provided by Crossref

IJMMS 2004:24, 1279-1291
PIL S0161171204204240
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

A MIXED PROBLEM WITH ONLY INTEGRAL BOUNDARY
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We investigate an initial boundary value problem for a second-order hyperbolic equation
with only integral conditions. We show the existence, uniqueness, and continuous depen-
dence of a strongly generalized solution. The proof is based on an energy inequality estab-
lished in a nonclassical function space, and on the density of the range of the operator asso-
ciated to the abstract formulation of the studied problem by introducing special smoothing
operators.

2000 Mathematics Subject Classification: 35120, 35B45, 35D05, 35B30.

1. Introduction. Inrecent years, new attention has been devoted to mixed problems
for hyperbolic equations with integral conditions. Such conditions appear in case, where
for instance, direct measurement quantities are impossible and their mean values are
known. Such situations take place in studying, for example, the dynamics of ground
waters [12, 13]. The first investigation of this type of problems goes back to [3] in 1996,
in which the author proved the existence, uniqueness, and continuous dependence of
the solution upon the data of certain hyperbolic problems with only integral boundary
conditions. The proof used in [3] is based, on the one hand, on the method derived by
LadyZenskaya [11] to show the existence of the solution, and, on the other hand, on a
priori estimates to prove the uniqueness and continuous dependence; these estimates
are established by taking the scalar product in L2-space of the considered equations
and integrodifferential operators constructed for each problem. Later, mixed problems
for hyperbolic equations with integral condition(s) were treated in [2, 4, 6, 7, 13, 14].

In this note, we prove the existence, uniqueness, and continuous dependence of the
solution of a mixed problem with only integral boundary conditions for a second-order
hyperbolic equation. To this end, we reformulate the stated problem as a problem of
solving an operator equation, then we show that the operator generated by the problem
is bijective. To prove the injection, we have established an a priori estimate in BJ*-
space, first introduced by the author (see, e.g., [4, 6]). Thanks to this space, we have
used the same operator of multiplication employed to obtain estimates for a second-
order hyperbolic equation with classical boundary conditions, without having recourse
to constructing an appropriate integrodifferential operator for the posed problem. This
confirms what it is noted in [6] concerning the importance of the use of such space to
solve a large class of problems with integral boundary conditions. In order to prove the
surjection of the operator, we have constructed particular smoothing operators with
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respect to t. These operators can be used to solve a large class of evolution problems
possessing second-order derivative in time.

2. Statement of the problem and notations. In the rectangular domain Q = (a,b) X
(0,T), we consider the following problem: find the function v = v(x,t) satisfying

2’v 0 ov ov ov
-3 (n(x,t)a) +q(x,t)§ +r(x,t)§

T ot ox
+s(x,t)v =f(x,t), (x,t)e€Q,

Fv

Lov =v(x,0) =vo(x), xe€(a,b),

b = w =vi1(x), x€(a,Db), (2.1)
J:v(x,t)dX:E(t), te(0,7),

ijv(x,t)dx=M(t), te(0,T),

with

b
J Vo(x)dx = E(0),

a

b
J XVo(x)dx = M(0),
a (2.2)

b
J xv1(x)dx = M'(0),

a

b
J v1(x)dx =E'(0),

a

where vy, v, E, M, f, p, q, ¥, and s are known functions and T > 0, a, and b are given
constants.

ASSUMPTION 2.1. We will assume, for (x,t) € Q, that

0<co=px,t) <c, ‘%_}:‘SCL ‘S—Z‘SCS, q(x,t) =0,
2.3
‘a—q‘<c4 [ (x,t)| <cs ’al’<c6 |s(x,t)] < c7. =
aX —_ y y —_ y ax —_ ’ y —_

In Assumption 2.1 and throughout, c; are positive constants.

