X* such that
lim,, 00 Z, = Z.

Now suppose that (a) holds. It follows from Z,.,; = T(Z,) that Z is a fixed point of T,
thatis, T(Z) = Z.

Suppose that (b) holds. Using Lemma 2.10, we find that (X, <, pk) is regular. Thus, by
{Z,}:°, is non-decreasing sequence that converges to Z, we have Z, < Z for all n > 0.
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From (3.1) and the fact that y > 0, we obtain

(p(pk(ZnJrl: T(Z))) = w(pk(T(Zn)r T(Z)))

< 9(0(Zn, 2)) =¥ (06(Z0, 2)) < 9(0(Z1, 2)) (3.5)

for all # > 0. From (3.5) and the strict monotonicity of ¢, we have
Pk (Zn+1r T(Z)) =< pk(Zn,Z)- (36)

Letting # — oo in (3.6) and using lim,_, . Z, = Z, we get px(Z, T(Z)) < px(Z,Z) = 0 and
so px(Z, T(Z)) = 0, which implies Z = T(Z). O

Taking k =1 in Theorem 3.1, we obtain the following result immediately.

Corollary 3.2 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T : X — X be a non-decreasing mapping
for which there exist ¢ € ® and € V such that, for all y,v € X withy > v,

¢(d(T), TW)) = 9(d0nv) = ¥ (d,v)-

Suppose either
(a) T is continuous or
(b) (X,d, <) is regular.
If there exists zg € X such that zy < T(zy), then T has a fixed point.

Remark 3.3 Corollary 3.2 includes Theorems 2.1 and 2.2 in [24] as particular cases. Note
that in [24] the authors use only condition zy < T'(zp), although the alternative assumption
zo > T(zp) is also acceptable. In addition, the condition in [24], ¢(£) = 0 ifand only if £ = 0,
is not necessary in Corollary 3.2. Moreover, the control condition ¢ € W is weaker than
the condition in [24] (i.e., ¥ is an altering distance function).

Taking k = 2 and T(Y) = (F(x,), F(y,x)) for Y = (x,) € X? in Theorem 3.1, we obtain

the following result.

Corollary 3.4 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X*> — X be a mixed monotone
mapping for which there exist ¢ € ® and y € V such that, for all x,y,u,v € X with x > u,

J/SV,

2

< (p(d(x,u);—d(y,v)) _w(d(x,u);d(y,v))

g0<ffl(l'"(x,y),l'"(bt, v)) + d(F(y,x), F(v, M)))

(3.7)

Suppose either
(a) F is continuous or
(b) (X,d, <) is regular.
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If there exist x,yo € X such that

xo < F(xo,y0) and yo > F(yo,%o) (3.8)
or

%9 = F(x0,50) and yo < F(yo,%0), (3.9)
then there exist x,y € X such that x = F(x,y) and y = F(y,x).
Proof Now we use the result of Theorem 3.1 (k = 2) to prove Corollary 3.4. For simplicity,
we denote Y = (x,), V = (4,v), Z= (%,%), and Z,, = (x,,y,) for all n > 0. The product space
X? is endowed with the following partial order:

forY,VeX? Y<V & x<u, y=>w (3.10)

Consider the function p, : X2 x X2 — [0, +00) defined by
1
pY, V) =2 [d,u) +d(y,v)], VY, VeX. (3.11)

Obviously, (X2, <) and p, are two particular cases of (X*, <) and p; defined by (2.1) and
(2.2), respectively.
Let the operator T : X? — X2 be defined by

T(Y) = (F(x),F(y.x)), VY eX>. (3.12)

Now we show that T is an isotone mapping. Suppose that Z; < Z, for Z;,Z, € X2. From
(3.10), we have x; < x5, y1 > y2. Thus, by the mixed monotonicity of F, we have

F(x1,51) < F(x2,¥y2) and  F(y;,x1) = F(y2,%2) (3.13)

for any Z; < Z,. From (3.10), (3.12), and (3.13), we have

T(Zy) = (F(x1, 1), F1,%1)) < (F(x2,92), F(y2,%2)) = T(Z)

for any Z; < Z,. Therefore, T is an isotone mapping.
From (3.11) and (3.12), we have

d(F(x,), F(u,v)) + d(F(y, %), F (v u))
2

= po(T(Y), T(V)

and

dx,u) +d(y,v)

