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The present study explains the behaviour of nanomaterials such as AlN, CdSe, Ge , WC , and Ni- and Fe-filled-MWCNTs under
high pressure. Among the number of isothermal EOSs available, we prefer only two parameter-based isothermal equations (i.e.,
Murnaghan equation, usual Tait’s equation, Suzuki equation and Shanker equation).The present work shows the theoretical study of
thermo-elastic properties especially relative compression (𝑉/𝑉

0
), isothermal bulk modulus (𝐾

𝑃
/𝐾
0
), and compressibility (𝛼

(𝑃)
/𝛼
0
)

of nanomaterials. After comparing all formulations with available experimental data, we conclude that pressure dependence of
relative compression (𝑉/𝑉

0
) for the nanomaterials, are in good agreement for all the equations at lower pressure range. At higher

pressure range, Suzuki and Shanker formulations show some deviation from experimental values.

1. Introduction

Nanomaterials are currently in the focus of intense research
due to their potential for revolutionary technological appli-
cations in diverse areas [1, 2]. Nanomaterials can be metals,
ceramics, polymeric materials, or composite materials. Their
defining characteristic is the very small feature size in the
range of 1–100 nanometers (nm). Nanomaterials are not just
simply another step of minimization but an entirely different
arena. At the nanomaterial level, somematerial properties are
affected by the laws of atomic physics, rather than behaving
as traditional bulk materials.

Many of the mechanical properties at nanolevel are mod-
ified and different from their bulk counterpart, including the
hardness, elastic modulus, fracture, toughness, scratch re-
sistance, and fatigue strength. High hardness has been dis-
covered in many nanomaterials system.

Nanosemiconductors with reduced dimensions recently
have been shown to exhibit electronic and optical properties
which vary with size of the particles, thus making them
potential candidates for applications involving tenability of
optical and/or electronic properties [3–5].

Tungsten carbide WC is an important nanocomposite,
because of its high melting point and hardness; it is impor-
tant materials in both industry and high-pressure research.
WC finds extensive applications in industrial machinery
as cutting tools and abrasives. WC is also widely used as
anvil materials in multianvil high-pressure instruments and
as seats in diamond anvil cells. Moreover, nano-WC with
average grain sizes less than 100 nm has been the subject of
active research over the past decades, primarily due to the
significant roles grain-size reduction played in the enhance-
ments of mechanical properties [6, 7].

There is another class of nanosystems that are quite
interesting due to their unique features, that is, nanotubes
and nanowires. In particular, due to the high mechanical
strength and ballistic electronic conduction, carbon nanotu-
bes are beginning to find several uses such as for scanning
probes, electronic transistors, field-emitting devices, and
energy storage. Nanotubes can also be filled with biological
molecules, raising the possibility of applications in biotech-
nology. Encapsulation of various metals in multiwalled
carbon nanotubes (MWCNTs) is being used to study the
physical properties of nanowires and nanoparticles of these
metals. Transition-metal nanowires, encapsulated inside the
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multiwalled carbon nanotubes, are promising materials for
use in nanodevices and in the magnetic storage industry and
for spintronicsmaterials. Several interesting results have been
obtained on filled MWCNTs, for example, Fe- and Ni-filled
MWCNTs [8].

What are the expected effects or benefits of high pressures
on nanomaterials? This is simply because, in addition to
composition and synthetic routes, high pressure provides
an additional effective driving force to produce new struc-
tures and, therefore, new nanomaterial properties. The high
pressure research has truly developed an interdisciplinary
area that has important applications in the field of science.
The high pressure study is important not only for better
understanding of matter in the world around us, but also to
create entirely new formofmatter. One of themost important
outputs of high pressure experiment is the pressure-volume-
temperature (𝑃, 𝑉, 𝑇) relationship termed as equation of
state. Study of equation of state for solids has been extremely
useful in the field of geophysics and condensed matter
physics, with possible application in many fields. The study
based on the EOS at high pressure is of fundamental interest
because it permits interpolation and extrapolation into the
regions for which the experimental data are not available
adequately [9–18].

The purpose of the present study is to access the validity
of some important and widely used EOS at high pressure on
nanomaterials. We have done the study of the Murnaghan,
usual Tait, Suzuki, and Shanker equations under various
pressure ranges for different classes of nanomaterials and
results are compared with available experimental data. The
present work describes the theoretical study of thermoelastic
properties especially relative compression (𝑉/𝑉

0
), bulk mod-

ulus (𝐾
(𝑃)
/𝐾
0
), and compressibility (𝛼

(𝑃)
/𝛼
0
) of AlN (10 nm),

Ge (13 nm), CdSe (5.4 nm), Ni- and Fe-filled MWCNTs, and
WC (25 nm) nanomaterials at high pressure.

