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1 Introduction

Let E be a real Banach space with dual E*. A normalized duality mapping J : E — 2£" is
defined by

Jo={f* € B f) = el = £},

where (-, -) denotes the generalized duality pairing between E and E*. It is well known that
E is smooth if and only if J is single-valued and if E is uniformly smooth then J is uni-
formly continuous on bounded subsets of E. Moreover, if E is reflexive and strictly convex
Banach space with a strictly convex dual then /! is single-valued, one-to-one, surjective,
uniformly continuous on bounded subsets and it is the duality mapping from E* into E;
here JJ 7! = I« and JJ! = Iz. D(A) denotes the domain of A.

A mapping A : D(A) C E — E* is said to be monotone if for each x,y € D(A), the follow-
ing inequality holds:

(x—y,Ax —Ay) > 0.

The class of monotone mappings is one of the most important classes of mappings among
nonlinear mappings. The mapping A is said to be maximal monotone if it is not properly
contained in any other monotone operator. In the past several decades, many authors have
been devoting to the studies on the existence and convergence of zero points for maximal
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monotone mappings. A variety of problems, for example, convex optimization, linear pro-
gramming, monotone inclusions, and elliptic differential equations can be formulated as
finding a zero of maximal monotone operators. The proximal point algorithm is recog-
nized as a powerful and successful algorithm in finding a solution of maximal monotone
operators. In Hilbert spaces, many authors have studied monotone mappings by the vis-
cosity approximation methods and obtained a series of good results, see [1-20] and the
references therein.

Let C be closed convex subset of Banach space E. A mapping A : C — E is called accre-
tive if there exists j(x — y) € J(x — y) such that

(j(x —y),Ax — Ay) > 0.

The mapping A is called m-accretive if it is accretive and R(I + rA), the range of (I + rA),
is E for all r > 0; and an accretive mapping A is said to satisfy the range condition if

DA)cCC ﬂR(l +1A), (1.1)

r>0

for some nonempty, closed, and convex subset C of a real Banach space E (see [11, 18, 21]).
Denote the zero set of A by

A™H(0)={zeD(A):0 € Az}.

The accretive mappings and monotone mappings have different natures in Banach spaces,
these being more general than Hilbert spaces. For solving the original problem of finding
a solution to the inclusion 0 € Az, Rockafellar [22] introduced the following algorithm:

Zk + ek € Zi1 + CrAZka1, (1.2)

where {e;} is a sequence of errors. Rockafellar obtained the weak convergence of the algo-
rithm (1.2).

When A is maximal monotone mapping in Hilbert spaces, Xu [23] proposed the follow-
ing regularization for the proximal algorithm:

2 = J4y (e + (1= 2i)zi + ),

where ]g}( = (I + cA) ! is the resolvent of A, converge strongly to a point in A~1(0).
Recently Yao and Shahzad [24] proved that sequences generated from the method of
resolvent given by

21 = Vazk + Sl (2k) + e
where ]:}( = (I + ctA)! is the resolvent of A, converge strongly to a point in A71(0).
On the other hand, with regard to a finite family of m-accretive mappings, Zegeye and
Shahzad [21] proved that under appropriate conditions in Hilbert spaces, an iterative pro-

cess of Halpern type defined by

Xnsl = Oyl + (1 - an)Srnxny n= 0)
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where S, = aol + aiJ! +ayJ? +- - - +aynJN withJ' = (I +rA;)™ fora; € (0,1),{i=0,1,2,...,N}
and YN a; =1, for {A;,i =1,2,...N} accretive mappings, converge strongly to a point in
ﬂﬁlAi’l(O). Very recently, Kimura and Takahashi [25] defined the mapping in Banach

space:
yi =T (i + (1 — ;)JSixs),

where {S;} are sequences of nonexpansive mappings of C into itself. Then {Jy;} converges
weakly and {Jx; — JS;x;} converges strongly to 0 if ¢(xo,y;) < ¢(x0,%;) for all i € N.
Motivated and inspired by the above results, our concern now is the following: Is it pos-
sible to construct a new sequence with general errors in Banach spaces which converges
strongly to a zero of monotone operators? Let C be a nonempty, closed, and convex subset
of a uniformly smooth strictly convex real Banach space E. Let A : C — E* be a continuous
monotone mapping satisfying the range condition (2.1) with A71(0) # @. It is our purpose
in this paper to introduce an iterative scheme (two-step iterative scheme) which converges
strongly to a zero of a monotone operators in Banach spaces. Our theorems presented in
this paper improve and extend the corresponding results of Yao and Shahzad [24], and

Zegeye and Shahzad [21] and some other results in this direction.