Since integral boundary conditions are inhomogeneous, it is convenient to convert
problem (2.1) to an equivalent problem with homogeneous integral conditions. For this,
we introduce a new function u(x,t) representing the deviation of the function v (x,t)
from the function

M(t)
(b—a)*

~(18(x-a)’—12(x—a)(b—a) - (b—-a)?)

U(x,t)=12(x—a)(3x—a—-2b)

E(t) (2.4)

(b—a)3’
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Then, our problem becomes as follows: find a function u = u(x,t) satisfying

Fu =f(x,t)-2LU = f(x,t), (x,t)€Q, (2.5)
Lou =u(x,0) =up(x), xea,b), (2.6)
eluzwzul(x), x € (a,b), 2.7)

b
J ulx,t)dx =0, te0,T), (2.8)

b
J xu(x,t)dx =0, te(0,T), (2.9)

with
b b

J ui(x)dx =0, J xui(x)dx=0 (i=0,1). (2.10)

We introduce the appropriate function spaces that will be used in the rest of the note.
Let H be a Hilbert space with a norm || - || 5.

DEFINITION 2.2. (i) Denote by L2(0, T; H) the set of all measurable abstract functions
u(-,t) from (0,T) into H such that

T 1/2
Nl 2 07:00) = (L ||u(-,t)||§dt) < . (2.11)

(ii) Let C(0,T;H) be the set of all continuous functions u(-,t): (0,T) — H with
lwllco,r;m = nax, ||u( )|y < oo (2.12)

DEFINITION 2.3. Denote by B (a,b) the space equipped with the scalar product

b
(U, W) gy (ap) = J ITu-3Tvdx (2.13)
a
and the associated norm
b 1/2
”u”Bg"'(a,b) = (J (52114)261)() , (2.14)
a
where
gy = 1)'J (x =& (g, )dE, m=1. (2.15)

LEMMA 2.4. For m > 1, the following inequality holds:

(b~ a)

(2.16)

114251 0y = 12y

When m = 0, BY(a,b) = L%(a,b).
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DEFINITION 2.5. Let B)"" (0, T) be the weighted B}-space equipped with the norm

T 1/2
g 1) = (JO w(t)(s';u)zdt> . (2.17)

In this note, w(t) = e ¢t.

DEFINITION 2.6. Write B} (0,T;H) (resp., By (0,T;H)) for the space of functions
from (0, T) into H, which is a B} -space (resp., a Bﬁ““’-space, ) for the measure dt. It is
a Hilbert space for the norm

T 1/2
lubsgioran = ([, @Fluc. ol at) 218)

respectively,

T 1/2
fuligoora = ([ wO (st ol ar) 219

Problem (2.5), (2.6), (2.7), (2.8), and (2.9) can be written in the following abstract form:
Lu=(f,uop,u1), (2.20)

where L = (£,4y,¥1). The operator L, with domain D(L), acts from B to F, where D(L)
is the set of all functions u € L?(0,T;B3(a,b)) for which d'u/dt?, d'u/ox’ (i = 1,2),
and 0%u/0x0t? belong to L?(0,T;B} (a,b)) and u satisfies conditions (2.8) and (2.9), B
is the Banach space obtained by the closure of D(L) in the norm

1/2
) , (2.21)

and F is the Hilbert space L?(0,T;B3(a,b)) xL*(a,b) x Bi(a,b).
Let L be the closure of L with domain D(L).

oull

_ 2 hhd
Il - (uuuao,w(a,b)ﬁ\ "

C(0,T;B} (a,b))

DEFINITION 2.7. A solution of the abstract equation
Lu = (f,uo,u1) (2.22)

is called a strongly generalized solution of problem (2.5), (2.6), (2.7), (2.8), and (2.9).

3. Uniqueness and continuous dependence. We first establish an energy inequality;
the uniqueness and continuous dependence of the solution with respect to the data are
immediate consequences.

