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This paper deals with the oscillation of third-order nonlinear impulsive equations with delay. The results in this paper improve and
extend some results for the equations without impulses. Some examples are given to illustrate the main results.

1. Introduction

In this paper, we are concerned with oscillation of the third-
order nonlinear impulsive equations with delay

() + fx(t),x(t-0)) =0,
X' (17) = bx' (1) » @
k=1,2,...,

t>ty, t#T,
X(Tl:) = ax (i)

x" (T}:) = Ckx” (%)

where ¢ > 0 is the delay, {7;} is the sequence of impulsive
moments which satisfies 0 < t; < 17 < --- < 7 < ---and
limy, _, ( T = 00, Ty — T4 2 0.

Throughout this paper, we will assume that the following
assumptions are satisfied:

(HI) f(t,u,v) is continuous in [f, — 0,00) X R x R,

uf (t,u,v) > 0 for uv > 0;

(H2) f(t,u,v)/p(v) = p(t) for v+ 0, where p(t) is continu-
ousin [t,—0,00), p(t) > 0(# 0), ¢(x)/x > u > 0 for
all x #0;

(H3) ay, b, and ¢ are positive constants.

Our attention is restricted to those solutions of (1) which
exist on half line [f;, 00) and satisty sup{|x(t) : t > T} >
0 for any T > t,. For the general theory of impulsive
differential equations with/without delay, we refer the readers
to monographs or papers [1-4]. A solution of (1) is said
to be oscillatory if it has arbitrarily large zeros; otherwise,

it is nonoscillatory. It is well known that there is a drastic
difference in the behavior of solutions between differen-
tial equations with impulses and those without impulses.
Some differential equations are nonoscillatory, but they may
become oscillatory if some proper impulse controls are
added to them, see [5] and Example 13 in Section 4. In the
recent years, the oscillation theory and asymptotic behavior
of impulsive differential equations and their applications
have been and still are receiving intensive attention. For
contribution, we refer to the recent survey paper by Agarwal
et al. [6] and the references cited therein. But to the best of
the authors’ knowledge, it seems that little has been done for
oscillation of third-order impulsive differential equations [7].

When g, = b = ¢ = 1, (1) reduces third-order delay
equation with/without delay, which oscillatory theory has
been studied by many researchers, see [8-12].

Our aim in this paper is to establish some new sufficient
conditions which ensure that the solutions of (1) oscillate or
converge to a finite limit as f tends to infinity. In particular, we
extend some results in [9, 11] to impulsive delay differential
equations. The results in this paper are more general com-
pared by those obtained by Mao and Wan [7] and improve
some of the results in [7] (see Example 13 in Section 4). The
new results will be proved by making use of the techniques
used in [9, 11].

The paper is organized as follows. In Section 2, we prove
some lemmas which play important roles in the proof of
the main results. In Section 3, some new sufficient condi-
tions which guarantee that the solution of (1) oscillates or
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converges to a finite limit are established. In Section 4, two
examples are given to illustrate the main results.

2. Preliminary Results

In this section, we state and prove some lemmas which we
will need in the proofs of the main results. First of all, we
introduce the following notations: R™ and N are the sets of

real numbers and positive integer numbers, respectively, PC'
is defined by

PC' (R*,R)

= {x :RY — R : x(¢) is differentiable for
(2)

t>0and t#7,x(r}) and x' () exist,
and x (7)) = x (1), x' (r) = %' (Tk)}-

The following lemma is from Lakshmikantham et al. [3, Page
32, Theorem 1.4.1].

Lemma 1. Assume that
() {Ti}ken is the impulse moments sequence with 0 < t, <

Ty <o KT < e limy L o Ty = 005
(ii) m € PC'(R*,R), and for t > ty, k € N, it holds that

m' () <u(@)ym(t) +v(t), t#7,

(3)

m (T]:) < dkm (Tk) + €k>

whereu,v € C(R,R), d,. > 0, and e, are real constants. Then,

m(t) < m(t,) H dy exp (Jt: u (s)ds)

to <7<t

. I: I dkexp(Jtu(o)d0>U($)d$ 4)

0 s<T <t S

+ Z H djexp<Ltku(s)ds>ek.

