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We study jump-diffusion systems with neutral term and impulses. Under some conditions, we prove that the jump-diffusion systems
with neutral term and impulses are mean square and almost surely exponentially stable. Finally, we give an example to describe the

theoretical results.

1. Introduction

Recently, stochastic partial differential systems (SPDS) are
often used to describe some evolution phenomena in study-
ing pattern recognition and engineering [1, 2]. Dynamic
behavior of solutions for SPDS has been discussed by many
researchers [3-8].

In the practical application, there exists often impul-
sive disturbance under specific circumstances [9, 10]. For
example, in [11, 12], Zhu et al. discussed stability behavior
of stochastic impulsive systems. Sakthivel and Luo [13] dis-
cussed asymptotics of stochastic impulsive systems. Further,
in [14], Jiang and Shen studied asymptotic behavior for
stochastic impulsive infinite delays systems. Chen et al. [15]
discussed stability of stochastic impulsive systems by inequal-
ity technique.

In addition, many models such as population models
and circuits models often include the derivative terms of
the current state and past state, which are often described
as neutral systems [16-21]. Meanwhile, there are also a few
works on jump diffusions, which are discussed extensively.
For example, Zhu [22] discussed the long-time behavior of
the solution including the pth moment asymptotic stability
and almost sure stability for stochastic jump systems. In [23,
24], the authors established dynamical behavior of stochastic
jump systems and stochastic jump biological model. Cui et al.

[25-27] studied the existence, uniqueness, and some stability
of stochastic jump systems. Luo and Taniguchi [28] discussed
the existence of solutions of neutral stochastic jump systems
under non-Lipschitz condition. Ren and Sakthivel [29, 30]
discussed dynamic behavior of second-order jump-diffusion
systems.

The rest of the paper is organized as follows. In Section 2,
we give some preliminaries on mild solution. Then we give
some conditions to guarantee stability of mild solution by the
fixed point theory in Section 3. In Section 4, an example is
presented to show our conclusions.

2. Preliminaries

Throughout this paper, let (Q, #, {F,},59, %) be a complete
probability space with a filtration {#},., satisfying the usual
conditions [31]. Let ¢ > 0 and R + = [0, +00). Moreover, let &
and g be real separable Hilbert spaces with norms | - [g, | |,
and let £(p, E) be the space of all bounded linear operators
from g into E. In this work, || - || is the norms of operators.
The notation D = Sgo([—g, 0], ) denotes the family of all
F ,-measurable functions from [—g, 0] into E with the norm
Wl = sup;e(_g0)l V(e

Let {B(t) : t > 0} be a g-valued Wiener process on the
probability space (Q, F, {F,},5¢, &) with a trace class opera-
tor Q on . Efg(p, E) being the set of all Q-Hilbert-Schmidt
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operators from g to E. For the construction, the reader is
referred to [19, 25, 31, 32]. Assume that m(v), v € D,,, is a
stationary & -Poisson point process with characteristic mea-
sure A. N(dv,d9) defined by N(»,X) = Ev@m#mlx(m(v))
for X € B(p - {0}). Let N(dv,d9) = N(dv,d9) — M(d9)dv,
which is independent of B(:). For the Poisson measure, see
[21].

Suppose that S(t), t > 0, is an analytic semigroup with
its infinitesimal generator A [14]. For the analytic semigroup,
see Pazy [32, Page 60-75]. In the paper, assume that 0 € p(A).
According to Pazy [32], a linear closed operator (—A)* (« €
(0, 1]) can be defined on D((—A)%).