2 Preliminaries
Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly convex real
Banach space E with dual E*. A monotone mapping A is said to satisfy the range condition

if we have

DA)CCC ﬂ JIR(J + rA) (2.1)

r>0

for some nonempty, closed, and convex subset C of a smooth, strictly convex, and reflexive
Banach spaces E (see [11, 18, 26]). In the sequel, the resolvent of a monotone mapping
A: C — E* shall be denoted by $4 = (J + rA)™!J for r > 0. It is well known that the fixed
points of the operator §4 are the zeros of the monotone mapping A, denote F := A71(0).
We recall that a Banach space E has the Kadee-Klee property if for any sequence {x,} C E
and x € E with x,, — x and ||x,|| — ||*||, x, — x as n — co. We note that every uniformly

convex Banach space enjoys the Kadee-Klee property.

Lemma 2.1 [26] Let C be a nonempty, closed, and convex subset of a uniformly smooth
strictly convex real Banach space E with dual E*. A C E x E* is a monotone mapping sat-
isfying (2.1). Let S be the resolvent of A for r C (0,00). If {x,} is a bounded sequence of C
such that S%x, — z, then z € A™(0).

Lemma 2.2 For A, 4 > 0, the identity

Sfx = Sﬁ (%]x + (1 - %)]Sfx)

holds.
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Proof By the definition of the operator S, the identity holds. O

Let E be a smooth Banach space with dual E*. Let the Lyapunov function ¢ : E X E — R,
introduced by Alber [11], be defined by

90,%) = IyI* =20, Jx) + lI*]*  Vx,y € E.
Obviously, by the definition of the mapping J, ¢(-,-) > 0.

Lemma 2.3 [12] Let E be a smooth and strictly convex Banach space, and C be a nonempty,
closed, and convex subset of E. Let A C E x E* be a monotone mapping satisfying (2.1),
A7Y(0) be nonempty and S be the resolvent of A for some r > 0. Then, for each r > 0, we
have

o(p,S2%) + o(Stx,x) < p(p,x) Vpe A (0),xeC.

Let E be a reflexive, strictly convex, and smooth Banach space, and let C be a nonempty,
closed, and convex subset of E. The generalized projection mapping, introduced by Alber
[11], is a mapping I1¢ : E — C that assigns an arbitrary point x € E to the minimizer, x =
ITcx, where x is the solution to the minimization problem

¢(x,%) = min{p(y,x),y € C}.

Lemma 2.4 [11] Let C be a nonempty, closed, and convex subset of a uniformly smooth
strictly convex real reflexive Banach space E. Let x € E, then, Vy € C,

o, Mex) + o(Tex, x) < @(y,x).

Lemma 2.5 [11] Let C be a nonempty closed and convex subset of a real smooth Banach
space E. A mapping Ilc : E — C is a generalized projection. Let x € E, then xo = Icx if and

only if
(z—x0,Jx—Jx0) <0, VzeC.

We make use of the function V : E x E* — R defined by V(x,x*) = ¢(x,]J 'x*). That is
V(x,x*) = ||2)|> = 2(x, ) + ||*||? for all x € E and x* € E*.

Lemma 2.6 [11] Let E be a reflexive, strictly convex, and smooth real Banach space with
dual E*. Then

V(x,x*) + 2(]_1x* —x,y*) < V(x,x* +y*),
for all x € E and x*,y* € E*.

Lemma 2.7 [13] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

Apel = (1 - Gn)an + Oy, n= 0;
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where {0,)} is a sequence in (0,1) and {0,} is a real sequence such that
() Y5200 =003
(ii) limsup,_,,, 3 <0 or Y o On < 0.

Then lim,—, o a,, = 0.