Lo <ty <tT)<T;<t

Motivated by the ideas of Chen and Feng [5], we present
the following key lemma which determines the sign of x'(t)
and x”' (¢) of the nonoscillation solution x(¢) of (1).

Lemma 2. Suppose that x(t) is an eventually positive solution

of (1), and

lim | [] % 45 = co, ()

t
t J
7Ot ¢ ar<s Fk

t
lim J H C—de:oo. (6)
to to <1} <s

t— 00

Then, it holds that one of the following two cases for sufficiently
large T:
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@) x"(z}) > 0,x"(t) > 0and x' (1)) > 0, x'(t) > 0,
(i) x"(z}) > 0, x""(t) > 0 and x'(z}) < 0, X' (t) < 0,
witht € (1, Ty ) and 7, = T.

Proof. Assume that x(t) is an eventually positive solution of
(1). We may assume that there exists £, > t,, such that x(t) > 0
and x(t — o) > 0 for t > t,. First, we assert that x"(‘rk) > 0 for
any k € N. Suppose not, there exists some 7; > #; such that

x"(Tj) <0. By
M) = —ftx(t),x(t-0)<0,% 0, (7)

we have x” (t) monotonically decreasing in (1;, ;1,7 = j, j+
L,....Thus, x" () = x"'(1;) < 0,i = j+1, j+2,.... Consider
the impulsive differential inequalities

n

x (1) <0, t=1, t#15,

! (8)

() <qx (1), k=j+1,j+2,....

By Lemma 1, we have

£ () < & (T]:_l) H G =« H ¢ < 0. 9)

Ty <T<t Ty <T<t

There are two cases of the sign of x' (7).

Case 1. 1f there exists some 7, > 7;,; such that x'(r,) <0,
since x"'(t) < 0, then x'(t,,,,) < x'(‘r;) <O0and x'(7],)) =
B =b,,,x'(1,,,) < 0.By induction it easily show x'(z;) < 0,
and hence x'(r,:r) <bx'(r) <0fork=n+1,n+2,....S0,
we obtain the following impulsive differential inequalities:

£ (t)<0, t> Ty L# Tho

(10)

() <bx (), k=n+ln+2,...,

which follows from Lemma 1 that

) <x () [ =-8 [] b (1)

Ty <T <t Ty <7<t

From (11) and applying Lemma 1, noting that x(¢) > 0 for
t > t; and x(17) < a;x(1;) for any k € N, we have

x<x(50) [1 a-p[ [la [] b

Ty <TR<t Tnil s<T}<t T, <T<S

- T ak<x(r:+1)—ﬁf I %).

Ty <T<t T+l rn+1<rk<sak

t

(12)

Thus, by (5) we have x(t) < 0 for ¢ sufficiently large which is
a contradiction.

Case 2. If x'(1,) > 0 for any k > j, noting that x”'(t) < 0 for
t € (Tj41>Tjs2], we have x'(t) > x'(TjH) > 0. By induction,
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we get that x'(t) > O forany t € (1, Ty, Lk = j+ 1, j+2,....
So the following impulsive differential inequalities hold:

X" (t) < —a H Go  E> T, L#T
Ty <T<t (13)
() <bx(r), k=j+1,j+2,....

According to Lemma 1, we get

x'(t)gx'(‘r;rl) H bk—(xj ku H cds

Tjgq <Tp<t Tjtl s<my<t T <T<s

t
I(_+ S
= || by x(Tj+1)—oc || —ds |.
Tjgq <Tp<t Tj+1 -rj+1<-rk<sbk

Hence, the condition (6) implies that x'(t) < 0 when ¢ is
sufficiently large, which contradicts to x'(t) > 0 for ¢ > Tjn

(14)

again. In terms of the above discussion, we see that x" (1) >0
for any 7, > T with sufficiently large T'. Consequently, noting
that x"'(t) < 0 for any t € (73, Ti,q), we have X >
x"(1,,1) > 0.