2. Method of Analysis

In this work, we have employed the potential-free model,
which is developed by incorporating several important ther-
modynamical relationships [9, 19, 20]. Our main purpose
of the present study is to provide a straightforward and
simple method rather than considering a potential model
based on several approximations to analyze the thermoelastic
properties of nanomaterials. We have studied the pressure
dependence of volume compression, bulk modulus, and
compression coefficient of nanomaterials such as n-AlN, n-
Ge, n-CdSe, Ni- and Fe-filled MWCNT, and n-WC using the
following equations of state.

2.1. Murnaghan Equation of State. The well-known and
widely used EOS [21] is the Murnaghan equation of state,
which is based on the assumption that isothermal bulk
modulus𝐾 is a linear function of pressure at any temperature;
that is

𝐾 (𝑃, 𝑇) = 𝐾
0
+ 𝐾


0
𝑃. (1)

Using the definition of bulk modulus and integrating equa-
tion (1) at constant temperature, we get the Murnaghan
equation of state as follows:

𝑉

𝑉
0

= (1 +
𝐾


0

𝐾
0

𝑃)

−1/𝐾


0

. (2)

Bulk modulus is written as

𝐾
𝑃

𝐾
0

= (
𝑉

𝑉
0

)

−𝐾


0

. (3)

Using the well-established thermodynamic approximation
[22–24] that is under the effect of pressure the product of 𝛼

(𝑃)

and𝐾
(𝑃)

remains constant:

𝛼𝐾
𝑃
= 𝛼
0
𝐾
0
, (4)

where 𝛼
0
and 𝐾

0
are the values of 𝛼 and 𝐾 at zero pressure.

We get the expression

𝛼
𝑃

𝛼
0

= (
𝑉

𝑉
0

)

𝐾


0

. (5)

Equation (5) is a useful relation for predicting the pressure
dependence of 𝛼

(𝑃)
along isotherm.

2.2. Usual Tait Equation of State. The usual Tait equation
is most useful for nonlinear relation of compression and
pressure for different class of solids and liquids [25]. Kumar
[26, 27] presented the derivation of this equation. The usual
Tait’s equation (UTE) can be written as follows:

𝑉

𝑉
0

= [1 −
1

𝐾


0
+ 1

ln{1 + (
𝐾


0
+ 1

𝐾
0

)𝑃}] . (6)

Using usual Tait’s equation (UTE), the expression for isother-
mal bulk modulus𝐾

(𝑃)
is written as follows [28, 29]:

𝐾
(𝑃)

𝐾
(0)

=
𝑉

𝑉
0

exp{(𝐾
0
+ 1) (1 −

𝑉

𝑉
0

)} . (7)

This is the equation for isothermal bulk modulus.
Using the well-established thermodynamic approxima-

tion [22–24] that is under the effect of pressure the product
of 𝛼
(𝑃)

and𝐾
(𝑃)

remains constant

𝛼𝐾
𝑃
= 𝛼
0
𝐾
0
, (8)

where 𝛼
0
and 𝐾

0
are the values of 𝛼 and 𝐾 at zero pressure,

we get the expression following:

𝛼
𝑃

𝛼
0

= (
𝑉

𝑉
0

)

−1

exp{− (𝐾
0
+ 1) (1 −

𝑉

𝑉
0

)} . (9)

Equation (9) is the relation of the pressure dependence of 𝛼
(𝑃)

along isotherm.
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2.3. Equation of State Based on Suzuki Formulation. San-
Miguel and Suzuki [18, 19] have followed the Gruneisen
theory of thermal expansion based on the Mie-Gruneisen
equation of state [30]:

𝑃𝑉 + 𝑋 (𝑉) = 𝛾𝐸Th, (10)

where 𝑃 is pressure, 𝑋(𝑉) = (𝑑Φ/𝑑𝑉), Φ is potential energy
as a function of volume only, 𝛾 is the Gruneisen parameter
regarded as constant, and 𝐸Th is the thermal energy of lattice
vibration. After applying Taylor’s expansion to the second
term in (10), with respect to the second order, and solving we
get

𝑉

𝑉
0

=

[1 + 2𝑘 − (1 − (4𝑘𝐸Th/𝑄))
1/2
]

2𝑘
. (11)

In the Mie-Gruneisen EOS,

𝑃Th =
𝛾𝐸Th
𝑉
0

, (12)

since

𝑄 =
𝐾
0
𝑉
0

𝛾
. (13)