Lemma 2.8 [14] Let E be a uniformly convex, and smooth real Banach space with
dual E*, and let {x,} and {y,} be two sequences of E. If either {x,} or {y,} is bounded and
©(xy,¥n) = 0 as n — oo, then x,, — y, — 0 as n — oo.

Lemma 2.9 [15] Let E be a uniformly convex and smooth real Banach space and Bg(0)
be a closed ball of E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

N
2 2
llotoao + eney + -+ + anan|I* < Y aillill” — cvieyig (Ilsi — 51
i=0

for a; € (0,1) such that Zﬁo a; =1 and x; € BR(0) := {x € E: ||x|| < R} for some R > 0.

3 Main results
In this section, we introduce our algorithm and state our main result.

Theorem 3.1 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Banach space E which also enjoys the Kadee-Klee property. Let A : C — E* be
a continuous monotone mapping satisfying (2.1), and u € C be a constant. Assume that
F:= A™Y0) # @, for xo, u € C arbitrarily, let the sequence {x,} be generated iteratively by

Yn = HC(jil()bn]xn +(1- )"}’l)]SCAxn))’

(3.1)
Xn+l = ]_l(an]u + ﬂn]xn + yn]S?yn + 8n]en):

where ¢ C (0,00), {e,} € E is an error, A, € [0,1], {a,}, {Bn}, {vu}> {€4} are sequences of
nonnegative real numbers in [0,1] and
() an+Butynten=1n>0lim,ooa, =0, o) oty = 00;
(ii) limsup,_, , An=1;
(iii) limsup,_, . &, =0, limsup,_ o lle.ll =0,
then the sequence (3.1) converges strongly to x = lru.

Proof From the Lemma 2.3 and Kamimura et al. [12], we see that A71(0) is closed and
convex. Thus ITru is well defined. First we prove that {x, } is bounded. Take p € F := A7}(0),
then from (3.1) and Lemmas 2.3, 2.4, and the property of ¢, we have

o@.yn) =@ (0: T (T (Afn + (1 = 1)JS2x4)))
< o(p,J " (Mftn + (1= 1)]S2x4) )
= P11 = 2(p, (L= A )IS2 % + Afit) + || (L= A )ISA%, + Dot ||
< lIpl* = 2(0 = 2)(p, 2 %) = 20 (0, J1)

(L= 2) IS4 | + Al 12
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<(I-Ane (P: S?xn) + A (P> %)

<@1- )\n)w(p’xn) + )\nw(p’xn) = §0(17’xn)~ (3.2)

For n > 0, by using the definition of ¢ and Lemma 2.3 we have from (3.2)

P, %ni1) = (0] (nftt + BuJn + Vi SEYn + Enfen))
= pI” = 2(p, aafus + BuJn + VI S2yn + Enfen)
+ |l + Bl + ISty + enlen)?
< pl? = 20 (0, Ju) = 2B (0. J%n) = 2Vu(p,JSE ) = 260 (D, Jen) + ctullul®
+ Ballall® + v | Sy |* + enllenll?
= au (P, 1) + B (0r %) + Vu@ (0, SE9) + Enp (D €1)

= ot,,</7(p, M) + (ﬂn + Vn)(p(prxn) + En(p(pr en)- (3‘3)

Since limsup,_, o lle,|l = 0, assume that sup ¢(p,e,) < M is a real nonnegative constant,
then by induction, we have

‘P(P’xml) < max{‘ﬂ(l?» M), (P(P:xo),M}» Vn = 0)

which implies that {x,} is bounded. Therefore, we see that {S%x,}, {S%y,}, and {y,} are
bounded. Next we show that ¢(x,,x,,1) — O.

Because the sequence {x,} is bounded, by the reflexivity of E, there exists a subsequence
{x,,j} of {x,} and p; € C such that Xy > p1 €C weakly. Denote x* = I1cu, then x* € C is
the unique element that satisfies inf,cc ¢ (x, u) = ¢(x*, u). By using the weakly lower semi-
continuity of the norm on E, we get

o(x*,u) < o(p1,u) < lim,iffo e

<lim sup ga(x,,}., u) < inf o(x, u) = go(x*, u), (3.4)
xeC

j—>o0
which implies that
Jim @y, u) = 9 (x",u) = 9(pr,u) = inf ¢ (x,u) (35)
Thus, from (3.5) and Lemma 2.5, we have