Next, if there exists a 7, >T such that x'(‘rj) > 0, then
x'(‘r;f) = bj(x(‘r;.r) >0, x'(‘rjﬂ) > x'(r;) > 0. Therefore, by
induction, we have x'(¢) > x'(T;f) >0fort € (1,1, ],i=j+
1,j+2,....So case (i) is satisfied. Otherwise, if x' (1) < 0 for
all 7. > T, then x'(7}) = bx(1})) < 0. Thus, for t € (7, T,y ],
using x"(t) > 0, we have x'(t) < x'(‘rk“) < 0; hence, case (ii)
is satisfied. This completes the proof. O

Remark 3. Suppose that x(t) is an eventually negative solu-
tion of (1). If (5) and (6) hold, one can prove it holds that one
of the following two cases in a similar way as Lemma 2:

(i) x"(r) < 0, x"(t) < 0and x'() < 0,x(t) < 0,
(i) x" () < 0, x"'(t) < 0and x' (7)) > 0, x'(t) > 0, with

t € (T4 Tyl and 7 > T

Lemma 4. Let x(t) be a piecewise continuous function on
Ugen (Ti Tiey1 1> which is continuous at t # 7, and is left contin-
uous att = 7. If

(1) x(t) 20 (£0) fort >ty

(2) x(t) is monotone nonincreasing (monotone nonde-
creasing) on (1y, Ty, ] (1, = T) for T large enough;

(3) Yo [x(1) — x(13.)] converges,
then lim, _,  x(t) =a >0 (< 0).

The proof of Lemma 4 is similar to that of [13, Theorem
5], and hence is omitted.

Lemma 5. Assume that x(t) is a solution of (1) which satisfies
case (ii) in Lemma 2. In addition, if

(o) oo
Z | — 1| < oo, Hak is bounded, (15)
k=1 k=1

then lim, _, . x(t) exists (finite).

Proof. First, we claim that ) ;> [x(7)—x(7;)] is convergence.
In fact, since x(t) is decreasing on (73, 7y ;] (1, = T, and T'is
defined in Lemma 2), then

x (Tl:+1) < A1 X (Tk+1) < Apey1X (TI:) .
(16)

% (t1) < % (7).

Obviously, by induction, we can get

X (Tk+n) S o A X (T}:) >
17)

x (le+n) S Oyt B X (TI:) .

Since [[;o,ac is bounded, we conclude that {x(z;)} is
bounded, which follows that there exists M; > 0 such that

|x (1) = x ()] = |a = 1] x (1) < My g — 1] (18)

Hence, Y 2, [x(1;)—x(1;)] is convergence since Y o, la,—1| is
convergence, which follows from Lemma 4 that lim, _, ._x(t)
exists. The proof is complete. O

3. Main Results

In this section, we establish some sufficient conditions which
guarantee that every solution x(f) of (1) either oscillates or
has a finite limit. Occasionally, we will make the additional
assumption

t o0 0O
limsupJJ j p(6)d0dsdu=co, (19

t— 00 n Ju s

where here it is understood that

rop(t) dt < oo,

to

LOO ro p(@)d0du <oo.  (20)

0 u

Now we are ready to state and prove the main results in
this paper. The results will be proved by making use of the
technique in [11].

Theorem 6. Assume that (5), (6), and (19) hold, and x(t) is a
solution of (1). Furthermore, assume that a;, < 1, b, > 1, and
¢ < 1 fork e N. Ifthere exists a positive differentiable function
r such that

t
tlifgojt [P ()7 () = A(s, Tye))] H = H ads = oo,

0 to<Ty<s G to<T+0<s

(21)
where k(s) = max{k : 7 < s}, and
A(s 7))
G [r' (s)]2
]((5)7, s€ (o + o],
4ur (s) (s - Tk(s)) ,
[T’(S)] s€ (1 + 0,711

4ur () (s = i — (a9 1) feeo) @) R

(22)

Then x(t) is oscillatory.



Proof. Let x(t) be a nonoscillatory solution of (1), without
loss of generality, we may assume that x(t) > 0 eventually
(x(t) < 0 eventually can be achieved in the similar way).
By Lemma 2, either case (i) or case (ii) in Lemma 2 holds.
Assume that x(¢) satisfies case (i), then x”(t) > 0, x'(t) > 0
fort € (Tj, T]-H], = T (T is defined in Lemma 2). Define the
Riccati transformation u by

r(t) x" ()

u(t):go(x(t—a))’ t>1), t#7. (23)
Thus, u(t) > 0 fort € (13, 7.1 L, k= j, j+1,...,and
TN r () mn
u (t) = —(P(x(t_o_))x (1)
rOex(t-0)-rt)e (x(t-0)x (t-0)
@* (x (t - 0))
x x" (t)
- _ r (t)u
B r ()
T’(t)Mxl (t-o0) n
BT R
(24)