Using (12) and (13), (11) becomes

𝑉

𝑉
0

=
1 + 2𝑘 − (1 − (4𝑘𝑃Th𝑉/𝐾0𝑉0))

1/2

2𝑘
. (14)

Taking 𝑘 = ((𝐾


0
− 1)/2), where 𝐾

0
is the first pressure

derivative of bulk modulus, we get

𝑉

𝑉
0

=

1 + (𝐾


0
− 1) − [1 − 2 ((𝐾



0
− 1) /𝐾

0
) 𝑃Th]

1/2

(𝐾


0
− 1)

, (15)

𝑉

𝑉
0

− 1 =

1 − [1 − 2 ((𝐾


0
− 1) /𝐾

0
) 𝑃Th]

1/2

(𝐾


0
− 1)

, (16)

where 𝑃Th is the thermal pressure. Following the arguments
of Shanker and Kushwah [24], when 𝑃 is not equal to zero,
(16) may be rewritten as follows:

𝑉

𝑉
0

− 1 =

1 − [1 − 2 ((𝐾


0
− 1) /𝐾

0
) (𝑃 − 𝑃Th)]

1/2

(𝐾


0
− 1)

. (17)

Now, when thermal pressure is zero (𝑃Th), (17) gives the
following simple relation:

𝑉

𝑉
0

− 1 =

1 − [1 + 2 ((𝐾


0
− 1) /𝐾

0
) 𝑃]
1/2

(𝐾


0
− 1)

, (18)

or

𝑉

𝑉
0

=

1 − [1 + 2 ((𝐾


0
− 1) /𝐾

0
) 𝑃]
1/2

(𝐾


0
− 1)

+ 1, (19)

𝐾
(𝑃)

𝐾
0

= [
𝑉

𝑉
0

(1 + (𝐾


0
− 1) (1 −

𝑉

𝑉
0

))] . (20)

Using the identity 𝛼𝐾
𝑃
= 𝛼
0
𝐾
0
where, 𝛼

0
and𝐾

0
are the value

of 𝛼 and𝐾 at zero pressure, we get the following:

𝛼
(𝑃)

𝛼
0

= [
𝑉

𝑉
0

(1 + (𝐾


0
− 1) (1 −

𝑉

𝑉
0

))]

−1

. (21)

Equation (21) shows the variation of 𝛼
(𝑃)

with pressure at
constant temperature.

2.4. Shanker Formulation. The Gruneisen theory of thermal
expansion as formulated byBorn andHuanghas been used by
Shanker et al. [31]. These authors included higher order term
for the change in volume in the expansion of potential energy
and claimed to derive a new expression for𝑉/𝑉

0
which reads

as follows:

𝑉

𝑉
0

− 1 =

1 − [1 + 2 ((𝐾


0
+ 1) /𝐾

0
) 𝑃Th]

1/2

(𝐾


0
+ 1)

. (22)

It has been argued by Kushwaha and Shanker that the above
EOS may be rewritten as follows when 𝑃 is not equal to zero:

𝑉

𝑉
0

− 1 =

1 − [1 + 2 ((𝐾


0
+ 1) /𝐾

0
) (𝑃 − 𝑃Th)]

1/2

(𝐾


0
+ 1)

. (23)

When thermal pressure is zero (𝑃Th = 0) (23) gives

𝑉

𝑉
0

− 1 =

1 − [1 + 2 ((𝐾


0
+ 1) /𝐾

0
) 𝑃]
1/2

(𝐾


0
+ 1)

, (24)

or

𝑉

𝑉
0

=

1 − [1 + 2 ((𝐾


0
+ 1) /𝐾

0
) 𝑃]
1/2

(𝐾


0
+ 1)

+ 1. (25)

Now bulk modulus

𝐾
(𝑃)

𝐾
0

=
𝑉

𝑉
0

(1 + (𝐾


0
+ 1) (1 −

𝑉

𝑉
0

)) . (26)

Using the identity𝛼𝐾
𝑃
= 𝛼
0
𝐾
0
with (26) we get the following:

𝛼
(𝑃)

𝛼
0

= [
𝑉

𝑉
0

(1 + (𝐾


0
+ 1) (1 −

𝑉

𝑉
0

))]

−1

. (27)

Equations (26) and (27) are useful relations for showing the
pressure dependence of𝐾

(𝑃)
and 𝛼

(𝑃)
, respectively.

