
Research Article
Physical-Statistical Model of Thermal
Conductivity of Nanofluids

B. Usowicz,1 J. B. Usowicz,2 and L. B. Usowicz3

1 Institute of Agrophysics, Polish Academy of Sciences, Doswiadczalna 4, 20-280 Lublin, Poland
2 Torun Centre for Astronomy, Nicolaus Copernicus University, Gagarina 11, 87-100 Torun, Poland
3 Lukasz Usowicz Firm, 20-282 Lublin, Poland

Correspondence should be addressed to B. Usowicz; b.usowicz@ipan.lublin.pl

Received 4 February 2014; Revised 5 May 2014; Accepted 6 May 2014; Published 11 June 2014

Academic Editor: Christian Brosseau

Copyright © 2014 B. Usowicz et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A physical-statistical model for predicting the effective thermal conductivity of nanofluids is proposed. The volumetric unit of
nanofluids in the model consists of solid, liquid, and gas particles and is treated as a system made up of regular geometric
figures, spheres, filling the volumetric unit by layers. The model assumes that connections between layers of the spheres and
between neighbouring spheres in the layer are represented by serial and parallel connections of thermal resistors, respectively.
This model is expressed in terms of thermal resistance of nanoparticles and fluids and the multinomial distribution of particles in
the nanofluids.The results for predicted andmeasured effective thermal conductivity of several nanofluids (Al

2
O
3
/ethylene glycol-

based and Al
2
O
3
/water-based; CuO/ethylene glycol-based and CuO/water-based; and TiO

2
/ethylene glycol-based) are presented.

Thephysical-statisticalmodel shows a reasonably good agreementwith the experimental results and givesmore accurate predictions
for the effective thermal conductivity of nanofluids compared to existing classical models.

1. Introduction

Fluids with nanoparticles suspended in them are known
as nanofluids. The thermal properties of nanofluids, that
is, thermal conductivity and specific heat, are very impor-
tant parameters for estimating the heat transfer coeffi-
cient [1–4], because nanofluids are proposed for various
uses in important fields such as electronics, space tech-
nology, medicine, and HVAC (heating, ventilation, and
air conditioning). Hence, there is a need for fundamental
understanding of the heat transfer behaviour of nanofluids
in order to exploit their potential benefits and applica-
tions [5, 6]. Earlier studies show that the enhancement
of thermal conductivity of the base fluid is essential in
order to improve the thermal efficiency of different systems
[2, 7].

In this paper, we present a physical-statistical model and
its performance in predicting the thermal conductivity of
various fluids with nanoparticles suspended in them. We

hope that this model should find wider practical application
in the study of nanofluids.

2. Physical-Statistical Model of
Thermal Conductivity

The study employs the physical-statistical model of soil
thermal conductivity proposed by Usowicz et al. [8, 9]. The
model is expressed in terms of thermal resistance (Ohm’s law
andFourier’s law), two laws ofKirchhoff, and themultinomial
distribution [10]. The volumetric unit of soil in the model
consists of solid, liquid, and gas particles and is treated as a
system made up of regular geometric figures, spheres, filling
the volumetric unit by layers (Figure 1).

The model assumes that connections between layers of
the spheres and between neighbouring spheres in the layer
are represented by serial and parallel connections of ther-
mal resistors, respectively. A comparison of resultant resis-
tance, considering all possible configurations of sphere with
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Figure 1: Schematic diagram of the physical-statistical model construction: (a) unit volume of soil, (b) the system of spheres that form
overlapping layers, and (c) parallel connection of resistors in the layers and series between layers.
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Figure 2: Number of the required parallel connections “𝑢” as a function of nanoparticle volume concentration (𝜃V/𝜙). 𝜃V: volume content of
nanoparticles; 𝜙: volume content of nanofluids. #: photo from [11].

a mean thermal resistance of a given unit soil volume, allows
estimating the thermal conductivity of soil 𝑘 (in Wm−1 K−1)
according to the equation below [8, 9]:
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where 𝑢 is the number of parallel connections of soil par-
ticles treated as thermal resistors, 𝐿 is the number of all
possible combinations of particle configuration,𝑥
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with thermal conductivities 𝑘
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𝑃(𝑥
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) is the probability of occurrence of a given soil particle

configuration calculated from the multinomial distribution
[10]:
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The condition ∑𝐿
𝑗=1
𝑃(𝑋 = 𝑥

𝑗
) = 1 must be fulfilled. The

probability of selection of a given particle 𝑓
𝑖
, 𝑖 = 𝑠, 𝑙, 𝑔, in

a single sample is determined based on soil properties. In
the case of nanofluids, the values of 𝑓

𝑠
, 𝑓
𝑙
, and 𝑓

𝑔
are taken

individually for composing fractions of minerals as—𝑓
𝑠
= 𝜃V,

𝜃V—volume content of nanoparticles, for liquids as—𝑓
𝑙
=

𝜃
𝑓
, 𝜃
𝑓
—volume content of fluids, and for air or gases as—

𝑓
𝑔
= 𝜙 − 𝜃V − 𝜃𝑓 inside the volume content of nanofluids—

𝜙 (m3m−3). When the content of nanoparticles and the base
fluid equals the content of nanofluids, the gas content is then
equal to zero.

