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We investigate an N-state spin model called quantum relativistic Toda chain and based
on the unitary finite-dimensional representations of the Weyl algebra with g being Nth
primitive root of unity. Parameters of the finite-dimensional representation of the local
Weyl algebra form the classical discrete integrable system. Nontrivial dynamics of the
classical counterpart correspond to isospectral transformations of the spin system. Simi-
larity operators are constructed with the help of modified Baxter’s Q-operators. The clas-
sical counterpart of the modified Q-operator for the initial homogeneous spin chain is a
Béacklund transformation. This transformation creates an extra Hirota-type soliton in a
parameterization of the chain structure. Special choice of values of solitonic amplitudes
yields a degeneration of spin eigenstates, leading to the quantum separation of variables,
or the functional Bethe ansatz. A projector to the separated eigenstates is constructed
explicitly as a product of modified Q-operators.

2000 Mathematics Subject Classification: 82B23.

1. Introduction. One of the indicative examples of integrable models of mathemat-
ical physics is the Toda chain. There are an enormous number of papers in the modern
literature concerning the Toda chain, classical as well as quantum one. We mention
only [26] as an example of the application of the algebraic methods to the quantum
Toda chain. One of the modifications of the Toda chain is known as a relativistic Toda
chain, classical as well as quantum, see, for example, [11, 14, 18, 19, 32].

The algebra of observables in the quantum relativistic Toda chain is the local Weyl
algebra. Due to an ambiguity of centers of the Weyl algebra with arbitrary Weyl’s g, we
may talk about well-defined quantum model only in three cases. The formal first one
is the special limit g — 1, corresponding to the usual quantum Toda chain [26]. The
second case is the modular dualization of Weyl's algebra, see [5, 6, 8] for details and
[10] for the application of the modular concept to the quantum relativistic Toda chain.
In this paper, we are going to discuss the third known case—the case of the unitary
finite-dimensional representation of the Weyl algebra, arising when Weyl’s parameter g
is the Nth primitive root of unity. Note, besides the finite-dimensional representations
at the root of unity, there exist the real infinite-dimensional ones, but this case belongs
to the modular double class.

In several integrable models with the unitary representations of the Weyl algebra
at the Nth root of unity, the C-valued Nth powers of Weyl’s elements form a classi-
cal discrete integrable system. So the parameters of the unitary representation of the
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Weyl algebra form a classical counterpart of the finite-dimensional integrable system
(i.e., spin integrable system), see [2, 3, 7, 20, 21, 22, 23, 24] for example. The most
important finite-dimensional operators, arising in the spin systems, have functional
counterparts, defined as rational mappings in the space of functions of the Nth pow-
ers of Weyl’s elements. So, the finite-dimensional operators are the secondary objects,
we have to define first the mapping of the parameters, and then the finite-dimensional
operators have to be constructed in the terms of initial and final values of the param-
eters. Usual finite-dimensional integrable models correspond to the case when the
initial and final parameters coincide for all the operators involved. It means the con-
sideration of the trivial classical dynamics. Algebraically, the conditions of the trivial-
ization are the origin of, for example, Baxter’s curve for the chiral Potts model [1, 4],
or of the spherical triangle parameterization for the Zamolodchikov-Bazhanov-Baxter
model [25].

We may hope to achieve the progress in the spin integrable models by including into
the consideration a nontrivial classical dynamics. This dynamics will complicate the
situation, but sometimes more complicated systems in the mathematics and physics
may be solved more easily—proverbial “a problem should be complicated until it be-
comes trivial” [31].

The quantum relativistic Toda chain at the root of unity is one of the simplest
examples of such combined classical/spin system. This model was investigated in the
preprints [15, 16, 17]. The present paper is an attempt to present the detailed and
clarified exposition of this investigation.

We will use the language of the quantum inverse scattering method. Besides the
formulation of the model in the terms of L-operators and transfer matrices, it im-
plies the quantum intertwining relation, allowing to construct Baxter’s Q-operator.
Eigenvalues of the transfer matrix and Q-operator satisfy the Baxter,or TQ = Q'+ Q"
equation. Baxter equation may hardly be solved explicitly for arbitrary N and for finite
length of the chain M. It is the key relation for the investigation of the model in the
thermodynamic limit. We will not investigate the Baxter equation in this paper even
in the thermodynamic limit, we will restrict ourselves by a derivation of it.

Since any quantum Toda-type chain is the realm of the functional Bethe ansatz,
the problem of eigenstates of the transfer matrix is related to the problem of the
eigenstates of off-diagonal element of the monodromy matrix, see, for example, [9,
26, 27, 28, 29] for the details. This is true in our case as well. It is also known that
Baxter’s Q-operators in the classical limit are related to the Backlund transformations
of the classical chains, see, for example, [12, 13, 30].

In the following paragraph we describe in the shortest way the subject of the present
paper.

The main feature of the quantum relativistic Toda chain at the root of unity with
the nontrivial classical counterpart is that the quantum intertwining relation con-
tains the Darboux transformation (see [30]) for the Nth powers of the Weyl elements.
So the Backlund transformation is the classical counterpart of the finite-dimensional
Q-operator at the root of unity automatically. Such Q-operators we call the modified
Q-operators, because they do not form the commutative family. Usual Q-operators
are their particular cases. Modified Q-operators solve in general the isospectrality
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problem for the spin chain. Starting from a homogeneous quantum chain, we may
create some number of solitons in parameterization of the inhomogeneities using the
Backlund transformations. The finite-dimensional counterpart of this procedure is a
product of the modified Q-operators, giving a similarity transformation of the initial
homogeneous transfer matrix. The term “soliton” is used here in Hirota’s sense: the
system of the Nth powers of Weyl's elements may be parameterized by T-functions,
obeying a system of discrete equations. A solitonic solution of this system is given
by the Hirota-type expressions. Solitonic T-functions contain extra free complex para-
meters—the amplitudes of solitonic partial waves. Generally speaking, these parame-
ters are a kind of “times” of the classical model conjugated to the commutative set of
classical Hamiltonians. In the other interpretation the amplitudes stand for a point on
a Jacobian of a classical spectral curve in its rational limit. Besides the complete so-
lution of the quantum isospectrality problem, these degrees of freedom appeared to
be useful in an unusual sense. The amplitudes may be chosen so that one component
of a classical Backer-Akhiezer function becomes zero—this is related to the classical
separation of variables. The corresponding finite-dimensional similarity operator be-
comes a projector to an eigenvector of off-diagonal element of the monodromy matrix,
that is, the base of the quantum separation of variables. Moreover, since the similar-
ity operator is the product of Q-operators, Sklyanin formula [26] with the product of
eigenfunctions Q appears in the direct way.

This paper is devoted to the formulation of the combined classical/spin model—the
quantum relativistic Toda chain at the Nth root of unity; its classical Darboux trans-
formation/spin intertwining relation; derivation and parameterization of Backlund
transformation/modified Q-operator; derivation of the Baxter equation; and explicit
parameterization of the quantum separating operator.

2. Formulation of the model. In this section, we formulate the model called the
quantum relativistic Toda chain at the root of unity.

2.1. L-operators. Let the chain be formed by M sites with the periodical boundary
conditions. mth site of the Toda chain is described by the following local L-operator:

1 K w!/?
TGN I e W 2.1)
Wi 0

where A is the spectral parameter and k is an extra complex parameter, common for
all sites, that is, a modulus of eigenstates. Elements u,, and w,, form the ultra-local
Weyl algebra,

Wi - Wi = WWyy - Uy, 2.2)

and u,,, w,, for different sites commute. Weyl’s parameter w is the primitive root of
unity,

2mi/N
’

w=e w!/? = el™N, (2.3)
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N is an arbitrary positive integer greater than one and common for all sites. The Nth
powers of the Weyl elements are centers of the algebra. We will deal with the finite-
dimensional unitary representation of the Weyl algebra

Um = UmXm, Win = WimmZm, (2.4)

where u,, and w,, are C-numbers, and

Xp=1®---® X ®---Q1, Zm=1®---® z ®---®1. 2.5
m m ( )
mth mth
place place

A convenient representation of x and z in the N-dimensional vector space |x) =
lcmod N) is

x|ax) = oyw®, zlo) =|ax+1), (x|B) =g (2.6)

Thus x and z are N x N dimensional matrices, normalized to the unity (x¥N =zN =1),
and the Nth powers of the local Weyl elements are C-numbers

ul =ull, wh =wl. (2.7)
In general, all u,,, w,, are different, that is, u,, # u, and w,, # w,, such chain is
the inhomogeneous one.
Variables uY, and w) form the classical counterpart of the quantum relativistic
Toda chain. Define the classical L-operator as

Lo (AN) & AN TmEme N (2.8)
wN 0

2.2. Transfer matrices and integrability. Ordered product of the quantum L-
operators

~ . def a(Ad) b(Ar)
t(A) = L (A)L2(A) - -y (A) = ) (2.9)
c(A) d(A)
and its trace y
t(d) =ad)+dA) = > Ay (2.10)
k=0

are the monodromy and the transfer matrices of the quantum model.
The integrability of the quantum chain is provided by the intertwining relation in
the auxiliary two-dimensional spaces

RN @ L(p) = (18 L) (L(A) ® 1)R(A, ). (2.11)

The tensor product of two 2 x 2 matrices with the identical Weyl algebra entries u, w,
k but different spectral parameters A and u is implied in (2.11), and

A—wu 0 0 0
0 A—u u(l—w) 0
0 Al-w) w(A—pu) 0
0 0 0 A—wu

R(A, ) = (2.12)
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is the slightly twisted six-vertex trigonometric R-matrix, used, for example, in [33].
Equation (2.11) may be verified directly. The repeated use of the intertwining relation
(2.11) gives the analogous relation for the monodromy matrices (2.9), leading to the
commutativity of the transfer matrices (2.10) with different spectral parameters but
with the identical elements u,,, w;,, and K

[t(A, k5w, Wi }), t (U, K5 {um, win }) ] =0, (2.13)

where we emphasize the dependence of t(A) = t(A, k; {um,wm}%zl) on the given set
of C-valued parameters u,,, Wy, m=1,...,M.
In the spectral decomposition of the transfer matrix (2.10) the utmost operators
are
M
=1 t=k"]] (-0 Pupwn)Y, (2.14)
m=1

where

Y= (—w YVxpzm),  YV=1. (2.15)

1

f:]a

Transfer matrix (2.10) is invariant with respect to a gauge transformation of L-oper-
ators (2.1). Let G be 2 x 2 matrix with C-valued coefficients, then the transformation

by — GG~ =1 — GtG™! (2.16)

does not change the transfer matrix. For example,

1 0
G:(O g) (2.17)

produces the transformation of the parameters
U — G Umy, Wi — GWn. (2.18)

Taking into account this freedom and also the possibility of redefinition of the spectral
parameter A, entering L-operator (2.1) always as A~!u,,, we may impose, without loss
of generality, the following conditions for the parameters {u,,, wm}%:l

M M
(—w'?upy) = (—wm) =1. (2.19)
m=1 m=1
2.3. Classical monodromy matrix. Define the monodromy of the classical Lax ma-
trices (2.8) analogously to (2.9) as

(2.20)

- def (A(AN) B(AN))
T=LiLy---Ly= .