(z—a"Jx* = Ju)=0, VzeC, (3.6)

(z—p1,Jpr —Ju) >0, VzeC. (3.7)
Putting z := p; in (3.6) and z:= x* in (3.7), we get

(pr—a* 6 = Ju) >0, VzeC, (3.8)

(x* —p1Jp1 - Ju) = 0, VzeC. (3.9)

Page 6 of 13
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Adding (3.8) and (3.9) we have (x* — py,Jp1 — Jx*) > 0, i.e. (x* — p1,Jx* — Jp1) < 0. By using

the fact that J is monotone we get (x* — p, Jx* — Jp1) = 0. Since strict convexity of E implies

that / is strictly monotone, we have p; = x*. Consequently, x,, — x* weakly.
Furthermore, by the definition of ¢ and (3.5), we have

Tim ([l 1* = 26, Jua) + 2e]*) = [|2* P = 2(*, Jua) + N1,

which shows that lim,_, « [|%,| = ||x*|. In view of the Kadee-Klee property of E, we have
%, —x*|| = 0. Thus, ¢(x,,%,:1) — 0.

Now we show that x* € A71(0). By using the definition of ¢ and Lemma 2.3 and
Lemma 2.9, we get

@B xn41) = (0, ] (e + B + VI Seyn + enfen))
< pI* = 2(p, auJus + BuJon + YuJSeyu + Enlen)
+ |ttt + Bl + ISty + e
< IpII* = 20, (p, Ju) = 2B, (0, Jn) = 2¥u{p, IS ) = 260 (0, Jen) + ctul|al|?
+ Bullxall® + v | Sty |* + enllenl® = Buvug (| —IS27a))

= au0(p, u) + (1= oty — £)0 (0, %) + €00 (Ds €n) — Bu¥ng (| J6n = T2y ])-

Because x, — x*, ¢(p, x,) is convergent, and noticing the conditions (i), (ii) and (iii), we get

g(|Jmn = 7S2ya]) — 0. (3.10)
The property of the function g implies that

Jx, —]Sfyn — 0, n— oo. (3.11)
Thus, since /! is uniformly continuous on bounded sets, we obtain

Xy — S?yn — 0, n— o0. (3.12)

From Lemma 2.4, the property of ¢, and the condition (ii) we have

@@ ) = @ (%0, T (T (Aftn + (1= 1)JSE %) ) )
< (0, J 7 (Qontn + (1= 20)JS7 %))
<@ =2 (xn SExn) + A (0, %0) — O. (3.13)
Using Lemma 2.8, we get x, — y, — 0, furthermore y, — x*, and from (3.12) we get y, —

S4y, — 0 and from Lemma 2.1, we obtain x* € F = A71(0).
Now take x = I1ru, then x € F, by the Lemma 2.5 and Lemma 2.6, then we have

(p(a_c, M) = V(J_C,]M)
< V(&% Ju - (Ju-Jx)) - 2(u - X, ~(Ju - J))
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=X, %) + 2{u — X, Ju — Jx)

=2(u—7%Ju—Jx) <O0. (3.14)

Since ¢(-,-) > 0, so we have ¢(x,u) = 0.
Furthermore, from (3.3) we have

OX %141) < (Bu + V)@ (%, %) + €u@(X, 1) + £,0(%, €,,)

<A —ay—en)p®x,x,) + (ay + 8,,)((/)(.?_6, u) + p(x, en))- (3.15)

Notice the conditions (i) and (iii), from (3.15), by the Lemma 2.7 we have ¢(x,x,,1) — 0
as n — o0o. Consequently, from Lemma 2.8 we have x,, — x. In fact, we get x* = x. The
proof is complete. O

Theorem 3.2 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Banach space E which also enjoys the Kadee-Klee property. Let A : C — E* be
a continuous monotone mapping satisfying (2.1), and u € C be a constant. Assume that
F:= A™Y0) # @, let x,, be a sequence generated by x, € C

Sns1 =) (nJtl + Buln + YuJSE%n + Enlen), (3.16)

where {e,} € E is an error, {a,}, {Bu}, {vu}, {€n} are sequences of nonnegative real numbers
in [0,1] and
(i) dut+Butynten=Ln>0;
(if) 1imy o 0t = 0, 3207 @t = 00;
(iii) limsup,_, ., &, =0, limsup,,_, . lle,|| =0,
then the sequence converges strongly to Tlru.