Ift € (1, 7 + 0] C (T}, Ty, |, namely, t —0 < 7, < t, x" (t)
is decreasing in (¢t — o, 7;] and (1, t], respectively. In view of
the following

£ (t-0)>x" (1) 2 X Uk ) X (t), (25)
e Ck
we have
X (t-0)=x (1, -0)+ J'H7 x" (s)ds
e ) (26)
S L O
G
Thus,
’ ' (t) ur (t) (t - Tk) " 2
W ()< -pOrH+ L u) - m[x )]
_ r' (t) u(t-7) 2
= —pO)r)+ (0 —u(t) - W[u(t)]
R 2
_ [ |rlemm) &y
- <\j Gr(t) “H- \]4;41’ O-1) (t)>
r 2
ck[r' (t)]
- -P(t)f’(f) - m-
2
ck[r' (t)]
PO ot

(27)
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Ift € (1340, Ty ] C (T Tpyy 1> thatis, 1, <t—0 <t < 73,4,
then

t—o

x'(t-0)=x" (1, -0) + JTk X" (s)ds + J x" (s)ds
>x"(n)o+x"(t-0)(t-1 -0)

X" (t)

> o+x" () (t-1 - 0)

G
o —1
1),
e

> x" (1) (t - T —
(28)

Similarly, we have

Q)
dpr ) (t -1 - (o - 1) /a)o) |

(29)

u’(t)s—[p(t)r(t)—

Thus, we obtain

u () <-[p®)rt) - At 1y)]  for t € (T T -
(30)
On the other hand,
()= S ).
Observing that ¢(u) > pyu, we have
. _r(g+o)x" (1, +0)
A T
(32)

r(t +0)x" (1, +0)
¢ (aex (7)) o
Applying Lemma 1, it follows from (30), (31), and (32) that

u(t)<u( )Hck H —

Ti<n<t T <rk+a<t[4ak

u(rk+a).

t
- J [p(s)7(s) = A(s, Tyqy)]

7j
H G —ds

S<T<t  s<T+O<t Hay

HCkH—

<<t T <-rk+o<ttuak

(33)

t
X (u(r;r) —MJ; [p(s)r(s) = A(s, Tye))]

M1 akds>,

Tj<T<s G T;<T+0<s
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which yields u(t) < 0 for all large ¢. This is contrary to u(t) >
0, and so, case (i) in Lemma 2 is not possible.

If x(t) satisfies the case (ii) in Lemma 2, that is, x”(T,: ) >
0, x""(t) > 0 and x'(T,:) <0, x'(t) < 0, which proves that the
solution x(t) is positive and decreasing. Integrating (1) from
stot(t>s=>T),weobtain

X" () - Z (6 —1)x" (1) = x" (s)

s<T<t

t (34)
+ J P©) ¢ (x(0-0))do <o.

Noting ¢, < 1and x"(t) > 0, then it holds that
t
OO+ [ pO9x@-and<0,  (9)

which leads to
t

() + J PO p(x©@-0)do<o,  (36)

N

and hence

-x"(s) + ro p(O) ¢ (x(0-0))do<0. (37)

N

Integrating the above inequality again fromutot (t > u > T),
one has

—-x'(t)+ Z (b - 1) x" () + x" (w)

t roo (38)
+jj 20 ¢ (x(6-0)dods <.

u Js

Using x'(t) < 0 and b, > 1, we have

X )+ JOO rop(e) o(x(B-0)dods<0.  (39)

u N

Now, we integrate the last inequality fromytot (t > 1 > T)
to obtain

x®)= Y (a-1)x(n)-x(n)

N<t <t

o (40)
; JJ J p(0)¢(x (0 -0))d0dsdu < 0.

nJu Js

Since g, < 1 (k € N) and x(t) is decreasing, then for ¢t €
(Tl T b X(Tie) < x(t) < (7)) = ax(r) < x(13.), k € N.
Thus, we get

px (1) L LOO LOO p0)dOdsdu < —x(t) +x () <x(n),
(41)

and then,
t 0O OO 1
J J J p(0)d0dsdu < 1, (42)
p e )s u

which contradicts the condition (19). The proof is complete.
O

Replace the condition (19) with (15), we may obtain the
following asymptotic results.