C(AN) D(AN)

For our purposes we have to mention the relation between the elements of the quan-
tum monodromy matrix (2.9) and the classical ones. Note at first, relation (2.11) pro-
vides the commutativity

[a(d),a(u)] = [b(A),b()] = [c(d),c(u)] = [d(A),d ()] = 0. (2.21)
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The spectra of a(A), b(A), c(A), and d(A) may be calculated by means of the following
proposition.

PROPOSITION 2.1. Cyclic products of quantum monodromy matrix elements are the
centers:

[T aw™) = A(AN), T b(w"A) = B(AY),

nezn nezn (2.22)
[ c(w™) =cC(aVN), [T d(w™) =D(AV).
neizn neizn

Theorems of such kind were proved in [33] for the general case of cyclic represen-
tations like (2.6) of the quantum affine algebras. An alternative proof follows from the
results of [20, 21, 22, 23, 24].

Consider the homogeneous chain with u,, = u and w,, = w. Due to (2.18) and
(2.19), we may fix the parameters of the homogeneous chain as

Um = —w M2 Wy = —1. (2.23)
Then
LK e
T=L(AM™,  L@N) = AN AN || (2.24)
€ 0

where € = (—=1)V, and the matrix elements of T may be calculated with the help of
projector decomposition of L(AN). Namely, let x; and x» are two eigenvalues of L(AN)
KN

X1+x2=1——. (2.25)

1
X1X2 = 2\7N’ AN

Then L(AN) may be presented in the form L(AN) = D diag(x1,x2)D"!, therefore T =
Ddiag(x},x})D=1, and the final answer reads

ot -
X1 —X Cexnx X1 —X
A 1—X2 1—X2
T = M M " " (2.26)
Exl —X> X1X; —X2X7
X1 —X2 X1 —X2

Now we may calculate (x{” - x!f )/ (x1 —x>») explicitly as a function of AN, First of all,
it is an (M —1)th power polynomial with respect to 1/AN, so

M_ M M-1 AN
X1 7% _ ¢, (1 - "). (2.27)
X1 —X?

In the limit when 1/AY — 0, we have x; = 1 and x» = 0, see (2.25). Therefore Cy = 1.
The roots AN = A} of (2.27) correspond to the case when

X2 :
XM =xM x) = x = - e2iPk (2.28)

1
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where ¢y, k=1,...,M —1, belong to the following set §:

def{ﬂ' 2T (M—l)rr}
MM

brESH = (2.29)
The ordering of ¢y € $u is not essential. Introduce now three useful functions Ay,
Ay, and Ay as follows:

Ay = el (wlcos2 b+ KN +cos¢>,
Af =ei® <w/COSZ¢)+KN+COS¢)), (2.30)

Ag = DgA}.
Expressions for A and A* uniformize the rational curve
* * N A 2i¢p
AA* = A+ A"+ kK 1nthetermsofF=e . (2.31)
Comparing (2.25) and (2.31), we conclude
AY =Ag,, Pk ESu. (2.32)
The application of Proposition 2.1 to the homogeneous chain gives in particular

M-1 A
[T b)) = —5 [1(1-52), deesn. (2.33)
k=1

nezn

2.4. Eigenvalues and eigenstates. The natural aim of the investigation of any in-
tegrable quantum chain is to calculate the spectrum of the transfer matrix and to
construct its eigenstates at least for the homogeneous chain. In this subsection we
will fix several notations necessary for the spectral problems and for the functional
Bethe ansatz.

For given transfer matrix t(A), let t(A) be its eigenvalue for the right eigenvector
|¥;) and for the left eigenvector (¥¢|,

A7) = [¥)E@A), (¥ [tA) =tA) (¥ |. (2.34)

Here t(A) = Zﬁio A=Kty ty are eigenvalues of the complete commutative set of ty (2.10).
Due to (2.14) and (2.15) to = 1 and ty = (—k)Mw?, where w? is the eigenvalue of Y.
The subscript “t” in the notations of the eigenvectors stands for the M-components
vector {tx}, k =1,...,M. The eigenvectors do not depend on A, but depend on k and
Um, Wy, for the inhomogeneous chain. In general t; are not Hermitian, so left and
right eigenvectors are not conjugated. Nevertheless, imply that |¥;) and (¥;| are dual
complete bases,

tA) =D Yt (Y], 1= V) (%], (2.35)
t t

where the summations over t is by definition the summation over all N possible sets
of the eigenvalues {t;}}" ;.



520 S. PAKULIAK AND S. SERGEEV
All the observables are defined in the local basis initially (2.5)
)=o) ® o) @ ® o). (2.36)

The dual basis is defined via

M
(&IBY =[] Scmpm» 1= > loX{xl. (2.37)
m=1

{oom}

Calculation of the eigenvector |[¥;) means the calculation of the matrix elements
(x|'¥y)
YY) = > o) (ax|¥y). (2.38)

{oaom}

Now formulate the isospectrality problem. Let {um,uzm}ly\,ﬁz1 and {u’m,w,’n}],‘,{:l be
two sets of parameters of Weyl elements for the quantum relativistic Toda chain at
the root of unity. These sets are isospectral if

E(As {tm Win by ) = (A {0 bon ). (2.39)

Let |'¥;) and |'Y]) be the eigenvectors of two isospectral transfer matrices t(A) and t'(A)
with the same eigenvalue t(A). Two isospectral transfer matrices must be related by
a similarity operator K

t(A;{um,wm}%zl)K:Kt(i\;{u;n,w;n}ynzl), (2.40)

such that
K=> |¥)K: (Y. (2.41)
t
Here K; are arbitrary nonzero values. We will prove further that two transfer matrices
are isospectral if and only if the traces of their classical monodromy matrices coincide.
The eigenvalues of the transfer matrix obey several functional relations. Sometimes
they may be solved in the thermodynamic limit or at least some physical properties of
the chain may be derived from the functional equations in the thermodynamic limit.
The eigenstates for quantum Toda chain, relativistic as well as usual, and in general
the eigenstates for models based on the local Weyl algebra at root of the unity may be
constructed with the help of so called functional Bethe ansatz, or quantum separation
of variables [9, 26, 27, 28, 29]. Eigenstates of off-diagonal element of the monodromy
matrix b(A) (2.9) play the important role in the method of the functional Bethe ansatz.
It is useful to parameterize the spectrum of b(A) by its zeros Ay, k =1,...,. M — 1. It
follows from (2.33) for the homogeneous chain

A =Ag,, k=1,....M—1, ¢y € $u. (2.42)
The monodromy matrix (2.9) has the structure

TA) =T (A) - Ly (), (2.43)



QUANTUM RELATIVISTIC TODA CHAIN AT ROOT OF UNITY ... 521

where T (A) is the monodromy of the first M — 1 sites. Then

1/2
b(A) = a’(/\)(— “’A uM). (2.44)

It is more convenient to work with the eigenvectors of the operator

1/2
b)) E'bA)wy —a (A)( ‘”)\

uMwM>. (2.45)
Note that operator Y in (2.15) commute with b. We denote the eigenvectors of b as
[{Ak 3}, y) and define them by the following relation:

MBS y) =0, A5 e Akl

M-1 _ M-1 y (2.46)
Y‘ {Ak}kzl 7)’> = ‘{Ak}kzl ,y>w )

The functional Bethe ansatz method, being applied to the quantum relativistic Toda
chain at root of unity, implies the following structure of the matrix element (see [27,
28, 29)):

M-1
<‘I’t ’ sty > = const [ | q¢(Ax). (2.47)
k=1

q:(A) is a function, which depends on the spectrum of t(A), and obeys a functional
equation, called the Baxter T — Q equation. Operator Y, being the member of t, (2.14),
has the eigenvalue w? in all the components of formula (2.47). The explicit form of
Baxter equation and the definition of g;(A) will be given later.

We obtain usually formula (2.47) from (2.11), see [9, 26, 27, 28, 29]. In this paper,
we will obtain (2.47) in a different way: we will construct first the so-called modified
Q-operator, whose spectrum is related to q;. Then a projector to I{Ak}k 1 1 y) will be
obtained using these modified Q-operators.

3. Intertwining relations. The quantum relativistic Toda chain L-operator (2.1) is
2 X 2 matrix, whose matrix elements are N x N matrices. According to the conventional
terminology, the two-dimensional vector space is called the auxiliary space, while the
N-dimensional one is called the quantum space. Equation (2.11) is the intertwining
relation in the auxiliary spaces. In this section, we will investigate the other type of
the intertwining relations—in the quantum spaces.

It is easy to check that two L-operators, (2.1), cannot be intertwined in the quantum
spaces (i.e., their intertwiner is exactly zero). In the case of the usual quantum Toda
chain we need an extra auxiliary L-operator (in its simplest form it is known as the
L-operator for the “dimer self-trapping model” [30]). The same situation holds in our
case, as we need an auxiliary L-operator that may be intertwined with L-operator (2.1)
in the quantum spaces. In general, this auxiliary L-operator is Bazhanov-Stroganov
L-operator for the six-vertex model at the root of unity [4]. This fact is the origin of
a relationship between the relativistic Toda chain at the Nth root of unity and the
N-state chiral Potts model. The Bazhanov-Stroganov L-operator may be simplified to
a “relativistic dimer self-trapping” L-operator.
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In this section, we introduce this auxiliary L-operator and write down the quantum
intertwining relation. Being written in an appropriate way, this will give us a key for
all further investigations.

3.1. Auxiliary L-operator. Define the auxiliary quantum L-operator as follows:

1-w!/?k 2\—d’w wm(l w2 kpwe)u
Tp(aag) AT A L (3.1)
—wl/zAd,u(;lwd) We¢

Here A and Ay are two spectral parameters (actually, up to a gauge transformation
(2.16), £ depends on their ratio). k¢ is a module analogous to k. ug and w¢, are addi-
tional Weyl elements, defined analogously to (2.2), (2.4), (2.5), and (2.6)

Uy = UpXgp, W¢p = WpZep. (3.2)

In these notations the subscript ¢ labels the additional Weyl pair in the tensor product
(2.5).
Classical counterpart of £ is by definition
N
u
¢ N, N
N et A7N (1 + K¢ ’LU¢ )
Lp(AV,AY) = N : (3.3)
A§ v wg

L-operators (3.1) are intertwined in their two-dimensional auxiliary vector spaces by
the same six-vertex trigonometric R-matrix (2.12). There exists also the fundamental
quantum intertwiner for (3.1). It is the R-matrix for the chiral Potts model such that
two rapidities are fixed to special singular values. The details are useless in this paper.
But the method described here may be applied directly to the model, defined by (3.1).