Proof Putting A, =1 in Theorem 3.1, we obtain the result. g

We note the method of the proof of Theorem 3.1 provides a convergence theorem for a
finite family of continuous monotone mappings. In fact, we have the following theorem.

Theorem 3.3 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Banach space E which also enjoys the Kadee-Klee property. Let A; : C — E* for
i=1,2,...,N be continuous monotone mappings satisfying (2.1), and u € C be a constant.
Assume that F := ﬂﬁlAi‘l(O) # @, for xo,u € C arbitrarily, let the sequence {x,} be gener-
ated iteratively by

Yn = HC(jil()‘-n]xn + (1 - )"rl) Zf\il I’Li]S?ixn))j

1 e (3.17)
X+l = ]_ (an]u + ﬁn]xn +Vn Zi:l Ui]Sc lyn + 5n]en);

where ¢ C (0,00), {e,} € E is an error, A, € [0,1], A, € [0,1], {a,.}, {Bu}s {yu}, {en} are se-
quences of nonnegative real numbers in [0,1] and
) tp+Butyuten=1n>0, N 0;=1, 3N ;=1 4, >0, 0, > 0;
(ii) limsup,_, oo Ay = 1 lim, o0 0, = 0, > o) 0ty = 00;
(iii) limsup,_, . &, =0, limsup,_ o lle.ll =0,
then the sequence converges strongly to x = Iru.
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If in Theorem 3.1 and Theorem 3.2 we put u = 0, we have the following corollaries.

Corollary 3.4 Let C be a nonempty, closed, and convex subset of a uniformly smooth
strictly convex real Banach space E which also enjoys the Kadee-Klee property. Let A : C —
E* be a continuous monotone mapping satisfying (2.1), and u € C be a constant. Assume
that F := A™(0) # @, for xg € C arbitrarily, let the sequence {x,} be generated iteratively by

Y = MU Qonfoen + (1= 1,)IS2 %)), (318)
%ue1 =] (Bun + VI SLyn + €nfen)s
where ¢ C (0,00), {e,} € E isan error A, € [0,1], {B,}, {Vu}, {€n} be sequences of nonnegative
real numbers in [0,1], and
(i) Butynt+en=1n=0;

(il) limsup,_, . A, =1;

(iii) limsup,_, . &, =0, limsup,_ o lle.ll =0,
then the sequence converges strongly to x = I1¢(0).

Corollary 3.5 Let C be a nonempty, closed, and convex subset of a uniformly smooth
strictly convex real Banach space E which also enjoys the Kadee-Klee property. Let A : C —
E* be a continuous monotone mapping satisfying (2.1). Assume that F := A7(0) # @, let x,,
be a sequence generated by

Xn+l = Jt (,Brl]xn + Vn]S?xn + Sn]en); (3.19)

x0 € C, where ¢ > 0 and {e,} € E is an error, {B,}, {yn}, {4} are sequences of nonnegative
real numbers in [0,1] and

(i) an+Butynten=1,n=0;

(ii) limsup,_, ., &, =0, limsup,_, . lle.ll =0,
then the sequence converges strongly to T1g(0).

If E is a Hilbert space, then E is a uniformly convex and smooth real Banach space. In
this case, J = I, and ¢(x, ) = |x—y||?, and I[1¢ = P, the projection mapping from E on C. It
is well known that Pc and S are nonexpansive. Furthermore, (2.1) reduces to (1.1). Thus
the following theorems hold.

Theorem 3.6 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Hilbert space E which also enjoys the Kadee-Klee property. Let A : C — E*
be a continuous monotone mapping satisfying (1.1), and f : C — C be a contraction with
a contraction coefficient p € (0,1). Assume that F := A7Y(0) # @, let the sequence {x,} be
generated iteratively by

=Pc(Apx, + (1= Ay Sfx,, s
In = Pc( ( )¢ %u) (3.20)

Xn+l = anf(xn) + ﬁnxn + ynS?_yn + En€n

where ¢ > 0 and {e,} € H is an error, S = (I + cA)™}, and the sequences A, € [0,1], {,},
{Bu}> {vn}, {en} be nonnegative real numbers in [0,1] and
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(D) an+Butynten=1n>0lim, o0, =0, ooy, = 00;
(ii) 0<liminf,_, oA, <limsup,_, A, <1;
(iii) limsup,_, ., &x =0, and limsup,,_, . |le.|l =0,
then the sequence converges strongly to x = Pgf (k).