Theorem 7. Assume that (5), (6), and (15) hold, and x(t) is a
solution of (1). If there exists a positive differentiable function r
such that (21) hold, then x(t) is either oscillatory or has a finite
limit.

Proof. By the proof of Theorem 6, we know the case (i) in
Lemma 2 is not possible, too, since the condition (19) is not
required to prove it. So it suffices to show if there is a solution
satisfying case (ii) in Lemma 2, that is, if

()>0, X)>0, X (f)<0, x'(t)<0 (43)

with ¢t € (13, T, ] and 7. > T. then lim, _, ( x(t) exists. This
is obtained by applying Lemma 5 which leads to lim, _, . x(t)
exists. The proof is complete. O

Corollary 8. In addition to the assumption of Theorem 7,
assume that

t
1
lim J —p(s) ds = oo. 44
t= oo Jg, tol:;([<sck ( )
Then, solution x(t) of (1) either oscillates or satisfies
lim, , x(t) = 0.

Proof. By the proof of Theorem 7, lim, _, . x(t) exists, and we
define it by lim, _, . x(t) = y > 0. We now show y = 0. If not,
then y > 0. So, lim, _, . ,@(x(t — 0)) = @(y) =: & > 0. Hence,
there exists 7, >T such that p(x(t-0)) > x/2 fort > Tj. Then

() = —f (tx (), x(t - 0)
K (45)
S—p(t)¢(x(t—cr))£—5p(t), t>1,

and note that x" (1)) < g.x"' () since x” (t) > 0, which imply
that
t

)< (T;) H G - gJ' H G.p(s)ds
T <1<t Tj s<t <t
(46)

< 1 ck{x”(ff)—gﬂ [T lp(s)ds].

Tj<Ti<t j Tj<T<s G

Thus, in virtue of (44) it holds that x” (¢) < 0 and contradicts
x" () > 0 for t large enough, the proof is complete. O

Remark 9. Theorem 6 and Corollary 8 extend the results in
[11, Theorem 3.1] and [9, Corollary 1], respectively. In fact,
when g, = b = ¢ = 1for k € N which implies that the
impulses in (1) disappear. In such a case, (5) and (6) hold
naturally, and (21) and (44) are reduced to

o [F)]
M, J {P(S)r(s) TG | FT
(47)

t
tlim J p(s)ds = oo,
— 00 tO



which are similar to those in [11, Theorem 3.1] and [9,
Corollary 1], respectively.

Next, we present some new oscillation results for (1), by
using an integral averaging condition of Kamenev’s type.

Theorem 10. Assume (5), (6), and (19) hold. Furthermore,
a. < 1/u <1, b 2 1and g < 1, k € N. If there exists a
positive differentiable function r such that

li{lls(gptim JT (t=9)"[p(s)r(s) = A(s, Ty(s))] ds = 00,
(48)

where A(s, 7)) is defined by (21) and m > 1. Then every
solution of (1) is oscillatory.

Proof. We choose T large enough such that Lemma 2 holds.
By Lemma 2 there are two possible cases. First, if the case (i)
holds, proceeding as in the proof of Theorem 6, we will end
up with (32). By (30), we have

pOr®-Altmy) <-u' (), t>T, t#7. (49)

Ift € (1 + 0, 7] € (7> Ty > for 7; > T, we obtain

J .(t = )" [p(s)r(s) = A(s, 7)) ds
J t (50)
< - J (t —s)"u' (s)ds.

J

An integration by parts of the right-hand side leads to

Jt (t — )" (s)ds

740 Tjn Tto t ,
J +J +~--+J +J (t—9)"u (s)ds
T; Ti+0 T T +o

= Jt &(t — )™ ds
T Mm
k

+ 2 [t= (@ +0)]" [u(zi+0) ~u(zf +0)]

i=j

) (e m) () ~u ()] = (- 7) "u ().