The number of the required parallel and serial connec-
tions of thermal resistors in the model depends strongly
on the volume content of nanoparticles in the nanofluids.
Increase in volume fraction of nanoparticles results in a
greater number of bridges between the solid particles and
a greater number of contact points and thus contact area
between the solid particles, respectively. The model was
identified as a model that adjusts the number of parallel
connections of thermal resistors (e.g., from 3 to 13, Figure 2)
along with the change of the ratio of volume content of
nanoparticles in the volume content of nanofluids.The radius
of the equivalent spheres was adopted equal to 𝑟

𝑘
= 0.08.

The stepwise transition of the value of “𝑢” as a function
of nanoparticles saturation with base fluid causes a respective
step increase of calculated values of the thermal conductivity
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Table 1: Values and expressions for parameters used in calculating the 𝑘 of medium (b𝑇 in ∘C).

Source Thermal conductivity Parameters (Wm−1 K−1) Expression, valueb

[2] Al2O3, 𝑘np, 40
[2] CuO, 𝑘np, 32.9
[2] TiO2, 𝑘np 8.4
[2] ethylene glycol, 𝑘

𝑓
, 0.253

[13] Water, 𝑘
𝑓
, 0.552 + 2.3410

−3
𝑇 − 1.1 ⋅ 10

−5
𝑇
2

[13] air, 𝑘
𝑔
, 0.0237 + 0.000064 𝑇

[12] Brownian motion, 𝑘bm, 𝑘bm =

1

2

𝜌cp𝑐𝑝−cp𝑑𝑠
[

[
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3
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)

2𝜋𝜌cp𝛾
3
𝑟
3

𝑝

]

]

Where: 𝑑𝑠 = 0.893𝑟cp𝜙
−1/3

cp = 0.893𝑟𝑝𝜙
−1/3

𝑝
, 𝜌cp and 𝑐𝑝−cp are the density and specific heat of complex nanoparticles, 𝜙𝑝—the particle volume fraction,𝐾𝐵 is the

Boltzmann’s constant, 𝛾 = 1 + ℎ/𝑟𝑝, 𝑟𝑝 is the radius of nanoparticle, ℎ is the interfacial layer of thickness and the fluid medium, 𝑇—temperature, respectively.

of nanofluids. To avoid such transition, a procedure of
intermediate determination of thermal conductivity in a
range of nanoparticles saturations was proposed. According
to the procedure the thermal conductivity is determined for
two succeeding values: 𝑢 and 𝑢 + 1 and then the values
corresponding to the volume content of nanoparticles 𝜃V(𝑢),
𝜃V(𝑢+1).The linear equation given below determines thermal
conductivity for the needed value of the volume content of
nanoparticles 𝜃V:

𝑘nf = 𝑘 (𝑢) +
𝜃V − 𝜃V (𝑢)

𝜃V (𝑢 + 1) − 𝜃V (𝑢)
(𝑘 (𝑢 + 1) − 𝑘 (𝑢)) . (3)

3. Brownian Motion of Nanoparticles in
Base Fluids

The thermal conductivity related to Brownian motion [12],
𝑘bm, and thermal conductivity of base fluids, 𝑘

𝑓
, may be

combined as one input variable to the physical-statistical
model. The resulting thermal conductivity of such a fluid,
𝑘
𝑓app, can be expressed as a sum of both conductivities
(Table 1): 𝑘

𝑓app = 𝑘𝑓 + 𝑘bm.

4. Input Data

The input data needed for calculating the thermal conduc-
tivity using the computer software [14] based on (1)–(3)
comprise content of nanoparticles, temperature, and content
of the base fluid. Moreover, the model requires reference data
on the thermal conductivity of nanoparticles (𝑘np), base fluid
(𝑘
𝑓
), and air/gas (𝑘

𝑔
) (Table 1). The data given in Table 1 was

used to calculate the thermal conductivity of nanofluids using
physical-statistical model.