Theorem 3.7 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Hilbert space E which also enjoys the Kadee-Klee property. Let A: C — E* be a
continuous monotone mapping satisfying (1.1), and f : C — C be a contraction with a con-
traction coefficient p € (0,1). Assume that F := A™1(0) # @, let x,, be a sequence generated
byxoeC

Xn+l = ar(f(xn) + ,ann + ynS?xn t Enéns (321)

where ¢ > 0 and {e,} € H is an error, S4 = (I + cA)™}, and the sequences {a,}, {Bu}, (Y}, {€n)
are nonnegative real numbers in [0,1] and

() an+Butynten=1n>0,lim, 000, =0,> 12 oty = 00;

(ii) limsup,_, ., &, =0, andlimsup,_ . lle,ll =0,
then the sequence converges strongly to x = Pgf (x).

If in Theorem 3.6 and Theorem 3.7 we put f := u constant, we have the following corol-

laries.

Corollary 3.8 Let C be a nonempty, closed, and convex subset of a uniformly smooth
strictly convex real Hilbert space E which also enjoys the Kadee-Klee property. Let A : C —
E* be a continuous monotone mapping satisfying (1.1), and u € C be a constant. Assume
that F := A™(0) # @, let the sequence {x,} be generated iteratively by

=Pc(hux, + (1= 1,)8%%,),
Yn c( n+ ( )c ) (3.22)

A
Xpsl = Ol + ,ann + yVlSC YnYn t Enen,

where ¢ > 0 and {e,} € H is an error, S = (I + cA)™\, and the sequences A, € [0,1], {a,},
{Bu}> {vn} {en} be nonnegative real numbers in [0,1] and
(D) an+Butynten=1n>0lim,o0a, =0, ooy, = 00;
(ii) 0<liminf,_, oA, <limsup,_, oAy <1;
(iii) limsup,_, ., &x =0, and limsup,,_, ., lle.|l =0,
then the sequence converges strongly to x = Pru.

Theorem 3.9 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Hilbert space E which also enjoys the Kadee-Klee property. Let A : C — E* be
a continuous monotone mapping satisfying (1.1), and u € C be a constant. Assume that
F:=A"Y0) # @, let x,, be a sequence generated by xg € C

Xpil = Qplh + BuXy + y,,S‘C“xn + &.€,, (3.23)

where ¢ > 0 and {e,} € H is an error, 4 = (I + cA)™}, and the sequences {a,}, {Bu}, (Y}, {€n)

are nonnegative real numbers in [0,1] and
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() an+Butynten=1n>0,lim, 000, =0, oo &ty = 00;
(ii) limsup,_, . &, =0, andlimsup,_, . lle,ll =0,
then the sequence converges strongly to x = Pru.

Remark 3.10 Infact, if A is a maximal monotone mapping, then all the above results hold.

4 Applications

In this section, we study the problem of finding a minimizer of a continuously Fréchet
differentiable convex functional in Banach spaces. Let g be continuously Fréchet differen-
tiable convex functionals such that the gradient of g (Vg|C) are continuous and monotone.
Denote B := Vg, then the following theorem holds.

Theorem 4.1 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Banach space E which also enjoys the Kadee-Klee property. Let g be continu-
ously Fréchet differentiable convex functionals such that the gradient of g, B:= Vg, is con-
tinuous, monotone, and F := argminyecg(y) := {z € C: g(z) = minyecg()} # 3. Let u € C
be a constant, for xo,u € C arbitrarily, and the sequence {x,} be generated iteratively by

Yn = HCU71()"n]xn + (1 - )"n)]Sfun))v

4.1
X1 = NSt + BuJn + VI SEYn + €nlen), “y
where ¢ C (0,00), {e,} € E is an error, A, € [0,1], {a,}, {Bu}, {vu}, {4} are sequences of
nonnegative real numbers in [0,1] and
() an+PButynten=1n>0lim, 000, =0, oo o, = 00;

(i) limsup,_, Ay =1;

(iii) limsup,_, . &x =0, limsup,_, . lle.ll =0,
then the sequences{x,}, {u,} converge strongly to x = I1ru.