(51)

Take into account (31), (32), g, < 1/u, and ¢ < 1, we have

Jt (t - )" (s)ds

7j

k

> Z (t-7)" (1 —ci)u(ri)—(t—rj)mu (T;) (52)

i=j+1

= —(t - Tj)mu (T;) .
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Ift € (13, 7; + 0], similarly we also get

Jt (t—s)"u (s)ds > —(t - Tj)mu (T;) . (53)

So, it yields

t m
J | (t=5)"[p()r(s) = A(s,1p(sy)] ds < (f - Tj) ”(T;)’
! (54)

which follows that

1 t
o J A(t =) [p(s)r(s) — A(s,1p(s))] ds

(52,

(55)

Hence,

litnisgptim L t=9)"[p(s)r(s)—A(s, 1) ds < u (T;) ,
(56)

J

which is a contradiction of (48).
If case (ii) holds, then as a manner with case (ii) in
Theorem 6, it is not possible, too. The proof is complete. [

Corollary 11. Assume (19) holds and a;, = b, = ¢ = 1, for
k € N. If there exists a positive differential function r such that

[r'(s)]2
e[
(57)

lim suptim Jt t-s" [p (s)r(s) -

t— 00 T

where T is large enough such that Lemma 2 holds. Then every
solution of (1) is oscillatory.

Remark 12. Corollary 11 is an extension of [11, Theorem 3.2]
into impulsive case. Especially, let r(¢) = 1 in (48), it reduces
to

t
lim supi J (t—3)"p(s)ds = oo, (58)
t— oo " Jr

naturally, which can be considered as the extension of
Kamenev-type oscillation criteria for third-order impulsive
differential equations with delay (see [8, 14, 15]).

4. Examples

Example 13. Consider the third-order impulsive differential
equation with delay

X" (t)+(1 +ax” (t))x(t—a) =0, t>t, t#75,

(@) =b (1), (59
keN,

x (Tl:) = ax (1),

(1) = o (1),

where 0 > 0, & > 0 are constants, 7, — 7,_; > o forany k € N.
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When g, = b = ¢ = 1 forany k € N, the impulses in
(59) disappear, by [16, Theorem 4], (59) is nonoscillatory if
o < e/3 and & = 0. However, we may change its oscillation by
proper impulsive control. In fact, let 0 < ¢/3 and & = 0 and
T, =ty + ko (k € N) in (59); choose ¢(x) = x, p(t) = 1, and
r(t) = 1; a simple calculation leads to

T2 1T aras

o to<ti<s % to<m+o<s

T Tt0 T, Ty +0 T,
ty T T +0 T, T,-1+0

n—1

1
— H a,ds
to<T<S G to<T+0<s

a

(-1, -0)

o aa,---a, ,0
:(Tl—t0)+[_+ :|+...+M
g 4

GGG

+ a\dy Gy (

-7, ,—0
C1Q"'Cn—1 Tn n—-1 )
( 1 1 1 )
=o(l+—+—+--+—
a Coo1
(60)
Then, let
k
ak:Ck:k+1, bkzl, kEN (61)

Obviously, (5), (6), and (19) hold, and

an H L H aip (s)ds

to ty<r,<s % ty<T +o<s

>—>oo (n — ).
(62)

( 2 3
=oll+-+-+--+
1 2 n-1

Thus, (21) is also satisfied. By Theorem 6, every solution of
(59) is oscillatory.
If we let

1 k+1
a=1+35 bk:q{:%, keN.  (63)

In this case, it is easily to verify (5), (6), (15), (44), and
(21) hold. By Corollary 8, every solution of (59) is either
oscillatory or tends to zero.

Remark 14. 1t is easy to verify that in [7, Theorems 1, 2, and
3], cannot be applied to (59). On the other hand, Theorem 7
is not applicable for the condition (61) since Y o, |a; — 1| does
not convergence.

Example 15. Consider the third-order impulsive differential
equation with delay

x"" (1) + ¢ cosh (Ix ()1 'x () x (t - 1) = 0,

t>0, t+2k,
, / (64)
+ +
x(n)=ax(n),  x () =bx (n),
x” (Tl-:) = Ckx” (Tk) 5 T = 2k, ke N,

wherea > 0,a, = 1,5, =¢. = k/(k+ 1),k e N.

Let o(x) = x, p(t) = el it is easy to verify that (5), (6),
and (19) hold. Choose r(t) = 1 and m = 1, we have

1 (! o€ (T-1 T
;JT(t—s)edS—?+< ; —l>e — 00 (t > 00).

(65)
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