=;(Y,V
5 Pa( )

for Y,V € X*. Thus, by (3.7), we have ¢(0x(T(Y), T(V))) < ¢(p2(Y, V) = ¥(p2(Y, V),
VY > V. By (3.8)-(3.10), there exists Z, € X? such that Z, < T(Z,).
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Now suppose that (a) holds. It is easy to see that 7T is continuous. Indeed, let {Z,} be
a sequence in X2 such that py(Z,,Z) — 0 (as n — 00), where Z € X2. From (3.11) and
(2.3), we have d(x,,%) — 0 and d(y,,¥) — 0 as n — oo. Since F is continuous, this implies

d(F(xy,y4), F(%,7)) = 0 and d(F(y,, x,), F(3,%)) — 0 as n — oo. Thus, by (3.11) and (3.12),

we have

02(T(Z,), T(Z)) = %[d(F(x,,, V) E(%,9)) + d(F3ns %), F3,%) ]| = 0 (n— 00),

which implies that T is continuous.

Hence, there is no doubt that all conditions of Theorem 3.1 are satisfied. Hence, T has a
fixed point Z = (%,%) € X2. From (3.12), we have ¥ = F(%,7) and y = F(j,x). This completes

the proof.

O

Remark 3.5 It is worth pointing out that we omit the control conditions: ¢(¢) < ¢ for all

£>0,p(t+s) <) +¢(s) forall £, 5 € [0, 00) and lim;_, o+ ¥ (¢) = 0, which are necessary in

the proof of Theorem 2 in Berinde [9].

Taking k = 3 and T(Y) = (F(x,9,2), F(y,%,%), F(z,,%)) for Y = (x,9,2) € X> in Theo-
rem 3.1, by a similar argument to the proof of Corollary 3.4, we obtain the following result.

Corollary 3.6 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X3 — X be a mixed monotone

mapping for which there exist ¢ € ® and v € V such that, for all x,y,z,u,v,w € X with

XU, Y=V, Z2W,

p <d(F(x,y, z), F(u,v,w)) + d(F(y,x,9), Fv,u,v)) + d(F(z,y,x), F(w, v, u))
3

- (p(d(x, u) +d(y,v) +d(z,w)> ~ w(d(x, u) +d(y,v) +d(z,w)>'

3 3

Suppose either
(a) F is continuous or
(b) (X, <,d) is regular.
If there exist xo, yo, 2o € X such that
xo < F(x0,%0,%20), Yo = F(yo,%0,50) and zo < F(zo,0,%0)
or
X0 Z F(xO»yO:ZO)’ )’0 SF()’o,xo,yo) ﬂl’ld 20 EF(ZO»y()’xO);
then there exist x,y,z € X such that

F(x,9,2) = %, F(y,x,9)=y and F(z,5,%) =z,

that is, F has a tripled fixed point.

(3.14)

(3.15)

Page 8 of 13
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Theorem 3.7 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let T : X* — X* be an isotone mapping for
which there exists a constant a € [0,1) such that, forall Y,V € XK with Y >V,

ox(T(Y), T(V)) < ap(Y, V), (3.16)

where py is defined by (2.2). Suppose either T is continuous or (X, <,d) is regular. If there
exists Zy € X~ such that Zy =< T(Z,), then T has a fixed point.

Proof Taking ¢(£) = ¢t and ¥ (¢t) = (1 — «)t for £ € [0,00) and « € [0,1) in Theorem 3.1, we
obtain the above result immediately. O

Remark 3.8 The metric px in Theorem 3.1 can be replaced by some other metrics on X k
for example, by the next one:

lak(Yr V) = lma); d(yi, Vi): (3'17)

where Y = (y1,2,...,%) and V = (v1,vs,...,v) € X%, and the result will also be true.