THEOREM 3.1. Under Assumption 2.1, the following inequality holds for any function
ueD(L):

lullp <cllLullF, (3.1)

where c is a positive constant independent of u.
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PROOF. Taking the scalar product, in Bl (a,b), of (2.5) and du/dt and integrating by
parts, we get

TR P (e

b
J pu%lx)
BZ (a,b) a

. b

:Z(f(-,t),au( ’t)) +J a—puzdx—ZJ a—puﬁxa—udx
ot B}(ah) ox ot (3.2)

2q au or o, 0u

ZJ SX Xat ZJ’ ruﬁxa dx — ZJ S"atd
—ZJ Iy (su)f}xa—dx
According to the e-inequality, the right-hand side of (3.2) is bounded by
o () e (G )

O g+ [ (aﬁ 00y (O S

‘ au( Ik

3q> ( 6u> Jh ,
- I dx+| (9x(su))°d
B3(a,b) L (ax X3¢ ) Xt (Fx(su)) dx

Substituting (3.3) into (3.2) and integrating the result over (0,7), with 0 < 7 < T, we
obtain, by using inequality (2.16) for m = 1 and m = 2,

8u( ,T)

ZJ J (SX ) dxdt+J p(x, Tu?(x, -r)dx+)

B (a,b)

2 2
= Jo ||f("t)||3§(a,b)dt+Ja p('!o)u(z)dx"‘HuIHBl(ah

. (3.4)
T(tfop (op\* ., (b— a)2 2
*Jo J, <8t+<ax) o +(a) T dxdt
T . 2 2
+(4+(b—a)2)f au;t,t) ) JJ( )( au> dxdt.
0 Bz(ah
By virtue of Assumption 2.1, we have
2 ou(-, )|
||u('lT)||L2(u,b)+‘ ot lstan
2 i}
.
scg(jo ||f<-,t>||§;m_b)dt+||uo||iz<a,h>+Hu1<|§%m,b)) (3.5)

6u( ) |12

+C9JO (IIu(-,t)llfau,m ’

)at,
B} (a,b)
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where
max (1,c1)
C8 = 717 >
min (1,co) (3.6)
. ~max(c2+ci+ces+cg+((b—a)?/2)cs, 4+ (b—a)® +c5) '
o= min (1,cq) '
The application of Gronwall’s lemma implies
2 ou(-,1)[|°
u(-,7)||;: + || —=—
H ( )||L2<a,b> ‘ ot Bl(ab) (3.7)

2 2
<csexp(coT) (”f”iZ(O‘T;B%(a’b)) +{|uollz2(ap + ||u1HB; (a,b))'

The right-hand side here is independent of 7; thus taking the upper bound forO <t < T
in the left-hand side, we obtain estimate (3.1), where ¢ = cé/z exp(csT/2). O

As we have no information concerning R (L) expect that R(L) C F, we must extend L,
so that estimate (3.1) holds for the extension and its range is the whole space. We first
state the following result.

PROPOSITION 3.2. Under the hypotheses of Theorem 3.1, the operator L acting from
B into F has a closure.

PROOF. The proof is analogous to that of [5, Proposition 1]. O
The next corollary follows from Theorem 3.1 and Proposition 3.2.

COROLLARY 3.3. Under the assumptions of Theorem 3.1, the operator L has on R(L)
a continuous inverse f_], that is, there exists a constant ¢ > 0 such that

lullg <c|[Lullp, u€D(L). (3.8)

PROOF. Inequality (3.8) can be obtained by passing to the limit in (3.1). |

COROLLARY 3.4. Ifproblem (2.5), (2.6),(2.7), (2.8), and (2.9) has a strongly generalized
solution, then this solution is unique and depends continuously on (f,ug,u1).

COROLLARY 3.5. The range of the operator L equals the closure of the range of the
operator L, that is, R(L) = R(L).