3.2. Quantum intertwining relation. We are going to write out some quantum in-
tertwining relation for L-operators (2.1) as well as for the whole monodromy matrix
(2.9). So we use notations, applicable for the recursion in m. Also in this section, we
will point out parameters u,, Wy, and ug¢, Wy as the arguments of £,, and Eqb.

PROPOSITION 3.1. There exists unique (up to a constant multiplier) N> x N> matrix
Ron,¢(Ag), such that Ry, ¢, Um, and £ obey the modified intertwining relation

Loy (AN A gy, Wapm) - Lo (A, Wi )Ry (Agp)
o (A Ag;Ugm, We o (Ag (3.4)

= Ring (A) e N ) - L (A Agi g, e me1),
if and only if their classical counterparts of L., and f¢ obey the following Darboux
relation:
Loy (AN, AR50 s Wi ) - Lon (AN 00y, w3 3.5)
= Lin AN;up wyl) 'f¢(7\Na/\'¥;“g,m+nw$,m+1 ), -

valid in each order of AN.
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PROOF. Consider the following equation:
Lo (Aug, We) - Om (A tm, Win) = L (Asuy, Wy ) - £ (Asug, Wy ), (3.6)

and equate its coefficients in each order of A. In (3.6) we used the Weyl elements as
the formal arguments of L-operators (2.1) and (3.1). This system of equations has the
unique solution with respect to the primed operators

7 Kd)
m = 7114),
Wi = WinWg — 0 2Agugtwy,

_ (3.7)
)y = (Ag + KWWy — w'?wpug) 1?\¢um,

K -1
Wy, = aumwm(wmud,—wm)\qb) )

Obtaining (3.7) from (3.6), we used the exchange relations for u,,, wi,, ug, and wg
without assuming any exchange relations for primed operators. We may check directly
that the rational homomorphism

Wy, Wi, Uy, Wep — Uiy, Wy U, W, (3.8)

given by (3.7), is the automorphism of the local Weyl algebra.
Since the finite-dimensional representations at root of unity are considered (see
(2.4) and (3.2)), we may use the normalization of the operators entering (3.6) as usual

W = UmXm, Wm = WmZm, Ugp = UpmXep, Wo = We,mZe, (3.9)
W, = UXoy, Wiy = Wiy Zo, )y = Upm+1Xy, Wiy = W mi1Zy, ’

where all x, z matrices are normalized to unity. With this normalization, the Nth
powers of (3.7) may be calculated directly with the help of the following identity:

+w)N =uV +wh, (3.10)
The answer reads
N, N
U i1 = ot Wy = 3
m+ N N, N N, N m+ NN N, N -
?\4, + KkNUumwm +Winlg K /\¢ Wil
N N
, K , kN uNwN w
NPyl L wN = Sy omem b (3.12)
K Ko Ugpm Wemel

It is easy to check that (3.11) and (3.12) are the exact and the unique solution of (3.5).
Automorphism (3.8) with normalizations (3.9) taken into account, gives the auto-

morphism
Xm, Zm, X, Zp Hx’m,z;n,x:b,zi#, (3.13)

where, recall, all X, z are normalized to unity finite-dimensional operators. This is
provided by (3.11) and (3.12), or by (3.5). Therefore this automorphism must be the
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internal one, that is, due to the Shur lemma there must exist a unique (up to a multi-
plier) N2 x N? matrix Ry, ¢

X, = Rm,(;,me;nl’(b, z, = Rm,¢sz;n{¢, 31
X:P = Rm,¢X¢R;nl,¢’ sz) = Rm,¢Z¢R;n1’¢.
The last two equations are equivalent to (3.4). O
The local transformation
U WU 0 U Y 1 W (3.15)

given by (3.11) and (3.12), is called the Darboux transformation for the classical rel-
ativistic Toda chain, see, for example, [30] for the analogous transformation for the
usual Toda chain. Equations (3.11) and (3.12) define the mapping (3.15) up to Nth
roots of unity. These phases are the additional discrete parameters appeared when
we take the Nth roots in (3.15). Note, the matrix Ry, ¢ is unique if all these roots are
fixed.

In the next section we will give matrix elements of R, ¢ in the basis (2.6).

3.3. 2-transformation and the isospectrality problem. Relations (3.4) and (3.5)
may be iterated for the whole chain. The functional counterpart, (3.5), gives
Ly (ui,pwg,l)f({u%wrﬁ}ﬁ:l) = f<{u;i]¥!w1,7]1\]}%:l)i¢ (ug,M+1:wéf,M+1)= (3.16)

where T is the classical monodromy matrix (2.20) and the spectral parameters are
implied. Values of u;,, w,,, m =1,...,M, and u¢ m+1, Wem+1 in the terms of Ay, K¢,
Um, Wm, and U1, We,1 Mmust be obtained as the recursion iterating (3.11) and (3.12)
form=1,...,M.

For the periodic chain, the cyclic boundary conditions for the recursion have to be
imposed,

UpM+1 = Up1, We M1 = W 1. (3.17)

Now suppose that (3.11) and (3.17) are solved, that is, ¢ m, W¢,m are parameterized
(at least implicitly) in the terms of u,, w,, m = 1,...,M, and some extra parameters,
possible degrees of freedom of (3.11) and (3.17) (e.g., A¢, K¢, etc.). Then (3.12) defines
in general the transformation 94

9ty Win ey — (s Wi Foner - (3.18)

The transfer matrices for two sets {um, wn} and {u,,,w,,} have the same spectrum,
because of the existence of NM x NM matrix Q4, nondegenerative in general,

def A A~ def
Qg S trgQp,  Qp = RigRog - Rug, (3.19)
such that

A {um, wm}) - Qg = Qg - t(A; {1y, wyy }). (3.20)
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The subscript ¢ in Q4 stands as the reminder for the parameters, arising in the so-
lution of recursion, including at least the spectral parameter Ay, so Qg means in
particular Q(Ag). It is important to point out once more that Q4 remembers about
its initial {um,wm}%:l and its final {u’m,w;n}%:l sets of the parameters. In terms of
the eigenvectors of the transfer matrix t(A) (2.34), the operator Q¢ can be written as

Qg = Z [Ye)are (Y| (3.21)
t
Consider now the repeated application of the transformations 94, (3.18),

9,
_ _ b (9)
{um,wm} S, wh, e {u,(]; D 1)} — { (n) w(”)} — {um Wy },

(3.22)
such that the set of isospectral quantum transfer matrices
(n) _ . ) 4, (M) —
) = t(A ks fuld wi }m 1) n=0,....,9 (3.23)
has arisen. The sequence (3.22) defines the transformation ¥,
@ - — ,,(0) (0) (@)
HD g = ud Wi = w Y }mZI il wid }m:r (3.24)
with the finite-dimensional counterpart
@ _ D@ (n) <g>
K@ =Qy/Qf) Q) - (3.25)
where
Q((PT;) = trd’” (Rifldln Rglqz'n RM ¢'n) (3.26)
such that
D)y =Qtm ), tP@KY =KDt Q). (3.27)

Thus in general the transformations 2 and their iterations * @) give the isospectral
transformations of the initial quantum chain in the space of the parameters, so that
their finite-dimensional counterparts Q4 and K9 respectfully describe the change of
the eigenvector basis (see (2.41)).

4. Matrix R. In this section, we construct explicitly the finite-dimensional matrix
Rin,¢, Obeying (3.4). Since a basis invariant formula for R, ¢ is useless and rather
complicated, we will find matrix elements of Ry, ¢ in the basis (2.6). But first we have
to introduce several notations concerning the functions on the Fermat curve.

4.1. w-function. Let p be a point on the Fermat curve %

pE(x,y)eFe=xNryN=1. 4.1)

Actually, identity (3.10) is the origin of the Fermat curve. Very useful function on the
Fermat curve is w, (n), p € %, n € Zy, defined as follows:

wp(n) _ y
wp(n-1) 1l-xwn’

wp(0) = 1. (4.2)
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The function w,(n) has a lot of remarkable properties, see the appendix of [25]
for an introduction to w-hypergeometry. In this paper, it is necessary to mention just
a couple of properties of w-function. Let O be the following automorphism of the
Fermat curve:

L= 2x=1y). 4.3)

p=(x,¥) = 0p=(w'x"
Then
w, (M) wo, (—n)®(n) =1, where ®(n) = (—)"w"*/2. (4.4)

In the subsequent sections we will use also two simple properties of w-function,

Wix,wy) (M) = W' Wy y) (), Wix,yy(N+1) = I—wx W(wx,y) (N). 4.5)
Define also three special points on the Fermat curve
40=1(0,1), do=0q0, aq1=(w,0). (4.6)
Then
wy,(n) =1 wy,(n) = 1 1 =0 4.7)
q0 ’ doeo <I>(1’L)’ wa (n) n,0- .

The inversion relation may be mentioned for the completeness

Wwxwy)M+a) 1-wx xN
Wix,y)(N+Db) wx 1-xN

Oab- (4.8)

nely

4.2. Matrix elements of R, 4. Consider the N? x N2 matrix Ry, (p1,p2,p3) with
the following matrix elements:

Wy, (0tp = 0tm) Wy, (B — Bm)

Otm, o | R Bg) = w'm=Fmby Sagpm-  (4.9)
< m ¢>| m,¢p |Bm B<I>> w,, (Bd)_(xm) &gp.Bm
Here p1, p2, and p3 are three points on the Fermat curve, such that
X1X2 = X3. (4.10)

Equation (4.10) and the spin structure of (4.9) provide the dependence of (4.9) on two
continuous parameters, say x; and x3, and on two discrete parameters, say the phase
of y; and the phase of ys3.

PROPOSITION 4.1. The matrix Ry, ¢ (p1,p2,p3), whose matrix elements (4.9) are
given in the basis (2.6), makes the following mapping:

Rm,d)XmR;;/Ll,d) =X¢p,

_ 3 X3)Y1__
Rin,¢ZmR,) g = 3, Zme — W = Xy'z4,
X (4.11)
Rm,¢x;1R;11’¢ = wx3X;, - w;—jfx;nl ZmXg + %zm,
oy — Y3 - X3Y1_1._
RinZg' Ryl = J72X<1>Xml - wryzlmlxml-
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PROOF. Each relation of (4.11) should be rewritten in the form
<(Xm,0(¢|Rm,¢f:f,Rm,¢|Bm,B¢>. 4.12)

Such identities may be verified directly with the help of (4.5). |
Compare (4.11) with (3.7). The matrix Ry, solves (3.4) if

u X: A
x; = - YRtem X3V A6 (4.13)
KUm X1Y3 UpmWm
' K , 2
Uy = 7¢u¢ m, Wy = wmw‘i"m%’
(4.14)
u = wx3U w K Um V3
$m+1 3Um, bm+1 = Kg Upm y2

Equations (4.13) and (4.14) are the complete set of the relations following from the
identification of (4.11) with (3.7). Using (4.13), (4.10), and (4.1), we have to fix first the
parameters pi, p2, p3 and thus to define Ry, . Then (4.14) parameterize u,,, w,,,
Upm+1, Wp,m+1 10 the terms of Uy, Wi, Ugpm, Wp,m and the phases of x3 and y»/y3.
When we consider the Complicated operator K9, (3.25), its matrix elements must
be calculated using matrices Rm . entering (3.26). The matrix elements of all R(")

are the same functions,

R = R (P10 DS S0 ). (4.15)

given by (4.9), but with different and rather complicated parameters. Equations (4.13)

and (4.14) are written for p{'),, ps\,, pSl, in fact. Nevertheless, for given %9, that

is, for given sets of {u(wﬁ”,wy(y?)} m=1,...,M and n = 0,...,g, see (3.22), we may
parameterize the corresponding K9’ explicitly via parameterizations (4.13) and (4.14),

the form of the matrix elements of Ry, ¢ (4.9), and formulas (3.26) and (3.25).