Using a similar argument to the proof of Corollaries 3.4 and 3.6, we deduce the following

corollaries from Theorem 3.7, respectively.
Corollary 3.9 Let (X, <) be a partially ordered set and suppose that there is a metric d

on X such that (X,d) is a complete metric space. Let F : X*> — X be a mixed monotone

mapping for which there exists a constant « € [0,1) such that, for each x > u, y <v,
d(F(x,9),F(u,v)) + d(F (5, %), F(v,u)) < a[d(x,u) + d(y,v)].

Suppose either F is continuous or (X, <,d) is regular. If there exist xy, yo € X such that (3.8)
or (3.9), then there exist x,y € X such that x = F(x,y) and y = F(y, ).

Corollary 3.10 Let (X, <) be a partially ordered set and suppose that there is a metric d
on X such that (X,d) is a complete metric space. Let F : X*> — X be a mixed monotone

mapping for which there exists a constant o € [0,1) such that, for each x> u,y <v,z>w,

d(F(x,y,2), F(u,v,w)) + d(F(y,%,9), F(v,u,v)) + d(F(z,y, %), F(w, v, u))
< a[d(x, u)+d(y,v) +dz, w)].

Suppose either F is continuous or (X, <,d) is regular. If there exist xo,%0,z0 € X such that
(3.14) or (3.15), then F has a tripled fixed point.

Now we give a k-dimensional fixed point theorem for mixed monotone mappings.

Corollary 3.11 Let (X, <) be a partially ordered set and suppose that there is a metric d on
X such that (X, d) is a complete metric space. Let Y = (01,09, ...,0k) be a k-tuple of mapping
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Sfrom Ay into itself such that o; € Qup ifi€ A and 0; € Q) z ifi€ B. Let F: XK= X bea
mixed monotone mapping. Assume that there exists o € [0,1) verifying

d(F(xl’er v ’xk))F()/l;yZ) e ;yk)) <« 1I£11a<)§<d(x”‘yl) (318)

for which x; <; y; for i € Ak. Suppose either F is continuous or (X, <,d) is regular. If there

exist x5, x2,...,x5 € X verifying
X < F(xgi(l),xgi<2),...,xgi(k)) Jorie Ay, (3.19)
then F has one Y -fixed point.

Proof For brevity, (y1,%2,--.,k), (v1,va,...,vk), and (x},%3,. ..,xé) will be denoted by Y, V'
and X, respectively. Consider the mapping 7 : X* — X* defined by

T(Y) = (FOoy1 Yor s+ Yor(0)s - s F Vs Yo+ Vo) -5
F(Yor 1) Yor@)s -+ +» Yo (6))) (3.20)
for Y € X*.
Now, we show that T is an isotone mapping. Indeed, suppose that Y < V for Y, V € X*.
By (2.1), we have y; < v, when ¢ € A and y; > v, when ¢ € B. For each i € A, we have o, €

Q4,8. S0, Yo,(t) < Voy(0), VE € A and Yy, (5) > Vo,(9), VE € B. Thus, by the mixed monotonicity of
F, we have, for fixed i € A,

FWoy1)s -+ -3 Voy(t=1)s Yoy(£)s Yoy (t41)s - + - Vory (k)

< F()/ai(l): o :J’ai(t—l), Vo'i(t)iyo'i(t+l)7 e ;J/ai(k)) (321)

when ¢ € A. Similarly, if ¢ € B, then the inequality (3.21) holds for fixed i € A. So, for fixed
i € A, inequality (3.21) holds for ¢ € Ay. From this, we have

F(0,0) Y0:2)> -+ Yoi0) = F(Voy0) Y0120 Yoi(3)> - - -2 Vors(k))

=< F(Vo,1)s Voy(2) Yoi(3) - - - Vor(h))

< F(Vo;1)5 Vo, (2)s Voi(3)s - - +» Vo (k) (3.22)
for i € A. Similarly, we have
F(o;1)s Y0325+ 3 Vorik) = F(Vory(1)s Voy(2)s Voy(3)s -+ » Vo (k) (3.23)
for i € B. From (3.20), (3.22), and (3.23), we deduce that T is an isotone mapping.