Consider a jump-diftusion system with neutral term and
impulses:

dlY()+D (Y (t—-x«(1)))]
=[AY )+ P(t,Y (t - (t)))] dt

+R(LY (t-@ () dB(t)

+J O Y(t-0(1),9)N(dtd9), t+t,t=>0,
X

AY (7;) = H; (Y (77))

1)

with the initial data Y,(-) = ¥ € ng([—g, 0],E). Here D, P :
R,xE — E,R:R,xE — Z5(p,E),®: R,xExX — Eand
x(t), @(t), {(t),0(t) : §+ — [0, o] are continuous. Consider

H; : E - E AY(v) = Y(v') - Y(v), where Y(+") =
limy, ,+Y(v + Av) and Y(v7) = lim,, o+ Y(v — Av), 0 <
Ty < <7 <00 =lim;, 7

Definition 1. A process Y(t),t € [0,T], T € [0, 00), is said to
be the mild solution to system (1) if

(i) Y(¢) is a & ,-adapted, cadlag process and is almost
surely square-integrable on [0, T;

(ii) for t € [0, T]Y (¢) satisfies
Y(#)=S@)¥(0)+S()D(0,¥)

-D(t,Y (t —x (1))
—JtAS(t—v)D(v,Y(v—K(v)))dv
0
t
+J St-vPW,Y(v-C(v))dv
0
+rS(t—v)R(v,Y(v—(D(v)))dB(v)
0

+H S(t-)O Y (v—0(),9) N (dv,dd)
0 JX

+ 2 S(t-1) Hi (Y (57)),

0<T;<t
(2)
andY, =¥ ¢ i‘)go([—g, 0], B).
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To establish exponential stability [7, 10, 20] of system (1),
we need the following hypotheses.
(Hy) IS < e P, where B is a positive constant.
(H,) There exists K > 0 such that, fort > 0,Y,,Y, € &,
|(-A)*D(t,Y,) - (-A)" D(t,Y,)

<KV -1 ©)

(H,) There exist positive constants L, L,, L5 such that, for
t>0,Y,Y, € E,

IP(£Y,) - Pt <L, |V, - Yol2,

|R(t,Y;) - R(t Yz)ﬁczg <L Y, - Y,

2
g° (4)

L 10 (£, Y,,9) - © (£, Y0, )L A (D) < Ly |V, - V.

(H,) There exist constants /; such that, for Y;,Y, € &,
|H(Y)) - Hi(Y,)IP <LIY, =Y, (G=1,...,0).

(Hs) One has D(t,0) = P(t,0) = R(t,0) = O(t,0,9) =
H;(0)=0(j=12,.)fort>0.

Remark 2. We should point out that it is clear that system (1)
has a trivial solution when ¥ = 0 by (H,)-(H;).

3. Main Results

In the section, we will state and prove our main results on
mean square and almost surely exponential stability to system
(1) by the fixed point theory. To prove our main results, we
firstly give a useful lemma.

Lemma 3 (see [18, 32]). Under (H,), assume that 0 € p(A).
Then, for « € (0, 1],

(i) for Y € D((-A)%), SO(-A)*Y = (-A)*S(t)Y;

(ii) there exist constants M, > 0 and 3 > 0 such that, for
t>0,

A S@)] < Mt . (5)
Now we will state and prove the main results on stability.

Theorem 4. Suppose that (H,)-(H;) hold. Then system (1) has
a unique mild solution and is mean square exponentially stable,
if the initial data ¥ is mean square exponentially stable and

6[R -4 " + KM} 7T (@)
(6)
+ LI,B_2 +L, (2[5)_1 + L, (2[3)_1 +Te_2ﬁT] <1.
Herel = [E(le:1 Iljl) and M, _, and [ are defined by (5).