4.3. Normalization of the matrix R. The matrix elements of R, ¢ are defined in
general up to a constant multiplier. Definition (4.2) and formula (4.9) are the most
simple expressions in the terms of the Fermat curve coordinates pi, p2, p3. But this
Rin,¢ is not normalized. For several applications we need the normalization of Ry ¢
connected with the determinant of Ry, ¢.

To calculate the determinant, we need several definitions. Let

N-
Vix) ]‘[ w™x)", (4.16)

V(x) obeys the following relations:

V(iwx) 1-xN

Vix) — (1-x)N’

o 4.17)
1—XN) wN(N*l)(ZN*l)/G

oy
V(w 1X 1): (_x)N(N,l)/ZV(X)
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Besides, we may calculate the particular value
V(wfl) ENN/ZeiTr(Nfl)(Nfz)/lz. (418)

Function V (x) appears in the following expressions, where p = (x,y):

w"? Nov-n2 V(w™)
HZ 2y ()~ (@X) Vix)

V(w™1)
l_[Zfb(a)w,g(a) Vix) ' (4.19)

V(X)
l—[wlﬂ( ) = 2t

The third expression is rather trivial. We may prove the first two formulas considering
the poles and zeros of the left- and right-hand sides. Details may be found in the
appendix of [25].

PROPOSITION 4.2. The determinant of the matrix R, defined by (4.9), is

N
detR = (_)N(Nl)/Z(l—[ Wp, (n) ) (HZ(I)(U)W ((ﬂ) . (4.20)
p3

wOp] (n)

PROOF. To obtain (4.20), we have to use O-automorphism (4.4) for wy, in (4.9). The
factors wy, and wopp,, correspond to the diagonal matrices D and D’ in the matrix
decomposition of Ry, ¢,

Rim,e = D(p1)R (p3)D’ (p2). (4.21)

The determinants of D and D’ give the term with p; and p» in (4.20). The Fourier trans-
form applied to the matrix Ry, ¢ in the mth space yields F, R’ (p3)E;} = D" (p3)Pm,¢,
where (0t |F|Bm) = N~1/2wmPm D is a diagonal matrix and P, ¢ is the permuta-
tion. Determinant detD"" gives the term, depending on p3 in (4.20), and detP is the
sign factor in (4.20). O

Let the normalization factor for Ry, ¢ be pg,

pN=<w—1/2 1 )N(N'D/Z V(xi1) (4.22)
R X172 V(w-1x;)V(x3)’

so that
detR = const - p¥°. (4.23)

Analogously, the normalization factor for the monodromy of R, ¢ and so of Qg is

N _ ud 2 Yum  \VVTD2 V(x1,m)
oN=T] (w X . (4.24)
i X1,mY2,m V(w15 1)V (X3,m)
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5. Parameterization of the recursion. The main object of the present investiga-
tions is the system of the recursion relations (3.11). Our goal is the construction of
operator K9, (3.25), for the homogeneous initial state (5.1). In this case, the first step
transformation 24, has a remarkably simple structure, clarifying nevertheless the
structure of all subsequent 2,,.

5.1. The first step. Let the initial parameters u,,, w;,, are homogeneous

Up=—-w V2w, =-1, (5.1)
see (2.23). The main recursion relation is the first equation in (3.11). For the homo-
geneous initial state it contains only one unknown u,,. Without loss of generality,
introduce complex numbers 64 and 6;‘) (* does not stand for the complex conjuga-
tion!) and a function T,,, m € Z, such that

’

A
Ugam =~ 25, L 5 = P (5.2)
n ¢

The first relation in (3.11) may be rewritten as the second order linear recursion for
(Tr )N
N s*N (7 \N N/ N N N ;AN

SRON(Th)” =00 (Tye1) + 05N (Thusn)” + 6N (T3) (5.3)
Parameterization (5.2) and linear recursion (5.3) are considered now in the general
position, without mentioning Z,;-invariance. It is known that the general solution of
a second order linear recursion with constant coefficients is a linear combination of
two fundamental solutions, (T;,,)" = «z{" + Bz}, where z; and z, are two roots of

the characteristics equation (5485) = 65z + 63V z + k. We may always redefine
(T; )N — o1 z7™(T;,)N. This corresponds to a redefinition of §4. We may choose &4

SYSHN =N+ SN+ kN, g = 5407, (5.4)

such that z; =1 and T,, = 1 solves (5.3). Compare (5.4) with (2.30) and (2.31). We may
identify

Sy =0y, OV =AY, AY=Ay, (5.5)

so the index ¢ may be understood conveniently as the spectral parameter ¢.
The second fundamental solution of the characteristics equation is z> = (d¢4 /6:’;)1\’ ,
that is, (T;,)N = (61;/63,]\1)'". The complete solution of recursion (5.3) is

(1) = 1— fype2im, (5.6)
where fy is arbitrary complex number, and (see (2.30))

55
N
04

e2id _ -

(5.7)

>|I>
%S
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Turn now to the Zy-invariance condition. It demands 7}, ,,, = T,,, hence the possible
values of ¢ become discrete, e2/?M =1 and e2?!® = 1. Since there exists the symmetry
between 64 and 6(’5 in (5.3), we may regard ¢ € §) in (5.6), see (2.29) for the definition
of fM.

Turn further to the first relation in (3.12) (or to the first relation in (4.14)). It follows
that

;o 12K o Tmoi
U, =—W — 0y . 5.8
m Pl (5.8)

Taking into account the gauge invariance (2.18), we may fix k¢ as follows:
K

=—, 5.9
K¢ 54 (5.9)
and so
Uy = —a)‘”z—T_lrflfl. (5.10)
m
It agrees with (2.19). The second equations in (3.11) and (3.12) give
9/
w, = — =", (5.11)
m-1
where
AL Ap—1 .
AN _q_fp TP 2 2ime
(Qm) 1 f¢A¢ Aj)—le . (5.12)

These simple calculations show that with the useful parameterizations (5.5), where
the functions of ¢ are defined in (2.30), and with additional condition (5.9), the image
of 94-transformation (5.6), (5.10), (5.11), and (5.12) contains one arbitrary complex
parameter fy if ¢ € §u. The case when —¢ € fu is equivalent to the case when
¢ € $u. It follows from the symmetry between 64 and 6. The case when ¢ is arbitrary
complex number, Zy-invariance requirement yields f = 0, therefore T,, = 1 and the
chain remains the homogeneous one.

Equations (5.6) and (5.12) define the Nth powers of T’ and 6’. Their phases are
arbitrary. The Nth rooting is the subject of the definition of p;, for Ry, ¢.

Functions (T;,)" and (0,,)N look like solutions of a Hirota-type discrete equa-
tion. We call these expressions one-soliton T-functions. Therefore 24-transformation
with ¢ € §) must be identified with the Backlund transformation for the classical
relativistic Toda chain, see [30] for the application of this ideology to the usual Toda
chain.

5.2. Nth step. Turn now to sequence (3.22) of 2, -transformations

— — M M
O+ {ugm ™ wit ™ = fu wi b (5.13)

with generic A4, parameterized according to (5.5) and (2.30) as follows:

N = Ay, SN = A%, Ap, = Onl3,

ApAF = Ay + A + kN @2idn _ Ay (5.14)
n=n n n ’ o
n
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Taking into account (2.19), we may parameterize the nth state in sequence (3.22),
n=0,...,9, as

T o
up) = —w M Wil = - mE Zy. (5.15)
Tm gmfl

The homogeneous initial state (2.23) corresponds to 79 = 0\ = 1. Parameterizations

(5.15) with the first relation of (3.12) taken into account, implies that

Ky = 6£, (5.16)
n
T(n)
Upym = —w 25, "(‘;)1 (5.17)
m

are imposed for 24, -transformation. The key recursion relation, the first one from
(3.11), looks now as follows:

N
(5%54) T(n)T(n 1)0n 1)) (5% (n) T;yrll—l)g(n—l))

(5* y(ﬂﬂr(f 11>9<n 1)) +(KT<n)Tn 1>9(n 1))

(5.18)

The second equations in (3.11) and (3.12) provide

e s UV
We, =Wy iz ) Wy = , (5.19)
$bn,m+1 ¢ T}Ey",_l 1)9%1) bn 1—A3‘)"

N w. N N

(o) = (o) (o )" o3, 000 )"). 20
m-1

Consider (5.18) and (5.20) as the set of discrete equations with respect to m € 7
and n € Z, with the initial data T(O) = 5,9) =1.

PROPOSITION 5.1. General solution of the infinite-dimensional in m and in n sys-
tem of discrete equations (5.18) and (5.20) with generic values of ¢, n =0,1,... (see
parameterizations (5.14)) and with the initial data T(O) =0

m =1 is given by
()" = (et L),

(04)" = h ({ fs(Dye2imon}r_ ),

where fi,..., fn = {fk} -, IS a set of arbitrary complex variables, h™ are defined by

(5.21)

WY (fi) =1-fi, (5.22)
and recursively
n-1
RO ({fidizr) = RO ({fesi(A3) 1)) = f TT sn (A5 R ({fiese(An) }io),
" (5.23)
where the functions s, are
su(§) = Snln=8 (5.24)

An A —E



532 S. PAKULIAK AND S. SERGEEV

PROOF. Equations (5.18) and (5.20) become the algebraic identities after the sub-
stitution (5.21) (see Proposition .5 in the appendix). The first step of this recursion
with respect to n is described before, hence (t;,,)N = hV (fe?®™), and so forth .

Suppose that the statement of the proposition is true for n = 1,...,g — 1. The func-
tion h'9 depends on fi,..., fy, while h'9~Y depends only on fi,..., fy-1, therefore
Tﬁ,‘?) contains one extra degree of freedom f, € C with respect to TT(;‘Z _1), 95;‘{ Y on
the other side, (5.18) with n = g is the second order linear recursion with respect to
(Ty(y? ) )N, so it must have exactly two fundamental solutions. Hence, due to the homo-

geneity, general normalized solution of (5.18) with n = g with respect to (Ty(;‘f >)N for

given 727V, 0" must have exactly one extra degree of freedom. This degree of the
freedom is parameter f. O

Proposition 5.1 is formulated for the generic sequence of ¢,. We may verify, due
to definition (5.23), h'9 ({f,,}¥_,) is the symmetrical function with respect to any
permutation of the pairs (f,,Pn), n=1,...,4g.