3. Results

High pressure study of nanomaterials has been described
under the Murnaghan, usual Tait, Suzuki, and Shanker
formulations because of their simple and straightforward
applications in high pressure physics. In this paper, we have
reported the results obtained for thermophysical properties
of somenanomaterials, that is, AlN (10 nm),Ge (13 nm),CdSe
(5.4 nm),Ni- and Fe-filledMWCNTs, andWC (25 nm) under
the effect of high pressure. The values of input parameters
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Figure 1: Variation of relative volume compression (𝑉/𝑉
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) with pressure (𝑃) for different materials.
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Figure 2: Variation of relative Bulk modulus (𝐾
(𝑃)
/𝐾
0
) with pressure (𝑃) for different materials.

used to calculate the relative volume compression (𝑉/𝑉
0
),

isothermal bulk modulus (𝐾
(𝑃)
/𝐾
0
), and compression coef-

ficient (𝛼
(𝑃)
/𝛼
0
) for the above nanomaterials are reported in

Table 1 with their corresponding references.
The application of these equations of state is fully tested by

calculating the mechanical properties of nanomaterials cited
previously. The high pressure compression in the nanoma-
terials is calculated by using isothermal equations (2), (6),
(19), and (25) relative bulk modulus and relative isothermal

compression coefficient at different pressure is calculated by
using (3), (7), (20), (26), (4), (9), (21), and (27), respectively.

The calculated results for all the nanomaterials have
been shown in graphical form to show the validity of used
equations of state with available experimental data. Figures
1(a) to 1(f) show the relative compression with pressure for
different materials, Figures 2(a) to 2(f) show the result of
relative bulk modulus, and Figures 3(a) to 3(f) represents
the result of relative compression coefficient. The error bar
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Figure 3: Variation of relative compression coefficient (𝛼
(𝑃)
/𝛼
0
) with pressure (𝑃) for different materials.

diagrams are shown in Figures 4(a) to 4(f) for the sake of
comparison.

4. Discussion

From graphical representation (Figures 1(a) to 1(f)), we see
that the 𝑉/𝑉

0
decreases with the increase in pressure 𝑃. We

have observed that all four formulations are in close agree-
ment with their experimental values for all nanomaterials
at lower pressure range. Error bar diagrams from Figures
4(a) to 4(f) also explain this where E1, E2, E3, and E4
show the deviation of theoretical values from experimental
data which are calculated by Murnaghan, UTE, Suzuki, and
Shanker EOS, respectively. This shows the validity of all
these equations of state in nanomaterials at lower pressure
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Figure 4: Error (𝑌-axis) between experimental and calculated relative volume compression (𝑉/𝑉
0
) at various pressures (𝑋-axis) for different

materials.
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Table 1: Input parameters for different nanomaterials at reference
temperature and zero pressure. Bulk modulus 𝐾

0
and first order

pressure derivative of bulkmodulus𝐾
0
are taken from the references

which are given in square brackets.

Material 𝐾
0
(GPa) 𝐾



0

AlN (10 nm) 321 [5] 4 [5]
Ge (13 nm) 112 [3] 4 [3]
CdSe (5.4 nm) 37 [4] 11 [4]
Ni-filled MWCNT 179.8 [8] 5.3 [8]
Fe-filled MWCNT 167 [8] 8.5 [8]
WC (25 nm) 416 [7] 4 [7]

range and shows that different materials are compressible
up to different extent. At higher pressure range, Murnaghan
equation of state shows the best result; however, the usual Tait
EOS is also near to experimental values but data obtained by
Shanker and Suzuki formulations show more deviation.

It is clear that variations of relative isothermal bulk
modulus increase with the increase of pressure and variations
of relative compression coefficient decrease with the increase
of pressure. It may be thus concluded that all these equations
explain the compression behaviour of nanomaterials satis-
factorily for lower pressure range. From Figures 2(a) to 2(f)
and Figures 3(a) to 3(f), we observe that at high pressure
results of Murnaghan and UTE coincide well and Shanker
gives somewhat closer results to Murnaghan and UTE but
Suzuki deviates.

The variation of relative isothermal bulk modulus and
relative isothermal compression coefficient with pressure
could not be comparedwith the experimental values since the
experimental data on these physical properties of nanomate-
rials are under study and not are available so far.

5. Conclusion

Thus, it is clear that in all formulations there is an increment
in the ratio of isothermal bulk modulus with pressure while
relative isothermal compression decreases with increasing
pressure and different material is compressible up to different
levels. With the increase in pressures solid becomes more
rigid. This is well understood as at high pressure, molecules
come closer and their electron clouds ripple each other. The
present study shows that all these equations of state are valid
for nanomaterials at lower pressure range. It needs some
modification at high pressure range for nanomaterials.
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