PROOF. The proof is the same as that of [5, Corollary 2.5]. |

4. Existence of the solution. Now, we are able to state and prove our main result.

THEOREM 4.1. Assume that the hypothesis of Theorem 3.1 holds. Moreover, it is as-
sumed that the coefficients 0°p/0t?, 03p/0t>0x are bounded. Then, for f € L%(0,T;
B% (a,b)), ug € L%(a,b), and u, € B% (a,b), there exists a unique strongly generalized
solution u = ffl(f,uo,ul) =L-1(f,ug,u1) of problem (2.5), (2.6), (2.7), (2.8), and (2.9)
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that satisfies

lullp < C<Hf”L2(0,T;B%(a,b)) + 1ol 2 a) + ”ulHB%(a,h)), (4.1)

where c is a positive constant independent of u.

PROOF. By virtue of Corollary 3.5, we conclude that it is sufficient to prove that
R(L) = F. To this end, we will first establish the density for a particular case in which
L is reduced to Lo and u € Dy(Lg), where Ly = (%o, ¥1,¥2), ¥y is the principal part of
%, that is, Lo = 0%2/0t% — (8/0x) (p(x,t)(0/0x)), Do(Ly) = Do(L), and Dy(L) is the set
of all functions u € D(L) for which £;u =0 (i =0,1).

PROPOSITION 4.2. Under the hypotheses of Theorem 4.1, if
(550% w)LZ(O,T;B%(a,b)) =0 (42)

for arbitrary u € Do(Ly) and some w € L?(0, T;B% (a,b)), then w vanishes almost ev-
erywhere in Q.

Suppose for a moment that Proposition 4.2 has been established and return to the
proof of Theorem 4.1. Let the element (f,u,u;) of F = L2(0,T;B(a,b)) xL?(a,b) x
Bl(a,b) be orthogonal to R (L), that is,

(iou,f)Lz(o’T;Bé @by T (Cow,u0) 24 p) + (L1, u1) g1 Lab) = =0, ueD(Ly). (4.3)

If u € Dy(Ly), it follows from Proposition 4.2 that f vanishes almost everywhere in Q.
Hence

(Lou,uo) 2 g p) + (ﬂlu,ul)B;(a‘b) =0, ueD(Ly). (4.4)

But R(#;) and R(¥») are everywhere dense in L%(a,b) and B%(a,b), respectively. So,
w; = w> = 0, from which we conclude that R(Ly) =
We turn back to the general case. The operator L — Ly maps continuously B into
F; then Theorem 4.1 can be proved by the method of continuation with respect to the
parameter. We will not describe it here; however we refer the reader, for instance, to [8].
To complete the proof of Theorem 4.1, it remains to establish the proof of Proposition
4.2.

PROOF OF PROPOSITION 4.2. We need to introduce the family of smoothing opera-
tors with respect to t:

Q‘g f,[ sm—(t T)0(x,T)dT, £>0, (4.5)

—2\ 3k _ - s L _
(077) G—ﬁL sm\/g('r t)0(x,t)dt, &£>0. (4.6)
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These operators provide the solutions of the problems

2,-2
2707050 o2 1y — o0,

ot2
-2
0;29(x,0)=0 M:O,
ot
B () (1) = 0(x, 1),

d(0;3)"0(x,T)

ot =0,

(0:2)"0(x,T) =0

respectively. They have the following properties.

LEMMA 4.3. If0 €L?(0,T), then
(1) 0720 € H?>(0,T) and 0720(x,0) =0, 00;%0(x,0)/dt =0,
(2) (e72)*0 € H*(0,T) and (¢;%)*0(x,T) =0, 0(p2)*0(x,T)/ot =0

LEMMA 4.4. If 0 and g are in L?(0,T), then
T T
JO 0:20-gdt = fo 0-(e;%) " gat. 4.8)

Lemmas 4.3 and 4.4 are proved directly by using the definitions of the operators ¢;>
and (p;2)*.

LEMMA 4.5. Forall 0 € L%(0,T) such that 320/0t? is in L?(0,T), the following identity
holds:

2 2( -2
2070 _ %(e:")0 —9(x O)COSL—LaG(X ,0) smids (4.9)

O o2 T oz Je e ot NG
To prove this lemma, it suffices to integrate by parts the expression p72(3%0/972).