Proof. Let Y be the Banach space of Y(¢) with the norm
IYlly = suptzO[EIY(t)Ié and there exist M > 0and d > 0
such that, fort > 0,

E|Y ()2 < ME |¥]5 e 7)
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Define an operator IT : Y — Y by II(Y)(¢) =
[~0,0] and for t > 0,

Y(t) fort €

IL(Y) (t) = S(£) ¥ (0) + S (£) D (0, %)

-D(t,Y (t-x(1))

—JtAS(t—v)D(v,Y(v—K(V)))dv
0

+Jts(f_vp(v, v-{ W) dv

0

-

+J S(t-v)R

0

»Y(v-oW))dB(v)

+” SUt-1)O LY (v-0(),9) N (dv,d9)
0

+ ) S(t-1)H (Y (1))

0<T;<t

(8)

Now we will prove that the operator IT has a fixed pointin Y.
Without loss of generality, we suppose that 0 < max{6,#} <

B.Let B := (B —¢)”". We firstly claim that II(Y) c Y. Let
Y (t) € Y and we then have from (8)

E[TI(Y) (t)]2
< 7E|S(t) ¥ (0) + S (t) D (0, ¥)|2

+7EID(t,Y (t - x (1))

2

+7E ItAS(t—v)D(v,Y(v—K(v)))dv
0 g

2

+7E J St-v)P(n,Y (v - ((v)))dv

(=)

2
+7E J S(t-v)R(v,Y (v— a)(v)))dB(v)
0

t 2
+7E j j S(t-vO®Y (v-0(:),9) N (dv,d9)|

0

2

> S(t-7)H; (Y (7))

0<7;<t

)

Note that the initial data ¥ is mean square exponentially
stable; that is, there exist, for M > 0, # > 0 such that

—0 <t < 0, E¥(t)]> < ME|¥(0)[2¢™™. By (H,) and (Hy),
we have
F, = E|(-A)* (A D (Y (¢t -k )2
<K|A P EIY (¢ - x @)

< R[4 (ME|¥I3 & + ME ¥ (0)|2 "7").

(10)
Then (5) together with (H,) and (Hj) yields
t
F, < M2 E < L 102 BE0/2 (10012 =02
2
A D, Y (v - x(v))>|5dv)
t
<M, J eﬁvfﬁttf“dv
0
t
: J P |(~A)* D (v,
0
< KT (a) B*M:_,
(11)

t
. j eﬁvfﬁttif‘x[E Y (v = (v)[3 dv
0

< KT (o) M},

t
. j eﬁv—ﬁtt}/—(x
0

- (ME 9|3, e°% + ME |¥ (0)[2 ") dv
< KT () M},

X7 2 8p-6t = 2 —nt
- (BSME |93 e + By ME Y3 €™ ).

By (H,), we have

t 2
F,<E (J P PNP (Y (v =L ()]s dv>
0

! (Bv-Bt)/2\2
< Jo (e ) dv

E <r (BB p (¥ (v~ (V)))|a)2 dv) )

j Br—pt
0

Vi 5o—0 v —
(BsME |¥|3, ™™ + B, ME [¥|3 ™).

<L
I
Ll
< —
B



By the properties of the martingales, we have
t
Fs < J EIS(v—t)R(n,Y (v— a>(v)))|§,g dv
0
t
< J FPPEIR(Y (v- @ ()20 dv
0 2
t
<L, j FPPEY (v—@ ) dv
0

t
< sz PP (ME W3 €27 + ME [¥[3 e dv
0

< L, (BsME |3 €072 + B, ME [ €7™),

t

QSEJ
0

J eZﬁV—zﬁt |® (‘V, Y (V -0 (‘V)) R 9)'2 A (d\9) dv
X

t
<L, I FPPE Y (v-0 (v)2 dv
0

< Ly (BsME |¥]3 % + B, ME [¥[2 " 7™).
(13)

By (H,) and (H,), we have
_2ft ~\|2
E <ePLE|Y (1) (14)

From (9) to (14), we can see obviously that there exist M>0
and & > 0 such that

EIL(Y) ()% < ME |95 e (15)

Next we claim that T1(Y)(¢) is cadlagon Y. Let Y € Y, > 0,
and Af > 0; we have from (8) that

(16)