Two special cases should be discussed. The fist one is the case when ¢,, = ¢p,,y mod 1t
for some n and n’, and the second one is ¢, = —¢;, mod 1r. Both these cases are the

singular ones for definition (5.23). Nevertheless, since the observables uiﬁ) and wr(;‘f )

are the ratios of T-functions, corresponding Tfﬁ ) and 9#{ ! for these cases may be ob-
tained as the residues of formula (5.21). Technically, both cases are equivalent (up to
some re-parameterizations of Ky, or k¢ ,). The equivalence is connected again with

the symmetry between d4 and 9}, so we may consider only the case
¢Pn = - modrr. (5.25)

In this case condition (5.16) is convenient for any », and the residues of Ty(f ) and 9#{ )
are given by the same formula (5.21), but with

fn = fn’ =0. (5.26)

Turn now the finite chain with the periodic boundary conditions

T =T e, =0, (5.27)
This boundary conditions, being applied to (5.21), give the following rule: in the se-
quence of fi,..., fy

fn=0<= ¢y & FymodTr, (5.28)

where the set ) is given by (2.29). It means that any 94 with ¢ ¢ $y just changes the
values of f,. Therefore the maximal number of the possible exponents e2i"®n js M —1.
Without loss of generality, define the minimal complete sequence of 94, described
by

{(fn:(bn)}f;l tpn €5M, Pun#F bu, (5.29)

such that the corresponding operator K™~ creates the state of the quantum chain
with (M —1) arbitrary complex parameters.
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Usually the expressions for (T(g ) W, (05,‘? ) )N, given by (5.21), are called the solitonic
solutions of discrete Hirota-type equations. Integer g is the number of solitons, e2™®n
is nth solitonic wave (or exponent) and f, is the amplitude of nth partial wave. 24, -
mapping, ¢, € §u, increases the number of the solitons, hence it is the Backlund
transformation.

5.3. Parameterization of modified Q-operators. Turn now to the parameteriza-
tions of the matrix elements of the finite-dimensional counterpart of the transfor-
mation 24, —the matrix Qg,. By definition (3.26), it is constructed with the help of
R-matrices, and to parameterize it, we have to point out the Fermat curve parameters
(4.15).

All the ingredients are already prepared: one has just substitute the parameteri-
zations (5.15), (5.16), (5.17), and (5.19) into (4.13) and (4.14). As the result, Ri,'i{bn—
matrices, entering (3.26), have the following arguments (see (4.15)):

(n-1) (n (n-1) < )
XM _ y-1/29n On Tm Ty X — w5, Tm " Tm
1m =W K (n-1)__(n) ’ 3m (n 1)__(n)
Tin-1 Tm Tim-1 Tm+1
(n) (n-1)_(n) (n) (n-1)_(n) (5.30)
Y3m =Wy, m Ty Yim _ 12 An Oy Tt
1 b _1 b
o T e i T ke ol )
and due to (4.10)
(n)
n) _ . -1/2 (Tm )
Xppm = O K=~ (5.31)
m-1"m+1

The trace of quantum monodromy (3.26) may be calculated explicitly in the basis
(2.6)

W (n) (Bm O(m)w (n) (Bm+1 Bm)

<0(’Q<;5?’3> — 1_[ w(lxm Bm)Bms1 _ PLm

meZy

5.32
wpé’% (Bmﬂ - O(m) ( )

Thus, the operator K9, (3.25), calculated as the product of g Q™ -operators, is de-
fined explicitly.

5.4. Permutation of the modified Q-operators. For a given state {um,wm}%zl,
consider two successive 2-transformations (3.18) with different ¢-parameters ¢, and
¢». For the simplicity let {um,wm}%:1 be a solitonic state, described by (5.15) with
(5.21). These two transformations may be applied in two different orders, but in our
definition of h'9’ (5.23) as the symmetrical functions of the pairs (¢, fx) the result
should be the same. Of course, the intermediate states are different. These two differ-
ent ordering are shown in Figure 5.1.

In the terms of the transfer matrices and modified Q-operators the diagram means

t(A; {”m:wm}%ﬂ)Q@ =Qq, t(A; {u*’m'w;n}%:l)i

(5.33)
t(/\;{u;n!wrln}%:l>Q¢2 =Qg,t (A {um!wm % 1)
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M
Jlu;n!w;n}mzl

M

{umawm}%zl {u%lw%}mzl

M

i, wi |
m=1

FIGURE 5.1. Two different ordering of 9.4, and 9.4, .

versus

t()\;{um:wm}%ﬂ)d(ﬁz = d¢2t()\;{1’?’;’ﬁ}zzl)’
oy . (5.34)
t(fumwnt )Qg, = Qg t(A g wn ).

Since the result of both mappings is the same, two products of different Q-operators
should be the same up to a multiplier. This multiplier corresponds to the normaliza-
tion factors (4.24)

P01 Py Q1 Qo = P50 5 A, Q- (5.35)

This equation is provided actually by an intertwining relation
plgllp}Elem@l Rm,d)g S¢‘1 P2 = p}?fp&él S:P1,¢2R;’n,¢2R1”VL,¢1 ’ (536)

where S is a sort of the Chiral Potts model R-matrix. These details are not essential in
this paper and besides need a lot of extra notations and definitions.
Equation (5.35) provides the following proposition.

PROPOSITION 5.2. Operator KM~V given by (3.25), and parameterized with the

help of ™ and 0%‘), defined for the minimal complete sequence (5.29), does not depend

(up to a multiplier!) on the ordering of the data {( fn,cl)n)}j,‘f;f thus, without loss of
generality, we may fix the ordering in (3.25) and in §y as follows:
™
bn="y0 m=1l.M-1. (5.37)
5.5. Inhomogeneous chain. In this section, we investigate and solve the problem
of the isospectrality for the homogeneous initial state (2.23) of the quantum chain. For
the chain of the size M with the periodic boundary conditions the solution is described
in the terms of Hirota-type solitonic T-functions (5.21) (the number of independent
fn is equal to M —1).
Usual Q-operators are the particular cases of our modified Q-operators. Namely,
consider the first step of the recursion in »n (5.3) once more. If ¢ in (5.6) and (5.12) is
such that ¢ ¢ $y mod 1t (this corresponds to a generic value of Ay) then Zy-periodicity
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demands f =0, and T, = 0,, = 1. It means, 94-transformation is the trivial one, and
the corresponding Q 4-operator changes nothing. Evidently, such Q-operators Q(Ag)
commute with the transfer matrix t(A) and form the commutative family. They are
the usual Baxter Q-operators.

In general, we may start from the arbitrary initial states, when 9 ) and 952) depend
on m. Equation (2.13) still provides the integrability of the model. But even on the first
step we get the inhomogeneous linear recursion for (7;,)V, see (5.3). Being considered
with m € Zy, this linear recursion is the null eigenvector problem for M x M matrix,
constructed with the help of (Tx)V, (6,,)Y, and Ag)’ . Such equations may be solved if
the determinant of this M x M matrix is zero. This condition defines a hyperelliptic
curve Iy, with the genus g = M — 1 in general position (see Section 6 for the details).
The values of (Tr(yt”)N and (0,(}3))]\’ may be parameterized in terms of 0-functions on
Jac(Ipy—1). Our expressions (5.23) may be considered as the rational limit of hyper-
elliptic 0-functions. The most interesting feature of such inhomogeneous models is
that we may not construct at all a commutative family of Q-operators.

6. The Baxter equation. In this section, we derive the Baxter T — Q equation in the
most general operator form. We will use the well-known method of the triangulization
of the auxiliary L-operators.

6.1. Generic inhomogeneous chain. Consider the inhomogeneous quantum chain,
such that all u,, wy,, are in general position. Let the normalization (2.19) be im-
plied nevertheless. Turn to the quantum intertwining relation (3.4) and formulas (3.5),
(3.11), and (3.12).

The auxiliary L-operator (3.1) has the degeneration point at A = Ay

N 1—w1/2K¢W¢
Ly (Ap,Ag) = (

(1, -w'2A uy ). (6.1)
—wl/zz\¢u¢1w¢) ( ¢ )

Analogously, @;1(2\ —~ Ag) also may be decomposed with the help of two vectors,
orthogonal to ones in (6.1). In the degeneration point quantum intertwining relation
(3.4) may be rewritten in the vector form. To do this, we will use the row vector in
(6.1) and the column vector, orthogonal to it

u w‘/z—u¢’mx¢
Wi © (1-0 v ) Wpn ™ K F 6.2)
1

Here we use the notation ¢ for the column vectors with operator-valued entries, and
@* for the similar row vectors. The following two equations are the triangular form
of intertwining relation (3.4) (the dot stands for the matrix multiplication)

W;;jm . em()\@um,wm)Rm,d) = R;nvd)(lj:;jerl’ 6.3)
ym(/\ﬁl’;u;n!wrrn) 'Rm,fl’qj;;,erl = w:j;,mR;;L,d)'
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Here
Um
R, . = XmRm X",
b Y o
u w (6.4)
R;;Wi’ = !/? 74)'”;:1 mZmRm,¢X¢,

¢

and the recursion relations (3.11) and (3.12) are implied. Equations (6.3) and (6.4) can
be verified by the direct calculations in the component form.

Let further Q¢ and Q:i; be the traces of the monodromies of Rm ® and Rm ® similar
to (3.19) and we imply the Z); boundary conditions for the chain and recursion (3.11).
For two vectors ¢y = Wy, and Wy, = Yy, let g, and @y¥ be their dual
vectors

’

(I}/* . (I}, — (Ij”* . (Ij” — 1’ (IJ/* . (l}” — llj”* . (lj — 0’ (6_5)
such that the 2 x 2 unity matrix may be decomposed as follows:
Yty = (6.6)
This decomposition allows to calculate
t(Ag)Qq = trez g (W Wiy + Wi whs) T(A) Q)
= tr(CZ,d) (W:ﬁ,lwgﬁ,l '/t\(Af.b)dd) +/f(7\d>)d¢ : (IJ:b,,M+l(Ij:j;:’;\4+1> ©6.7)
=ty (Wi - Qo + w57 - Qo)
=Qy +Qy.