LEMMA 4.6. Forall ® € L?(0,T;H),
M) [y les2011%dt < [y 10114dt and [, 10720 — 0]|4dt — 0, when & — 0
@) fo 1ez2)*I14dt < [} 10114dt and [y |(072)* — 0||%,dt — 0, when & — 0.

The proof of Lemma 4.6 is similar to that of [1, Lemma 2.18].

LEMMA 4.7. SetP(t) = (0/0x)(p(x,t)(0/0x)); then the following relation holds:
P(t)o;? = 0;°P(T)0: 2 +0:2P" (T)0: 2, (4.10)

where P’ (T) = (0/0x) ((0°p (x,t)/0t%)(0/0x)).

Lemma 4.5 is proved directly by integrating by parts ¢;2P(T).

Note that similar operators related to equations of order one in time and to opera-
tional equations are established in [9, 10].

From (4.2), we have

°u 3
32 porsiapn Pt @iz o rha: 1
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Wereplace u by o721 in (4.11) and apply Lemma 4.5 to the left-hand side and Lemma 4.7
to the right-hand side; we get
_2 o*u -2 2
(Qs 312 ,w>L2 . = (07%Po;2u+e0;%P" 0 %u, ‘U)Ll(orgz(a b))+ (4.12)
According to Lemma 4.4, we obtain

o0%u 2y k 2 "o=2q o\ %
(m’(gf ) w>L2(o,T;B%<a,h))_ <PQE utePesu (o) w)L2<0vT:Bé<ﬂvb)>' (4-13)

from which we have

dxdt

J 3%(07)" 9% (Jgw)
u
Q ot?

(4.14)
= JQ (P(t)o >u+eP”(t)o7°u) (07%) 9% (Jgw)dx dt.

The operator P(t) with conditions (2.8) and (2.9) has, on L2(0,T), a continuous inverse
defined by

_ X dE ¢ 1
P l(t)g= ,Hd
(g L p(&,t) Lg(Z ) C+(bfa)fab((afx)(bfx)/p(x,t))dx

b 2 2 b x
(b —x°) (b—x)
X{<L p(x,t) dx)( a p(x, t)dxj g(E,t)dg)

(e ([ D Ceoa)
a p(x,t) a px,
w-a(] ‘“‘;‘&c‘ﬁ;’”dem)(Jf sen)f
Hence, we can write P” (t)¢; 2u as follows:
P’ (t)o 2u =P ()P~ L(t)P(t)o; 2u =TI(t)P(t) o *u =TI(t) g, (4.16)
where
Hiog = (aizgx , %#%)

x P ((a—x)(b- ))dx [ g(E,t)d
U g@,t)dg_““((“ X)(b=x)/p(x,0))dx [; g(€,t) 5)) ?p 1

12 ((a—x)(b—x)/p(x,0))dx 2 pd
4.17)
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Therefore, (4.14) becomes

dxdt

| , 2 (0e?) 55 (Jzw)
Q ot2

= jQ (P() o 2u+ell(D)P(t) e u) (0;%) "% (Jgw)dx dt (4.18)
= JQP(t)ngu ‘Ae(072)" 9% (Jgw)dx dt,

where

*

Aeleg?)" = (T+€T*) (%),

* "2 %p 9 .
1 (%) 95 (920) = | (532~ 30t 3¢ p2) (€)% (Sew)d
¥ ((a=8)(b—%)/p(E1)dE

TP ((a-x)(b-x)/p(x,0))dx (4.19)

Since the left-hand side of (4.18) is a continuous linear functional of u, then the function
A¢ has 0A./0x and 02A./0x? belonging to L2(Q), and such that