7
<7YE|F(E+A0) - F ()
i=1

We can easily see that E|F,(t + Af) — F;(t O|i — 0asAf — 0,
i =1,...,4,and i = 7. Moreover, by the properties of the
martmgales, we have the fact that when Af — 0,

E|F; 7+ A7) - F (D)2
2 Jt[E (S (F+ AT —v) = S (=)
0
“RWY (v=C )% dv

» jAt+Af E[SE+AF-v) R0 Y (v =L W)z dv

—0,
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E IFG (t+ At) - Fy (?)lé

<2E

ﬁx (S(F+AT—v)=S(E-v)

0

2
SO (LY (W-0),9) N (dv,d9)

T+AT R R
JA J S(t+At-v)
t X
2

S OLY(v=-0®1),9) N (dv,d9)

+2E

<2|s(an) -1 E

' r J IS(E-v)© 1Y (v—0(), )2 v (d9) dv
0 JX

+ 2
T+AF
[

— 0.

-0 (d9)dv

17)

Consequently, we obtain that II(Y) c Y.
We finally claim IT is contractive. From (8),Y,,Y, € Y,
6

OsupT[E I (Y,) (£) - T1(Y,) (D2 < 6) G.. (18)
<t< i=1

Similar to (10)-(14), we have

G, = supE|D(t,Y, (t -« (1)) -

0<t<T

D(t,Y,(t—x ()|

<K|a ™ OsupT[E v, () - Y, W)[2,

G,=supkE

0<t<T

Lt AS(t-v)

[D(n,Y, (v-x(v)))
2
-D(n, Y, (v—x ()] dv

< KM? BT () sup [E|Y W) -Y, W2,
t
G;=supkE J St-v)
o<t<T 1Jo
[P(nY, (v=C ()
2
-P(v,Y,(v=C ()] dv )
< 1[3 sup E |Y v)-Y, (v)|

0<v<T
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G,=supkE
0<t<T

rsa-w

0

[R(nY, (v-2 ()
2

-R(v,Y, (v-a@(v)))]dB(v) i

< L,(2B) " swpE|Y; (v) - Y, W)z,

0<v<T

[} e

[0y, (v-6(v),9)

Gs;=supkE
0<t<T

—0 (1Y, (v-0(v),9)]

2

- N(dv,d9)

IN

L;(2p)" SuP[E|Y1 W -Y, M)z,

o<v<T

D
)
|

2 8(t-m)(H; (1 (7)) - B (12 (7))))

O<T/-<t

=suplE
0<t<T

IN

Te 2T sup E|Y; (v) - Y, (v)|é .
0<v<T
(20)

Herel = E(Y'y 1D
Consequently, we have

sup E [T1(Y,) (t) - T1(Y,)

0<t<T

<6 [R|(-A) | + RM; 7T (@)
+L,f2+L,(2B)" (21)
L,(2p)" + Te‘m]

- sup E|Y; (v) - Y,

0<v<T

Then if (6) holds, IT is contractive. Therefore, system (1) has a
unique Y (¢) € Y and Y(t) is mean square exponentially stable
if (6) holds. This proof is complete. O

According to [5], we similarly have the following.

Theorem 5. Under the conditions in Theorem 4, system (1) is
almost surely exponentially stable.

5
If ® = 0, system (1) becomes
diY () +D(tY (t-x(1)))]
=[AY () + P(t,Y (t - { (1)))] dt
(22)

FREY (t-@(1)dB(), t>0, t#7,

w(5) =1, (Y () t=7p j=1.

with the initial data Yo (") =¥ € Dz ([-0, 0], B).
From Theorems 4 and 5, we have the following.

Corollary 6. Assume that the conditions in Theorem 4 hold,
but (6) is replaced with the following condition:

5 [E =47 + M> KRBT ()
(23)

+ LB 2+L,(28) " +eTE <Z|l|>]

Then system (22) admits a unique mild solution and is mean
square and almost surely exponentially stable.