The last equality here is obtained using recursions (6.3). Equation (6.7) gives the Baxter
equation in its operator form

I(A¢)Q¢ = Qd)t’(}\d)) = Q:b +Q;;, (6.8)

where t(A) is the initial transfer matrix with the parameters u,,, w,,, and t'(A) is
the transfer matrix with the parameters u,,, w,,. Using (6.4) and the first relation of
(4.11), we may obtain

¢ 1_[ XQ X~ 1 Q" :le/z%sz)X, (6.9)
m

where X and Z are given by

M M
X=[]xm Z=1]]zm. (6.10)
m= m=
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Note that in the spectral decomposition of t(A) and t'(A) there exists the operator Y,
(2.15). The operator Q;; may be rewritten as

M

4 u il w —

Q) = ( 1‘[1"’;\’;’")Yx 'QgX. (6.11)
m=

Using (5.32), we may check YQ4 = Q4Y (the matrix elements should be taken). Let
now (see (2.19))

u
=P g,

UpmWm = w0 M2 pgy. (6.12)
Um

1

ﬁ:]z
f:]z

1

The Baxter equation in the operator form becomes

He _YXlQgX.  (6.13)

P - 1, He

The natural question arises: what is g ? To answer it, consider (3.5) in the degeneration
point A = Ay, applied to the classical monodromy matrix T, (2.20) and (3.16). Using
the formulas like (6.3) for the classical counterpart, we obtain

ulY ) ulNy uly

$,1 S (AN m ( $,M+1 )
— |- T(A (1
' 3N b ) )

Il
1=
z

N
m=1 Yp,m+1 Ag
N N .14
_Ugpma Upr ) M ul 14
T N N m+ m
T@i) ) A¢> = A(b l_[ (‘ Ag)l )
1 1 )m=t

When the Z); boundary condition ug pm+1 = Ug,1 1S imposed, we may see that both ug,N
and ug / (Ag )M are the eigenvalues of the classical monodromy matrix, that is,

) e g~ 7(33)) =0 619
or
AY)+D(AY) = L+ 40 6.16)
¥+ y _u$+A{$M' .

Hence (/\J(X ,ug ) is the point of the genus g = M — 1 hyperelliptic curve Tj;_;, defined
by (6.15). As it was mentioned in Section 5.5, all ul,, wY, w/, and w;Y may be pa-
rameterized in terms of O0-functions on Jac(Iny_1).

The operator Q4 makes the isospectrality transformation (6.8) of the initial inho-
mogeneous quantum chain. So it may be decomposed similar to (2.41). If |'V;) is the
complete basis of the eigenvectors of t(A), then

Qg = | Y¥e)ans (Y |. (6.17)
t
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Using further the explicit formula (5.32) for the matrix elements of Q4 and the
properties (4.5) of w,-functions, we may calculate (taking the matrix elements)

XQ¢X71 = Q¢ [.yl,m — (Uil_')/lym]. (6.18)
And besides
YQq =QpY
_ 1-wx3
= -2 Yim —m>
mgM ( ¥Y3m 1- WX1,m (6.19)

-1
Qo [X1m, Y1,ms X3m — WX 1m @~ V1m, OX3m].

The square braces in the right-hand sides of these two equations show the changes of
the Fermat curve points. The rest x; ,, and y; ,, are the same in the left- and right-hand
sides.

A glance to the parametrization (5.30) shows that the simultaneous change of the
phases of all, say, y1, is equivalent to the change of Ay while 64, g, and wg remain
unchanged. Using (6.18), we may conclude

XQeX ' =2 [¥e)arg (g — w ™ Ag) (Y| (6.20)
t

Besides, both [¥;) and (¥/| are the eigenvectors of Y, Y|¥;) = |¥;)w?Y. The operator
equation (6.13) may be rewritten as the functional equation

tA)ae (A, p) =pta (w1 A, ) + mw’/qt(w?\.u), (6.21)

where (AN, uN) € Iy_1, (6.15), and in the decomposition t(A) = Z%ZO)\’mtm, ty =
(=)Mo,

Note that (6.21) does not follow from (6.13) directly. In general, coefficients q; ¢ =
(Y¢1Qq |'¥;) in (6.13) may have the following structure:

Qi = A (Apr Hgss (s Win by (U Wi Iy ) (6.22)

Since the matrix elements of Qg4 are the rational functions of A4 and of ug, g; is a
rational function of Ay and pg. Therefore due to (6.20) the matrix elements of (6.13)
between (¥;| and |¥;) are the system of N linear equations for qt(kad),yd,;...), k e
Zy. Since (A}, uY) € Iy, the rank of this linear system is equal to N — 1 for generic
Ay (see [27, 28, 29] for the details). Hence the linear system has a unique solution in
the class of the rational functions of Ay, ug up to a multiplier, depending on pg in
general. We will show further that such multiplier may be fixed by an extra relation
provided by (6.19).

Actually, there are two spectral curves in our considerations. The first one is the
classical spectral curve I'yy_; with the point (Ag,ug), (6.15). But the point (Ag, Hg)
belongs to the quantum curve, which is N2-sheeted covering of the classical one.

The considerations above prove the following proposition.
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PROPOSITION 6.1. For any isospectral transformation {u,,, wm}%:1 —{Uy, w;n}%zl
the coefficients q; of the corresponding modified Q -operator, decomposed as in (6.17),
depend only on the moduli of the spectral curve and on the point on the spectral curve

v = a4t (Agp,Hg), (6.23)

and do not depend on “classical times” (i.e., a point on the Jacobian), entering to a
parameterization of Wm, Wm, Uy, Woy,. In particular, for the homogeneous initial state,
q: does not depend on the amplitudes of the solitonic states involved.

This proposition clarifies the derivation of (6.21) from (6.13).

6.2. Baxter equation for the homogeneous chain. All the formulas from the pre-
vious subsection are valid for the homogeneous initial state (2.23). Arbitrary value of
Ag provides the trivial action of the functional counterpart 24 of Qg, see discussion
after Proposition 5.1. Such Q-operators commute with t(A) and form the commuta-
tive family. Explicit form of this Q-operator is given by (5.32) with the homogeneous
parameterization pi,m = p1, P2,m = P2, P3,m = P3,

o
X1 :w’1/27¢, xo = w Yk, X3 =w 154,
A (6.24)
3 _ we, Y1 _ 12 A ’
V2 V3 KO

where 64, Ag, and wy are given by (2.30), (5.5), and (5.19) with generic value of ¢.
Due to (6.24)

Q=Q(A¢,5¢). (6.25)
Several properties of this Q-operator may be derived with the help of the matrix el-
ements of (5.32) and (6.24), and with the help of (4.5). In particular, (6.18) and (6.19)
become

XQ(Ag,64)X ' =Q(w 'Ag,84),

M
- - Ag 1-64 (6.26)
YQ (A, ) =Q(Ag,04)Y = (— 5 K—w1/25¢) Q(Ag,w5¢).

The second equation in (6.26) is the consequence of (6.19) since

X1,Y1,X3 — WX1,W0 ' Y1, 0x3 < 5p — WS- (6.27)
Using (6.26) and (6.13), we obtain
6 M
t(Ap)Q(Ag) = 5,MQ (0 Ag) + (—w—WA—"’) YQ (wAg), (6.28)
¢

where 64-argument of all Q’s remains unchanged. Recall that t and Q may be diag-
onalized simultaneously. Comparing (6.28) and (6.13), we conclude pg = 62{ . Further
we will omit the subscribe ¢. Let t (A) and g; (A, §) be the eigenvalues of t(A) and Q (A)
for the same eigenvector, then (6.28) provides the functional equation

M
EA) @ (AS) = 5 Mg (1A, 8) + (— w’”zg) 0" (WA, 5). (6.29)
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Here q; is ameromorphic function on the Baxter curve (see the set of definitions (2.31),
(5.5), etc.)

1 v 1

(6_1,6*_1)EFB@L+ =1-kK W,

5% T 5N A=85*. (6.30)

More detailed investigation of (6.29) in the spirit of Proposition 6.1 shows that for
generic A any solution of (6.29) such that t(A) is a polynomial and g; (A, ) is a mero-
morphic function on the curve (6.30), gives the eigenvalue of t(A) and Q (A). The sec-
ond equation of (6.26) provides the equation, fixing the § ambiguity of the solution
of the Baxter equation (6.29)

A 1-6

M
*gm) ar(A, wd). (6.31)

@ a:(0,8) = (
6.3. Evolution operator. 24-transformation and its quantum counterpart Qg may
be interpreted as a kind of evolution, depending strongly on their spectral parameter
A. Evolution in more usual sense may be obtained in the limit when A3' — 0. Such a
phenomenon, when a physical evolution operator is Q-operator in the singular point,
appeared for example in the quantum Liouville model [8].
Evolution transformation € for the quantum relativistic Toda chain may be pro-
duced by nonlocal similarity transformation of the quantum L-operators (2.1)

EWlm)A) = A Q) (D) A1 (Q), (6.32)

where 2 X 2 matrix A,,; has the operator-valued entries

( 1 -Aw,b )
A (A) = .

v ot (6.33)

The similarity transformations do not change the transfer matrix of the model with
the periodical boundary conditions. The explicit form of €-transformation may be
obtained from (6.32)

Euy) = w0 2w, !,
(6.34)
_ _ -1 _ _

EWp) = (1-0 26wyt wim-1) " @0 Wiy 1@ Wini1 (1 — 0 26w, L win).
We may check directly that €-transformation is the canonical one. As usual, at the
root of unity we have to separate

€(f) =E&¢(f)E!, (6.35)

where E is the finite-dimensional operator, and ¢ acts on Nth powers of the Weyl
elements ulY, wl¥' as follows:

wh 4+ kNw) 6.36)
c(g(wN) _ _uN wNwN m+1 m
m m*m m—lwrj;]l_'_KNwr];]kl
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For the given set of {u,, wm}],;’ﬁ:1 parameterized in terms of 1, and 6, (5.15), denote

Tm = To,m, Om = T1,m> 6.37)

where we have introduced the extra auxiliary subscript of T-function. The first equa-
tion in (6.36) yields
€(Tim) = Tir1m, (6.38)

and the second equation in (6.36) gives the following “equation of motion”:
2
TlljjerlTlImel +KN(Tl]?Im) = (1+KN)le\er1,mTlAll,m' (6.39)

Let Té‘fm = 1) given by the n-solitonic expression (5.21). Then the complete solution
of (6.39) is given by

(T%)N = ) ({ fe2imbe v ) (6.40)

where

AZ Ax—1

2iQy _ _
e =5 (1) =
Sl =X ar oy

(6.41)

see (5.23) and (5.24) for the notations. The substitution (6.40) makes (6.39) the identity
(see the appendix).
Comparing (6.40) with the definition of h9) and 79, (5.21), (5.23), we see that in
fact
T =T, (6.42)
where the initial set of {x, fi} [, for ™ and W is enlarged formally by {d)}c,f,é}?:yiﬂ
with f; = 0 and all ¢ equal and obeying formally
*N _ -1 _ -1 _
6¢L—1=>6¢;(—A¢;(—0. (6.43)
This establishes the relation between the evolution (6.34), (6.36) and 2, Q. In partic-
ular, the finite-dimensional counterpart E of the evolution operator € may be obtained
in the limit
E= lim Q(5,8%). (6.44)
5=00,0%=1

Equation (5.32) gives the explicit form of the matrix elements of E on the [th step of
the evolution

M
(«|Er| By = [] w@m=Pmet)Bmay,  (Bmse1—Bm), (6.45)

m=1

where

2
T Ti-1,mT
_ 1, 1-1,mT1+1,
172, m Voim =K m_tlm (6.46)

X2,lm = W ,
Ti,m-1TLm+1 Tim-1Tlm+1
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with
kN =1+«kN, (6.47)

In particular, N-bilinear relation (6.39) allows to parameterize the Fermat relation
for the coordinates of p; . Let

Om =T 1m- (6.48)
Then
—(n) 1)
y(n) 1/2 Anw¢n K’ 9 9 (n-
1,m — K, TWVLL) r(yvll l1)
—=(n) —(n) (6.49)
(n—1)
w s O oL m) , O O
2om = K (n m YV3im = Wen K (n) n—-1)*
m-1"m+1 m+1"m-1

7. Quantum separation of variables. Turn to the last subject of this paper—the
quantum separation of variables, or functional Bethe ansatz.