A5|x=a = Ae|x=b =0,

e e o (4.20)
dx XTAT ox TP T

For sufficiently small €, we have [|ell*][;2 ) < 1, from which we conclude that the op-
erator A possesses a continuous inverse on L2(Q), that is, JE(Tew) € L2(Q). We dif-
ferentiate A, with respect to x:

e, . oIT*

* ook _ * -2 -2\ * gk
dx (Qe ) SX(SE(U)_ (I+EH )(QE ) wa+f dx (Qe ) SX(S§(U), (421)
where
oIT* | 5 & (a-x)(b-x)/p(x,t)
(0:%)" 9% (Jsw) =
ox T P a0 —x) /pxn)

(4.22)

b 83]0 1 azp ap 1 ok e
Xja (6xat25_ﬁa?>(£’g ) SX(S§UJ)

Relation (4.23) implies that oI1* (¢)/dx is bounded on L%(Q); thus according to (4.22),
we deduce that J,w € L?(Q) for sufficiently small ; in other words, w € L?(0, T; B3 (a,
b)) for sufficiently small ¢. Similarly, using the boundedness of 0%I1* () /dx? on L%(Q),
we conclude that w € L?(Q).



A MIXED PROBLEM WITH ONLY INTEGRAL BOUNDARY CONDITIONS ... 1289

According to (4.19) and (4.20), we have

(1+e%%%’)(g;2)*sj(sgw)|X:a=0, (4.23)
(1+g%%%’)(9;2)*3;(s§w)|X:b=o, (4.24)
(I+s%a;Tf)(g;2)*sxw\X:a=o, (4.25)
(I+s%%)(eg2)*sxw|x:b=0. (4.26)

Analogously, for fixed x € [a, b] and sufficiently small &, the norm of (¢(1/p)(0%p/0t?))
on L2(0,T) is smaller than 1. Therefore, the operator (I +£(1/p)(d%p/dt?)) has a con-
tinuous inverse on L2(0,T). Then, from (4.23), (4.24), (4.25), and (4.26), we get

33 (Jgw) [, =0, (4.27)
gew],_, =0. (4.28)

We will now construct the function w. For this, we introduce the function

v(x,t) =et (cw + 88_(;)) (4.29)
with
w(x,0) =0, (4.30)

where

Co

2 2
Co ++/C5 +8¢
ce [#,m[. (4.31)

Solving the differential equation (4.29) with respect to t, by taking into account (4.30),
we obtain

w(x,t)=—-e g, (4.32)

It follows from relations (4.27), (4.28), and (4.32) that

Jpv =0, (4.33)
g7v =0. (4.34)
Substituting (4.32) into (4.11) yields
’u —ct
_(ﬁ,e ¢ Stv)LZ(o_T;B%(a,h)) = —(P’u,e ¢ Stv)Lz(O,T;B%(a,h))' (4.35)

In identity (4.35), we set

u=9%v, (4.36)
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from which we have
_(v’eictsfv)LZ(O,T;B%(a,b)) = _(PS?vve%tva)LZ(O,T;Bé(a,b))' (4.37)
Integrating by parts both sides of (4.37), we get

’CT||5TU||Bl<ah +elvl BYY (0,T;BL (a,h)

b ap 2
- _ —cT _ —ct
= f p(x,T)(37v) dx JQ (cv at)(stv) dxadt (4.38)

a

0P
- ZJQe ”af}%vfjx(stv)dxdt.
The last integral on the right-hand side of (4.38) is dominated by

FIi; 2o (5) ey
2||UHB;’W(O,T;B%(a,b))+C Q€ ax (S{U) dxdt, (4.39)

where the first term is absorbed in the left-hand side. It then follows, by omitting the
first term of each side of (4.38) and by using Assumption 2.1, that

2
—IIvHle —(c?co—ccr—2c3) v > (4.40)

(0,T;B} (a ab) = B3(0,T;L2(a,b))"

According to (4.31), we deduce that v and thus w vanish almost everywhere in Q. This
achieves the proof of Proposition 4.2. |

This completes the proof of Theorem 4.1. O
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