In addition, we can extend it to the equilibrium problem for a bifunction ¢ : C x C —
R where C is a nonempty, closed, and convex subset of a smoothly, strictly convex, and
reflexive real Banach space E with dual E*. The problem is to find x € C such that ¢(x,y) >
0 for all y € C and the set of solutions if denoted by EP(¢). The mapping T, : E — C is
defined as follows: for x € E,

T, (x) := {ze C:p(zy) + ri(j(y—z),z—x> >0,Vye C}.

It is proved in [27] that {T},} is single-valued and nonexpansive. Furthermore, we see that
F(T,,) = EP(¢) is closed and convex if the bifunction ¢ satisfies (A1) ¢(x,x) =0, Vx € C,
(A2) ¢(x,9) + p(y,x) <0, Va,y € C, (A3) for each x,y,z € C, lim;, g p(tz + (1 — t)x,y) <
¢(x,9), and (A4) for each x € C, y — ¢(x,y) is convex and lower semicontinuous.

The following theorems are connected with the problem of obtaining a common ele-
ment of the sets of zeros of a monotone operator and an equilibrium problem.

Theorem 4.2 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Banach space E which also enjoys the Kadee-Klee property. Let ¢ be a bifunction
from C — R satisfying (Al)-(A4), and A : C — E* be a continuous monotone mapping
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satisfying (2.1), and u € C be a constant. Assume that F := A" (0) NEP(¢) # @, for xo,u € C

arbitrarily, let the sequence {x,} be generated iteratively by

¢(uﬂ’y)+ é(j(y_un)run_xﬁ 207 Vye C;
Vn = MU MJun + (1= 1)JS2uy)), (4.2)
KXnl = ]_l(an]u + BuJxn + ]/n]S?yn +&,/e,),

where ¢ C (0,00), {e,} € E is an error, A, € [0,1], {a,}, {Bn}, {vu}> {€4} are sequences of
nonnegative real numbers in [0,1] and
() an+PButynten=1n>0lim, 000, =0, oo) 0, = 00;
(i) limsup,_, . An=1;
(iii) limsup,_, ., &, =0, limsup,_ o lle.ll =0,
then the sequences {x,}, {u,} converge strongly to x = Il ru.

Theorem 4.3 Let C be a nonempty, closed, and convex subset of a uniformly smooth strictly
convex real Banach space E which also enjoys the Kadee-Klee property. Let ¢ be a bifunc-
tion from C — R satisfying (Al)-(A4), A : C — E* be a continuous monotone mapping sat-
isfying (2.1), and u € C be a constant. Assume that F := A7(0) N EP(¢p) # &, for xg,u € C

arbitrarily, let the sequence {x,} be generated iteratively by

G, y) + 1 j = tn)sthy = %,) =0, VyeC, 43)
Kni1 =)t + BuJxn + Vil SEthy + EnJen),
where ¢ C (0,00), {e,} € E is an error, A, € [0,1], {a,}, {Bn}, {vu}), {64} are sequences of
nonnegative real numbers in [0,1] and
@) p+Bu+yn+en=1,n>0;

(ii) limy—oo 0ty =0, Y o)ty = 00;

(iii) limsup,_, ., &, =0, limsup,_, . lle.ll =0,
then the sequences {x,}, {u,} converge strongly to x = I1ru.

Remark 4.4 Our results extend and unify most of the results that have been proved for
this important class of nonlinear operators. In particular, our theorems provide a conver-
gence scheme to the proximal point of a monotone mapping which improves the results
of Yao and Shahzad [24] to Banach spaces, being more general than Hilbert spaces. We
also note that our results complement the results of Zegeye and Shahzad [21], which are
convergence results for accretive mappings. At the same time, Theorem 3.1 extends the
results of Tang [9] and Zegeye and Shahzad [18] which have not involved errors.
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