In the previous sections we have established the following: let t(A) = t9 (A) be the
transfer matrix of the homogeneous quantum chain of the length M. There exists the
family of isospectral to t(A) transfer matrices t™ -1 (A), parameterized by (M — 1)
complex variables f1,..., fy—1—the amplitudes of Hirota-type solitons in the minimal
set (5.29). The isospectrality means that for any generic values of f,..., fy_1 tM=D(A)
has the same eigenvalues as the initial t(A). Therefore only the eigenvectors I‘I’t(M by
depend on f1,..., fu—1. We may choose the values of f,..., fy—1 in an appropriate way,
such that I‘I’t(M V) would become more simple than the initial unknown [¥;). Since
the similarity matrix K™=V is known explicitly, any exact information about [¥™~-1))
solves the eigenstate problem for the initial homogeneous quantum relativistic Toda
chain.

7.1. Null subspaces of b(A). Now we have to understand what special values of
f1,..., fu—1 are the most useful ones. To do this, we should turn back to the degener-
ated ¥ 4-operator and write out (6.3) for the monodromies of £ and R

‘V;k,l 'f(Aqb)(ALb = d:ﬁW:;,MH! f(A¢)Q¢ : w:j;,M+l = W;,ldl- (7.1)
In components,
12 Ugp1 A _ A
(ah) - » xpe(\p) ) Qg = Q)

u ~ u A~
(b(M) _wl/Z%qud(Aqb))Q«ﬁ = —wl/z%%xw
¢ $
u (7.2)
a(A¢)Qgpw'’? ‘f\MHX +b(A9)Qy = ' ;;)1X¢Qé§’

c(Ap)Qgpw!? =2 xy +d(A) Qg = Q.

UpM+1
A
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Using the relation Ry, ¢Xm = X¢Rm,¢ (see (4.11)) we may obtain from (6.4)

M
A’ Um A w1y w1
= X0 X 'x1X,°,
Q= 1 4 )xaux
y (7.3)
A u w N
Q:j; _ ( 1_[ w1/2W>ZQ¢XXI1X¢.
m=1 ¢
Let the initial chain is the homogeneous one. If ¢ € §);, then
1 —f¢€2i¢(m_l)
N N N-1gN
u =Uu = (- oy —————— 7.4
dam = Ugarem = (5700 170 igm 7.4)
Note that
1_[ Upm = (7w’1/26¢)M (7.5)

meZy

does not depend on fy. Consider the limit when f; — 1. Due to (7.5) Qg, (Al(’i,, and ﬁ('l;
are regular, but

Up1 = UpMm+1 =0, (7.6)

and (7.2) give
a(Ap)Qp =04,  d(Ag)Qy=0Qy  b(Ap)Qg =0. (7.7)
The last expression is important. Taking the trace over ¢th space, we obtain
b(A$)Qyp =0 if f=1. (7.8)

Recall that the phase of Ay is the parameters of Q.

Turn now to the operator KM-1 and consider the limit when all f,, — 1, n =
1,...,M—1.Each Qg, in(3.25) depends essentially on the phase of Ay, n = 1,...,M 1.
Since K™-1D js the symmetrical operator with respect to any permutation of
{(fn,Pn) =L, see Proposition 5.2, the following proposition holds.

PROPOSITION 7.1. Let Ay, be the spectral parameter of Qg,, in the decomposition
(3.25) of the minimal KM~V (5.29). Then
b(Ap, ) KMV =0, n=1,...M-1ifall f, — 1. (7.9)

The structure of eigenvectors of b(A) was described by (2.46). Comparing (2.46) and
(7.9), and taking into account YQ4 = Q4Y for any Q4, we may conclude that in the
limit fy — 1 for all k

KD (g2 = 5 [ I ) o - 7.10
YEIN

Here I{Ak}’,i‘ll,y) are the eigenvectors of b (2.45), (2.46), and x, are some vectors,
such that (x,|Y = wY{xy |, where Y is given by (2.15).
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From the other side, using the natural decomposition (3.21) and (2.41), we should
have for the generic values of f%

M-1
KO (1) = S0 ( TTaan 000 ) (6] @
t k=1

where the summation is taken over all the eigenvalues t of t. Functions g; (A, ) obey
the Baxter equation (6.29) and due to Proposition 6.1 do not depend on fi,..., fym-1-
Comparing the two decompositions (7.10) and (7.11) at fx — 1, we may conclude that
the eigenvectors (‘I’t(M Y| stick together in this limit

<‘I't(M7U ‘ — Xy Vt={ti,... .ty ty = ()M} (7.12)

So the functional Bethe ansatz formula (2.47) follows from (7.10) and (7.11) up to a
normalization. In addition, we know explicitly the corresponding projector K™-1,
Detailed investigation shows that the explicit form of (x,| depends on a limiting
procedure f), — 1. The reason is that when f,, — 1, n = 1,...,g, then T,(;f) -0, m=
0,...,g — 1. This follows from the recursive definition of h'9’ (5.23). The proof is based
on Proposition .1 in the appendix. Because of the parameterization of uiﬁ) and pﬁzl
contains the ratios of 'ry(fl”, the ambiguity arises. Some of ul and ;o(v")

;m Of the form
0/0 depends on the details of the limiting procedure.

7.2. Limiting procedure. In this subsection, we describe one of the possible lim-
iting procedures. Most simple K™~ ({A;}) appears when we choose uiy V) = 0 for
m=1,...,M—1. Consider the set of infinitely small numbers,

&—0, k=1,....M—-1, (7.13)

such that any ratio &, /&, #+ 1 is finite, and

(M-1) _ _,—1/2__&M-m -1 M—1
um w 51-"61\/[,1’ m yrrry ) (714)
oen (01 dye)M T '
Uy =-w —_—
51 PR ‘SM—l
The recursion (3.11), (3.12) with
K
Ky = = (7.15)
¢ 5n
yields
ul = —@ V2L (), m=1---n (7.16)
81 -6n
while form=n+1,...,M -1 all u%‘) are regular. This gives
W=7 G Enom +o(el™™), m=0,...,n. (7.17)

(61---62)" ™
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In the limit &, = 0 we may choose

T1(1n) ﬁ 12 (Sk
— = w (7.18)
1(171,) 1 Akwk

where wy are given by (5.19), and

O = ('/2i) M mm-/2 (7.19)

(6r---0,)" ™
The Nth powers of these formulas follow from Proposition .3. Equation (7.19) gives

(n)

w
ML 12 m=0,...on 1. (7.20)
Wm

In the limit when €; — O the regular ijv Jj=1,2,3,in Qg, (5.32), entering the
decomposition of K™=V are given by (5.30). Below we will list the singular p' va
using notations (4.6) and (4.7).

Hm=1---n-1,
1 En-m+1

(n) n) _ (n) m) _
P3m = d1, Pom = O<pl,m)v X1im = W12K Epm . (7.21)

(i) m =n,

piY =do, pih=de Vn, (7.22)

and p ) are regular, except

P = e (7.23)

(iii) m=n+1---M—2:all p(") in this region are regular.
(ivy m=M-1: P1,M71 are regular except
P1A14\4 N =40, pZM 1= P%}I 1=de V. (7.24)

V) m=M,

P =de, PSM=PiN=a0 Vn. (7.25)

Substituting these expressions into (5.32), we obtain the following form of Nth mod-
ified Q-matrix, n = M —1:

1 n-1

(x]Q™[B) = ®(B1+ By — o) | l_[ Sotm. s ®(0n) W ) (0 = Bns1)

M—2 w m (B txw(n)(B 1—Bm)
x ] wenBnbma pi B = )Wy, Bt =Bm) 7 )
m=n+1 wl’é",:l (Bm+170(M)

¢’(0(M 1)

SR Wy (Bm-1—0m-1),
1,M-1

D (Brm-1)
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and for the last (M —1)th Q-matrix

M-2
Y R S, 0 (ctpr-1)- 7.27
(51+BM o) wl;[l com B 1 @ (C01-1) (7.27)

(ax]Q™MV[B) =

Here @ is given by (4.4). Explicit form of the modified Q-operators (7.26) and (7.27)
allows to prove the following proposition.

PROPOSITION 7.2. The matrix KM= obeys
KD (A5 ) (Zm —2Zma) =0, m e Zy. (7.28)

PROOF. The matrix elements of Q™ depend on By — o, therefore Q Wz =
zyQ™ for all n. The set of delta symbols in each Q™ gives Q ™z, = z,,.1Q™,
m = 2,...,n+ 1. Also the matrix elements of each Q™ depend on B; + B, hence
QM (z, —zp) =0 for all n. Therefore for all m

K(M*l)(zmizM) _ Q(l) . .Q(Mf‘m)(zl *ZM)Q(M m+1) Q(M 1) _ =0. (729)
O

So, in our limiting procedure, x, is defined by
(Xy | (Zm —Zm+1) =0, (Xy Y =w”(xy]. (7.30)
Hence the matrix element of x, is
(Xy | &) = Xy (&) = xy (@modN), (7.31)

where

w o Z (7.32)
ey

The discrete function x, () is defined by

Xy (&X+M)

Xy (@ (—w )My, (7.33)
Y

Solution of (7.33) depends strongly on M modN.

8. Discussion. In this paper, we investigated one of the simplest integrable model,
associated with the local Weyl algebra at the root of unity. All such models always
contain a classical discrete dynamic of parameters. Nontrivial solution of this classical
part of the model provides the solution of the isospectrality problem of the spin part.
Well-known nowadays results by Sklyanin, Kuznetsov, and others, reveal that in the
classical limit of the usual Toda chain (and many other models) Baxter’s quantum
Q-operator is related to the Backlund transformation of the classical system, see, for
example, [12, 13, 26, 27, 28, 29, 30] and so forth. In our case we have the Backlund
transformation of the classical counterpart and modified Q-operator in the quantum
space simultaneously. It is unusual that solving the quantum isospectrality problem,
we miss the commutativity of the modified Q-operators.
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Our results are the explicit construction of (M — 1)-parametric family of quantum
inhomogeneous transfer matrices with the same spectrum as the initial homogeneous
one and the explicit construction of the corresponding similarity operator (3.25). We
hope that the solution of the isospectrality problem will help to solve the model with
arbitrary N in the thermodynamic limit exactly.