If® = 0and D = 0, system (1) becomes

dy (t) = [AY (&) + P(t,Y (t = { (t)))] dt

+R(tLY({t-a(t))dB(t), t=0, t# T (24)

2 (5) =1y (), =1, =1
with the initial data Y, (:) = ¥ € ng([—g, 0], B).

Corollary 7. Assume that the conditions in Theorem 4 hold,
but (H,) and (6) are replaced with the following condition:

4<L1/32+L2( e PTE <Z|l|>> 1. (25)

Then system (24) has a unique mild solution and is mean
square and almost surely exponentially stable.

Remark 8. We think that the results of the paper can be
generalized to infinite delay systems. Systems (22) and (24)
have been discussed in [14] and [13], respectively, which focus
on asymptotic stability of mild solution. Also by Theorem 4
system (1) without impulses is also mean square and almost
surely exponential stability under some conditions, which has
been studied in [25]. However, it is well known that there are
great differences on the method between the time-delay cases,
in particular when considering a problem involved in pertur-
bation. In the paper, we mainly focus on exponential stability.
In the sense, [13, 14, 25] are generalized to more extensive
systems.

Remark 9. In particular, when D = 0, ® = 0, system (1)
without jumps, impulses, and neutral term reduces to SPDS,



which is mean square and almost surely exponential stability
if3(L,B2+L,(2B8)") < 1.When L, 72+ L, < 1/3, Luo
[5] showed that system (1) without jumps, impulses, and neu-
tral term is mean square exponentially stable to this system.
In the sense, the result of the paper improves the result of [5].

Remark 10. Besides, it should be pointed out that the pro-
posed method in the paper can be employed to consider the
pth moment (p > 2) exponential stability to system (1).

4. Ilustrative Example

Example 1. Consider a jump-diffusion system with neutral
term and impulses:

d(Y (tx)+BY (t—x(t),x))
aZ
~(Zr e B 6000 )a
+BY(t-@(t),x)dB(t) (26)

+J B.OY (t-6(), y) N(dt,d9), >0,
X

AY(Tj,X)ijY(T]-_,X), t=1; (j=123,...,1),

with Y(s,-) = ¥(s,-) € £*[0,7], Y(-,0) = Y(-,7) = 0,s < 0,
where 8; > 0,b; > 0and };_, b; < co.

Let X ={x e R:0< |g| <€ ¢>0}and $ = L*(0, 7).
The operator A is defined by A : § — $ with A = 9*/9y*
and

D(A) = {Y €9:Y, E;_Y are absolutely continuous,
X

2
g%esj, Y(O)=Y(7r)=0};

(27)

then (—~A)*” is given by

(—A)3/5 Y = in Y, \/zsinn \/zsinn (28)
n=1 ’ h * ) n v

and the domain

D((-4")

= {Y €9, §n<Y, \/gsinnx> \/gsinnx € 55]» .
n=1 9

(29)

Since, for t > 0, ||S(t)|| < exp(—rrzt), from Pazy [32, Page 70],
we have

1

[0 < 7575

s 1
L VIS dv < 5 (30)
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Obviously, (H,)-(Hs) are satisfied with
- 2
B=r’,  K=|A"| B, L =8,
(31)

2
L,= ﬁ3’

L,=p JX FA@), =B

Thus, by Theorems 4 and 5, system (26) is mean square and
almost surely exponentially stable if

oo () o B B

s at 2m?

(32)
Bi 2 —2nT P2 1
25 | Pa@n+eE ,-:Zl'bj| <5
where M, 5 is defined by (5).

5. Concluding Remarks

In this paper, we have discussed jump-diftusion systems with
neutral term and impulses. Some conditions on mean square
and almost surely exponential stability of the mild solutions
to the jump-diffusion systems with neutral term and impulses
are derived by the fixed point theory. The obtained results
extend some earlier results to the case of SPDS with neutral
term and jump and impulses. Finally, the results of this paper
are demonstrated well with an example.
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