Suppose that Y < V for Y, V € X*. For fixed i € A, we have yo, () < Vo) for t € Ax. From
(3.18), we have

d(F(yal.(l), ves ;yoi(k))rF(Vai(Ib ey Vo,v(k))) < o max d(yi, V,') (3.24)

1<i<k
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forall i € A. Similarly, for fixed i € B, we have y,,5) > Vo, (o) for t € Ag. It follows from (3.18)
that

A(FWoy1yr- - Y100 FVoyys - -2 Voyi)))
= d(Fo1)s > Vort)s EWoy1)s - -+ Yorulh))

<a max Ay, vi) (3.25)
foralli € B. By (2.1), (3.20), (3.24), and (3.25), we have px(T(Y), T(V)) < api(Y, V), where
px is defined by (3.17). From (3.19), there exists X, € X* such that Xy < T'(X,). Using the
same argument as in the proof of Corollary 3.4, we deduce that T is continuous. Using
Theorem 3.7, we see that T has a fixed point. So, F has a T -fixed point. d

Remark 3.12 In order to obtain the multidimensional fixed point theorems, the authors
of [21-23] constructed some Cauchy sequences using the properties of multidimensional
mixed monotone mappings. To prove that more than one sequence is simultaneously
Cauchy does not seem so easy. It is also known that the fixed point problems for isotone
mappings are easier than for mixed monotone mappings. Using the properties of isotone
mappings, we obtain some multidimensional fixed point theorems by constructing only
one Cauchy sequence. As an application, we give a simple proof of Corollary 3.11, which
is similar to Theorem 9 in [22].

Theorem 3.13 [n addition to the hypotheses of Theorem 3.1, suppose that, for all fixed
points Y, Y* € X¥ of T, there exists Z € X* such that Z is comparable to Y and to Y*. Then
T has a unique fixed point.

Proof From Theorem 3.1, the set of fixed points of T is non-empty. Assume that ¥ and Y*
are two fixed points of 7. Put Zy = Z and Z,,; = T(Z,) for n > 0. Since Z is comparable
to Y, we may assume Z < Y. Since T is an isotone mapping, we obtain inductively Z, < ¥
for n > 0. Therefore, by (3.1), we have

9 (oY, Zp1)) = 9 (oi(T(Y), T(Z,))) < 0 (px(Y, Z0)) = ¥ (0x(Y, Z1)), (3.26)

which, by the fact that ¢ > 0, implies

o (oY, Zui1)) < (oY, Z)). (3.27)

By (3.27) and the strict monotonicity of ¢, we see that the sequence {A,} defined by A, =
oY, Z,) is non-increasing. Hence, there exists 8 > 0 such that lim, .o, A, = 8. We shall

prove that 8 = 0. Suppose, conversely, that 8 > 0. Letting n — oo in (3.26), we get
9(B) =¢(B) - lim ¥ (An) <@(p),

which is a contradiction. Thus g = 0, that is,

lim pr(Y,Z,) =0. (3.28)

n—00
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Similarly, we obtain

lim p(Y*,Z,) = 0. (3.29)
n—00
Combining (3.28) and (3.29) yields Y* = Y. O

Using a similar argument to the proof of Corollary 3.4, we deduce the following corol-
laries from Theorem 3.13, respectively.

Corollary 3.14 In addition to the hypotheses of Corollary 3.4 (or Corollary 3.9), suppose
that, for all coupled fixed points Y,Y* € X? of F, there exists Z € X* such that Z is compa-
rable to Y and to Y*. Then F has a unique coupled fixed point.

Corollary 3.15 In addition to the hypotheses of Corollary 3.6 (or Corollary 3.10), suppose
that, for all tripled fixed points Y,Y* € X® of F, there exists Z € X° such that Z is compa-
rable to Y and to Y*. Then F has a unique tripled fixed point.

Corollary 3.16 In addition to the hypotheses of Corollary 3.11, suppose that, for all
Y -fixed points Y, Y* e Xt of F, there exists Z € X* such that Z is comparable to Y and
to Y*. Then F has a unique tripled fixed point.

Remark 3.17 In this paper, the results show how to extend unidimensional fixed point
results to the multidimensional case and give a simple and unified approach to some cou-
pled, tripled, and k-dimensional fixed points. It is worth pointing out that we extend the
interesting technique of proof in [10] from k = 2 to k arbitrary. The results in [19] and [20]
are the unidimensional and coupled cases, respectively.
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