As one particular application of the isospectrality we have obtained the quantum
separation of variables. Previously, there was a hypothesis formulated for the usual
quantum Toda chain, that the product of operators Q, taken in the special points, is
related to the functional Bethe ansatz. In this paper, we have established it explicitly,
but for the product of modified operators Q.

Note in conclusion that this method may be applied to any model, based on the local
Weyl algebra. We may mention the chiral Potts model [1, 4] and the Zamolodchikov-
Bazhanov-Baxter model in the vertex formulation [25]. Moreover, all two-dimensional
integrable models with the local Weyl algebra are particular cases of the general three
dimensional model, and their classical counterparts are known [20, 21, 22, 23, 24].

APPENDIX

Fay identity in the rational limit. It is well known what is the rational limit of
O-function on a generic algebraic curve. ®-function by definition is

@(g)(z) — Z ein(n,QnHZirr(n,z), (A.l)

nez9

where z = (zy,...,z4) € C9 and the imaginary part of the symmetrical period matrix
Q is positively defined. ©-function may be defined recursively as

’ 7 i 2 i
@(g)(z): Z @(g—l)(z +ang)em(2g,gng+2mnhzg’ (A.2)
ngez

where 7' = (z1,...,24-1) and Qy = (Q1,4,...,Qg-1,9)-
The rational limit corresponds to

imTQppn+2imz
@i 2T — _f,

eimnn . (), elm™un (ax —an) (Px—pn) ] (A.3)
(ak —pn) (Px—an)

Explicit details of the limiting procedure are rather tedious. We should better invent
all the necessary components in the rational limit directly and formulate the rational
limit of the Fay identity. The proof of all the propositions is analogous to that in the
algebraic geometry with the elementary replacement of the usual ®-function methods
to the analysis of the polynomial structure and intensive use of the main algebraic
theorem.

.1. Rational limit of arbitrary algebraic curve Jacobian. Let {pn,qn}ﬁz 1 be a set
of 2g complex parameters. “O-function” in the rational limit is a function of g free
complex arguments fi,..., fy, the set {pn,qn}ﬁ:l is its parameters. @-function may
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be defined recursively with respect to g as follows:

00 =1, 0N (f)=1-f,

(A.4)
0@ (f1,f2) =1-fi—fo+di2fife,

and so on,

0@ ({fulioy) =09V ({£fa}921) = £509 D ({fudng}i)). (A.5)

The recursion follows from (A.2), where n, = 0, 1. Parameters {pn,qn}fl:1 enter the

definition of the phase shifts

(Pn—Pm) (@n—am)

d, . = . (A.6)
o (Pn—am)(@n—pPm)
It is useful to introduce the function o, (z2),
On(z)=Pn=2 (A7)
dn—2

Let by definition

g
H(g)({fn ﬁ:l) =0¥ ({fn 1_[ Un(ﬁm)} ) (A.8)

m+n n=1

Recursion definition of H9 is

g-1

H(g)({fn}ﬁzl) = H(gil)({fno'n(q&q)}ﬁ:) - fq 1_[ Oy (Qm)H(gil) (‘{fna'n(f)g)}fl;),

m=1
(A.9)
where 0, (qg4)dn,g = 0n(pg) is taken into account.

PROPOSITION .1 (zeros of ®-function). The variety HY9' = 0 may be parametrized
as follows:
g-1
-1
HO ({fa}o1) =0 fa=[] onlzm) ", (A.10)
m=1

where z,, e C, m=1,...,g—1.

PrROOF. We will use the mathematical induction method. This proposition is ob-
viously valid for g = 1. Suppose that we have H(g’”({l_[fn;z1 Un(zm)’l}fl;}) =0 for
all z1...2m, P1---Pg-1, d1---dg-1 for some g. Consider now H'9. Due to recursion

relation (A.9)

-1
H(g)({gl_[O'n(Zm)l}g> Pa(erneszm) SENWEY

m=1 n=1 [Then (@n—aw) H}ql:l H%:ll (Pn—2m)

where P, is a polynomial of the power g with respect to each z,.
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Consider the case when z,_; = qg, 50 [ (J'g(zm)*1 = 0. From recursion relation
(A.9) and the supposition of the induction, it follows that H¢9' = 0, so due to the
symmetry of H'9 we obtain

g-1 g-1

HY ({ I a’n(zm)l} ) =0 if zy =qn Y0, m. (A.12)
m=1 n=1

Next consider the case when z,_; — pg, hence [Toy(zm) ~ (pg — zg-1)"! — o. Due

to recursion relation (A.9) and the supposition of the induction it follows that H'9

regular in z,_ = p4. Again, due to the symmetry of H'9

g-1 g
Res,,, —p, HY ({ I1 (Tn(zm)l} ) =0 Vn,m. (A.13)
m=1 n=1
Therefore,
g g-1
Py(zi..zg1) ~ [ ] 1_[ (Pn—2m)(@n—2m). (A.14)
n=lm=1

This product is the polynomial of the power 2g with respect to each z,,, and this
contradicts with the structure of Py, therefore P, = 0. Hence we prove

g-1 g
H(H)({ 1_[ O'n(Zm)l} ) =0 VZl,...,Zg_l. (Als)

m=1 n=1

Backward, consider equation H'9) ({f,,}?_,) = 0. Since H9 is the first power poly-

nomial with respect to each f;, solution of H9 = 0 is a rational C9~! variety, so as
-1 _

fn=H}qn:1 on(zm) 1 O

PROPOSITION .2 (Casoratti determinant representation). The function H'9) may be
presented as the determinant

): deﬂq pr 1] 1
[lij(ai—-a;)

HO ({fa}oz, (A.16)

PROOF. Evidently, zeros of the right-hand side of (A.16) correspond to the case
when the columns of the matrix |q}™" — fjp{™'|{,_, are linearly dependent, that is,
there exists ¢, i = 1,...,g such that

g g
docial !t =fi > epi ! (A.17)
i=1

i-1
Let 39, cizi~! = [19,, (z— zm), then the determinant is zero if and only if

g-1

fi= l_[ LZZm _ T oy(zm) (A.18)

m=1 Pi=2%m

Therefore, due to Proposition .1 the determinant is proportional to H9), The denom-
inator in the right-hand side of (A.16) is the subject of normalization when f; = 0.
O
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PROPOSITION .3 (Theta-functions and prime forms). The function H'9) has the fol-
lowing identity:

g
H@ ({fn = on(A) ﬁ an(zm)l} )
1

m=1 n=

_( 1A=z (){ 7 1}(]
= (yrll_llA—qm)Hg( fn—ﬂlgn(Zm) . .

PROOF. A simple application of the recursion relation (A.9) to HY9*V ({.-.}) =0,
where pg.1 = o and gg+1 = A. |

(A.19)

.2. The Fay identity

PROPOSITION .4 (Fay identity).

B B . M 9 @ on (€)Y
(A-D)(C-B)HY ({f"an(m} He “Lf”anw)}

n=1 n=1
_ _ (9) on(A) Y (g) on(C)?
AR C)Hg<{f”an(D)}n1 0 {f”onus)}n:l (A-20)

- (A—C)(D—B)H(g)({fn}ﬁzl)H(g) ({fn on(A)on (C) }g )

Oon(B)on (D)

n=1

PROOF. Let LHS({ fn}ﬁzl) be the left-hand side of (A.20). It is a second-order poly-
nomial with respect to each of fi,..., fy. Using Proposition .3, it may be shown that

W (B) o (D) 9= )7
{2020 Hoc )

m=1 n=
(A.21)
g-1 g
= LHS ({fn =11 Un(zm)_l} ) =0
m=1 n=1
for any set of zy,...,z4_1. Due to Proposition .1, it means unambiguously
- @ (1£,19 VHO M}g
LHS ({f}) = const HO ({f}9_, ) H ({fn o BronD) St )’ (A.22)

Taking, for example, f, = (0, (D)/ (rn(A))l_[ﬁ[:ll on(zm)~ 1, we fix the constant and
obtain finally the given form (A.20) of the coefficients. O

.3. Application to the relativistic Toda chain. Let all parameters {p,,qn},-; be
related by

Prntan=1-k"ppan Vn, (A.23)
so that
_— - (A.24)
pT’L—Ad)nl Qn—A:;)n .



QUANTUM RELATIVISTIC TODA CHAIN AT ROOT OF UNITY ... 551
in the notations of (2.30). Note,
1
ou( - ) = n (@01, (A.25)
K
and in the A, A*-notations (5.24)

e’itn :0_”(0)71, sn(1) = oy (1), Sn(A:/L) :O—n(Qm); Sn(Am) :Un(pm)-

(A.26)
Besides, when {p,,q.} obey (A.24), we have HY) = h'9 (see (5.23)).
Taking z; = --- =z =1and zjy+1 = - - - = Zy—1 = o in Proposition .1, we obtain
h'9 ({e2men}? ) =0, m=0,..,g-1. (A.27)

Consider discrete equations (5.18) and (5.20) with m € Z and n € Z,. Omitting the
index n in T-functions, we rewrite these relations as follows:

(6g6;T,’nTm9m,l)N = (égT;n,leGm)N + (05 Th1Tim-1 Qm,l)N + (KT Tm-1 Gm)N,

(A.28)
N
’ w 4 7
0,)" = (T 4’1) ((OnTh) = (850m170)"). (A.29)
e
PROPOSITION .5. Let
(tm)" = HOD ({fue? )20,
N , ot (A.30)
(0m)" = HO™D ({fue ™o, (1)}5)).
Then the complete solution of (A.28) and (A.29) are
()" = HO ({fre2inm}a_ ),
(A.31)

(0,)" = HOV ({fae? o (D}, ),
where e?i%s = (6g/65)N, all f1,...,fg-1 are the same in (A.30) and (A.31), and f, is
arbitrary extra complex number.

PROOF. The index m enters (A.30) as a scale of f},, so later we may consider only
m = 0.
Note that due to (A.9) and the fact o,4(q4) ! = 0, we have
~119 _
HO ({faon(ag) '}, ) =HO D ({f190). (A.32)

n=1

For given set of { fn};ﬁ: , consider two copies of Fay’s identity: the first one with

A=0, B =aqy, C=1, D:—K—N, (A.33)
and the second one with
A= oo, B=qy, Cz—i, D=1. (A.34)
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Condition (A.23) is implied. Excluding H'9 ({f,0%(1)"'}Y_,) from both these equa-
tions, we obtain exactly (A.28) with the identification (A.30), (A.31). Equation (A.29)
corresponds to the Fay identity with

A=0, B=gq, C=1, D=o. (A.35)
O

Note in conclusion, evolution equation (6.39) corresponds to the Fay identity with

A= oo, B=0, C:—KLN, D =1. (A.36)
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