Classical and other models presented in this paper are
described in more detail in the following works: Gowda et
al. [11], Leong et al. [15], Murshed et al. [16], and Tinga et al.
[17].

5. Results

The effective thermal conductivity of nanofluids is com-
pared with values predicted by physical-statistical, clas-
sical, and other models as well as experimental data
obtained from the literature [11, 15, 16, 18–26]. The pre-
dicted andmeasured effective thermal conductivity of several
nanofluids (Al

2
O
3
/ethylene glycol-based and Al

2
O
3
/water-

based; CuO/ethylene glycol-based and CuO/water-based;
and TiO

2
/ethylene glycol-based) are presented in Figures 3,

4, and 5. Generally, the experimental results and predicted
data show a substantial increase in thermal conductivity
with increasing particle volume fraction for all nanofluids
with nonmetallic (oxide) nanoparticles. Murshed and Nieto
de Castro [12] demonstrated that Brownian motion plays
a significant role in enhancing the thermal conductivity of
nanofluids especially at a low concentration of nanoparticles
or their smaller sizes.This is due to the fact that smaller-sized
particles perform larger motions in a fluid.

The researchers report that the minimal and maximum
enhancement in thermal conductivity using Al

2
O
3
and CuO

(Figures 3 and 4), observed for 4 vol.% load in the case of
ethylene glycol-based nanofluid, were about 12% and 30%
and 18% and 23% and, in the case of water-based nanofluid,
were about 20% and 32% and 14% and 47%, respectively. The
effective thermal conductivities for Al

2
O
3
/ethylene glycol-

based and Al
2
O
3
/water-based and CuO/ethylene glycol-

based and CuO/water-based nanofluids predicted by the
physical-statistical model are compared to experimental and
theoretical results of other authors and are shown in Figures 3
and 4. It is found that the physical-statistical model with the
number of parallel connections (number of particles), 𝑢 ≥

2, for Al
2
O
3
/ethylene glycol-based nanofluids (Figure 3(a)),

shows good agreement with results obtained by Lee et al.
[21], Eastman et al. [20], and Gowda et al. [11]. Also, good
agreement is shown for the model with the number of
parallel connections (number of particles), 𝑢 ≥ 3, for
Al
2
O
3
/ethylene glycol-based nanofluids (Figure 3(a)), with

the data obtained by Wang et al. [26] and, for CuO/ethylene
glycol-based and CuO/water-based nanofluids (Figures 4(a)
and 4(b)), with the result obtained by Lee et al. [21], Liu
et al. [23], Eastman et al. [19, 20], Wang et al. [26], and
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Figure 3: Comparison of physical-statistical model predictions with experimental data and other models’ predictions for Al
2
O
3
/ethylene

glycol-based (a) and Al
2
O
3
/water-based (b) nanofluids.

Gowda et al. [11]. In the case of Al
2
O
3
/water-based nanofluids

(Figure 3(b)) the physical-statistical model with the number
of parallel connections (number of particles), 𝑢 ≥ 4, shows
also good agreement with results obtained by Eastman et al.
[19] and Leong et al. [15]. Results for Al

2
O
3
/ethylene glycol-

based and Al
2
O
3
/water-based (Figures 3(a) and 3(b)) and

CuO/water-based nanofluids (Figure 4(b)) obtained by Xie et
al. [25], Masuda et al. [24], and Eastman et al. [19] differed
significantly from the remaining data and were predicted by
the physical-statistical model. Generally, most of the classical
models presented in this work give less accurate predictions
for the effective thermal conductivity of nanofluids than the
physical-statistical model, Figures 3 and 4. Observed increase
in the number of parallel connections, 𝑢, with increasing
nanoparticle volume in the physical-statistical model can
be interpreted as a formation of thermal bridges between
the nanoparticles, also between the nanoparticles and fluid,
and, hence, it leads to an increase of the effective thermal
conductivity of nanofluid.

As it is shown by Murshed et al. [16] and Lee et al.
[22] for the particle volumetric loading of 5% (Figure 5) the
maximum increase of thermal conductivity of TiO

2
/ethylene

glycol-based nanofluids is about 15–18%. Also, it can be seen

that the physical-statistical model with the number of parallel
connections (number of particles), 𝑢 ≥ 2, andMurshed et al.’s
[16]model with spherical nanoparticle show reasonably good
agreement with the experimental results. It is worth to notice,
that in this case the predictions of Maxwell [27] and Prasher
et al.’s [28] models for the effective thermal conductivity
of nanofluids are slightly underestimated and significantly
overestimated, respectively. As shown in the Figure 5, the
physical-statistical model with a higher number of parallel
connections (number of particles), 𝑢 ≥ 3, gives a slightly less
accurate prediction thanMurshed et al.’s [16]model, butmore
accurate than Prasher et al.’s [28] model.

6. Conclusion

A theoretical and modelling study on the effective thermal
conductivity of nanofluids is conducted.

The effective thermal conductivity of nanofluids signifi-
cantly increases with the nanoparticle volume fraction. The
larger number of nanoparticles in the nanofluids corresponds
to higher number of connections of thermal resistors. It can
be interpreted as a formation of thermal bridges between
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Figure 4: Comparison of physical-statistical model predictions with experimental data and other models’ predictions for CuO/ethylene
glycol-based (a) and CuO/water-based (b) nanofluids.
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Figure 5: Comparison of physical-statistical model predictions
with experimental data and predictions of other models for
TiO
2
/ethylene glycol-based nanofluids.

the nanoparticles, also between the nanoparticles and fluid.
As a result, it leads to an increase of the effective thermal
conductivity of nanofluid.

The physical-statistical model shows a reasonably good
agreement with the experimental results and gives more
accurate predictions for the effective thermal conductivity
of nanofluids compared to existing classical models. This
model also takes into account thermal conductivity related
to Brownian motion.

The model requires further refinements, taking into ac-
count other variables which affect the effective thermal
conductivity of nanofluids.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

References

[1] P. Keblinski, S. R. Phillpot, S. U. S. Choi, and J. A. Eastman,
“Mechanisms of heat flow in suspensions of nano-sized particles
(nanofluids),” International Journal of Heat and Mass Transfer,
vol. 45, no. 4, pp. 855–863, 2002.

[2] L. S. Sundar and M. K. Singh, “Convective heat transfer and
friction factor correlations of nanofluid in a tube and with



6 Journal of Nanomaterials

inserts: a review,” Renewable and Sustainable Energy Reviews,
vol. 20, pp. 23–35, 2013.

[3] R. Taylor, S. Coulombe, T. Otanicar et al., “Small particles, big
impacts: a review of the diverse applications of nanofluids,”
Journal of Applied Physics, vol. 113, no. 1, Article ID 011301, 2013.

[4] S. Thomas and C. B. P. Sobhan, “A review of experimental
investigations on thermal phenomena in nanofluids,”Nanoscale
Research Letters, vol. 6, no. 1, article 377, 2011.

[5] S. K. Das, S. U. S. Choi, and H. E. Patel, “Heat transfer in
nanofluids—a review,”Heat Transfer Engineering, vol. 27, no. 10,
pp. 3–19, 2006.

[6] C. Kleinstreuer and Y. Feng, “Experimental and theoretical
studies of nanofluid thermal conductivity enhancement: a
review,”Nanoscale Research Letters, vol. 6, no. 1, article 229, 2011.

[7] W. Yu, D. M. France, J. L. Routbort, and S. U. S. Choi, “Review
and comparison of nanofluid thermal conductivity and heat
transfer enhancements,” Heat Transfer Engineering, vol. 29, no.
5, pp. 432–460, 2008.

[8] B. Usowicz, “Statistical-physical model of thermal conductivity
in soil,” Polish Journal of Soil Science, vol. 25, no. 1, pp. 25–34,
1992.

[9] B. Usowicz, J. Lipiec, W. Marczewski, and A. Ferrero, “Thermal
conductivitymodelling of terrestrial soil media—a comparative
study,”Planetary and Space Science, vol. 54, no. 11, pp. 1086–1095,
2006.

[10] W. T. Eadie, D. Drijard, F. E. James, M. Roos, and B.
Sadoulet, Statistical Methods in Experimental Physics, Panst-
wowe Wydawnictwo Naukowe, Warsaw, Poland, 1989 (Polish).

[11] R. Gowda, H. Sun, P. Wang et al., “Effects of particle surface
charge, species, concentration, and dispersion method on the
thermal conductivity of nanofluids,” Advances in Mechanical
Engineering, vol. 2010, Article ID 807610, 10 pages, 2010.

[12] S. M. S. Murshed and C. A. Nieto de Castro, “Predicting the
thermal conductivity of nanofluids—effect of Brownianmotion
of nanoparticles,” Journal of Nanofluids, vol. 1, no. 2, pp. 180–185,
2012.

[13] B. A. Kimball, R. D. Jackson, R. J. Reginato, F. S. Nakayama, and
S. B. Idso, “Comparison of field-measured and calculated soil-
heat fluxes,” Soil Science Society of America Journal, vol. 40, no.
1, pp. 18–25, 1976.

[14] B. Usowicz and L. B. Usowicz, ThermalWin Beta (Soil Thermal
Properties Software Package), Institute of Agrophysics, Polish
Academy of Sciences, Lublin, Poland, 2004.

[15] K. C. Leong, C. Yang, and S. M. S. Murshed, “A model for
the thermal conductivity of nanofluids—the effect of interfacial
layer,” Journal of Nanoparticle Research, vol. 8, no. 2, pp. 245–
254, 2006.

[16] S. M. S. Murshed, K. C. Leong, and C. Yang, “Investigations of
thermal conductivity and viscosity of nanofluids,” International
Journal of Thermal Sciences, vol. 47, no. 5, pp. 560–568, 2008.

[17] W. R. Tinga, W. A. G. Voss, and D. F. Blossey, “Generalized
approach to multiphase dielectric mixture theory,” Journal of
Applied Physics, vol. 44, no. 9, pp. 3897–3902, 1973.

[18] S. K. Das, N. Putra, P. Thiesen, and W. Roetzel, “Temperature
dependence of thermal conductivity enhancement for nanoflu-
ids,” Journal of Heat Transfer, vol. 125, no. 4, pp. 567–574, 2003.

[19] J. A. Eastman, S. U. S. Choi, S. Li, and L. J. Thompson,
“Enhanced thermal conductivity through the development of
nanofluids,” in ProceedIngs of the Symposium on Nanophase
and Nanocomposite Materials II, vol. 457, pp. 3–11, Materials
Research Society, Boston, Mass, USA, 1997.

[20] J. A. Eastman, S. U. S. Choi, S. Li, W. Yu, and L. J. Thompson,
“Anomalously increased effective thermal conductivities of
ethylene glycol-based nanofluids containing copper nanoparti-
cles,” Applied Physics Letters, vol. 78, no. 6, pp. 718–720, 2001.

[21] S. Lee, S. U.-S. Choi, S. Li, and J. A. Eastman, “Measuring
thermal conductivity of fluids containing oxide nanoparticles,”
Journal of Heat Transfer, vol. 121, no. 2, pp. 280–288, 1999.

[22] G.-J. Lee, C. K. Kim, M. K. Lee, and C. K. Rhee, “Character-
ization of ethylene glycol based TiO

2
nanofluid prepared by

pulsed wire evaporation (PWE) method,” Reviews on Advanced
Materials Science, vol. 28, no. 2, pp. 126–129, 2011.

[23] M.-S. Liu, M. C.-C. Lin, I.-T. Huang, and C.-C. Wang,
“Enhancement of thermal conductivity with CuO for nanoflu-
ids,”Chemical Engineering and Technology, vol. 29, no. 1, pp. 72–
77, 2006.

[24] H. Masuda, A. Ebata, K. Teramae, and N. Hishinuma, “Alter-
ation of thermal conductivity and viscosity of liquid by dis-
persing ultra-fine particles (dispersion of Al

2
O
3
, SiO
2
and TiO

2

ultra-fine particles),” Netsu Bussei, vol. 4, pp. 227–233, 1993.
[25] H. Xie, J. Wang, T. Xi, Y. Liu, F. Ai, and Q. Wu, “Thermal con-

ductivity enhancement of suspensions containing nanosized
alumina particles,” Journal of Applied Physics, vol. 91, no. 7, pp.
4568–4572, 2002.

[26] X. Wang, X. Xu, and S. U. S. Choi, “Thermal conductivity of
nanoparticle-fluid mixture,” Journal of Thermophysics and Heat
Transfer, vol. 13, no. 4, pp. 474–480, 1999.

[27] J. C. Maxwell, Treatise on Electricity and Magnetism, Clarendon
Press, Oxford, UK, 3rd edition, 1891.

[28] R. Prasher, P. Bhattacharya, and P. E. Phelan, “Thermal con-
ductivity of nanoscale colloidal solutions (nanofluids),” Physical
Review Letters, vol. 94, no. 2, Article ID 025901, 4 pages, 2005.



Submit your manuscripts at
http://www.hindawi.com

Scientifica
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Corrosion
International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Polymer Science
International Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Ceramics
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Composites
Journal of

Nanoparticles
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

International Journal of

Biomaterials

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Nanoscience
Journal of

Textiles
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Journal of

Nanotechnology
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal of

Crystallography
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

The Scientific 
World Journal
Hindawi Publishing Corporation 
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Coatings
Journal of

Advances in 

Materials Science and Engineering
Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

 Smart Materials 
Research

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Metallurgy
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

BioMed 
Research International

Materials
Journal of

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

N
a
no

m
a
te
ri
a
ls

Hindawi Publishing Corporation
http://www.hindawi.com Volume 2014

Journal ofNanomaterials


