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It has been revealed, in the context of quantum gravity candidates, that measurement of position cannot be done with arbitrary
precision and there is a finite resolution of space-time points. This leads naturally to a minimal measurable length of the order
of Planck length. Also, in the context of newly proposed doubly special relativity theories, a test particle’s momentum cannot
be arbitrarily imprecise leading nontrivially to a maximal momentum for a test particle. These two natural cutoffs affects most
of quantum field theoretic arguments in the spirit of condensed matter physics. Here we focus on the role of these natural
cutoffs on Thomas-Fermi theory in condensed matter physics. We show how quantum gravity effects can play important role
phenomenologically in many-body interactions of solids.

1. Introduction

According to equivalence principal in general relativity,
gravitational field is coupled to everything. It has been charac-
terized that gravity in very small length scales causes serious
change in the structure of space-time. It causes minimal
uncertainty in positions of atomic and subatomic particles [1–
15]. In fact, there is an absolutely small uncertainty in position
measurement of any quantum mechanical system and this
feature leads nontrivially to the existence of a minimal
measurable length on the order of Planck length. Existence
of this natural cutoff requires deformation of the standard
Heisenberg uncertainty principle to the so-called generalized
uncertainty principle (GUP) (see, for instance, [13, 14, 16–21]).
In one dimension for positions and momentum operators,
the deformed Heisenberg algebra can be represented as

[𝑋, 𝑃] = 𝑖ℎ (1 + 𝛽𝑃
2
) . (1)

In general, for two symmetric operators 𝐴 and 𝐵, we have

Δ𝐴Δ𝐵 ≥ |⟨[𝐴, 𝐵]⟩| . (2)

So the generalized uncertainty principle can be deduced as

Δ𝑋Δ𝑃 ≥
ℎ

2
[1 + 𝛽(Δ𝑃)

2
] . (3)

While in ordinary quantum mechanics Δ𝑋 can be made
arbitrarily small by letting Δ𝑃 grow correspondingly, this is
no longer the case if (3) holds. If, for decreasing Δ𝑋, Δ𝑃

increases, the new term 𝛽(Δ𝑃)
2 on the right hand side of (3)

will eventually grow faster than the left hand side. Hence Δ𝑋

can no longer be made arbitrarily small [16–20]. To obtain
this minimal uncertainty, we saturate inequality in (3) and
solve the resulting equation for Δ𝑃:

Δ𝑃 =
Δ𝑋 ± √(Δ𝑋)

2
− ℎ2𝛽

ℎ𝛽
. (4)

The reality of solutions requires positivity of the term in
square root, leading to

(Δ𝑋)
0
= ℎ√𝛽. (5)

This smallest uncertainty in position measurement leads
nontrivially to the existence of a minimal measurable length.
On the other hand, in the context of the doubly special
relativity (DSR) theories (for review see [22–27]), one can
show that a test particle’s momentum cannot be arbitrarily
imprecise. In fact there is an upper bound for momentum
fluctuations [28–31]. As a nontrivial assumption, this may
lead to a maximal measurable momentum for a test particle
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(see [20, 32–34]). In this framework, the GUP that predicts
both aminimal observable length and amaximalmomentum
can be written (with ℎ = 1) as follows [32, 33]:

Δ𝑋Δ𝑃

≥
1

2

[
[

[

1 +(
𝛼

√⟨𝑃2⟩

+ 4𝛼
2
)(Δ𝑃)

2
+ 4𝛼
2
⟨𝑃⟩
2
− 2𝛼√⟨𝑃2⟩

]
]

]

.

(6)

Since (Δ𝑃)
2
= ⟨𝑃
2
⟩ − ⟨𝑃⟩

2, by setting ⟨𝑃⟩ = 0 for simplicity,
we find

Δ𝑋Δ𝑃 ≥
1

2
[1 − 𝛼 (Δ𝑃) + 4𝛼

2
(Δ𝑃)
2
] . (7)

This GUP contains both a minimal length and a maximal
momentum. To see how a maximal momentum arises in this
setup (see [20], for details), we note that with GUP (7) the
absolute minimalmeasurable length is given byΔ𝑋min(⟨𝑃⟩ =

0) ≡ Δ𝑋
0
= 3𝛼/2. Due to duality of position and momentum

operators, it is reasonable to assume Δ𝑋min ∝ Δ𝑃max. By
saturating the inequality in relation (7), we find

2 (Δ𝑋Δ𝑃) = (1 − 𝛼 (Δ𝑃) + 4𝛼
2
(Δ𝑃)
2
) . (8)

This results in

(Δ𝑃)
2
−

(2Δ𝑋 + 𝛼)

4𝛼2
Δ𝑃 +

1

4𝛼2
= 0. (9)

So we obtain

(Δ𝑃max)
2

−
(2Δ𝑋min + 𝛼)

4𝛼2
Δ𝑃max +

1

4𝛼2
= 0. (10)

Now by using the value of Δ𝑋min, we find

(Δ𝑃max)
2

−
1

𝛼
Δ𝑃max +

1

4𝛼2
= 0. (11)

The solution of this equation is

Δ𝑃max =
1

2𝛼
. (12)

So, there is an upper bound on particle’s momentum uncer-
tainty. As a nontrivial assumption, we assume that this
maximal uncertainty in particle’s momentum is indeed the
maximal measurable momentum. This is of the order of
Planck momentum.

The presence of these strong natural constraints in mea-
surement of position and momentum of particles has been
ignored in studies of many-body interactions of condensed
matter physics. Based on these preliminaries as our main
motivation, we are going to study Thomas-Fermi theory in
the presence of these natural cutoffs.

Thomas-Fermi theory is a basic theory in many-body
interactions. For a system that consists of 𝑁 particles each
with mass 𝑚, the deformed algebra (1) is as follows:

[𝑋
𝑗
, 𝑃
𝑘
] = 𝑖ℎ𝛿

𝑗𝑘
(1 + 𝛽𝑃

2

𝑘
) , [𝑋

𝑗
, 𝑋
𝑘
] = [𝑃

𝑗
, 𝑃
𝑘
] = 0,

(13)

where 𝑗, 𝑘 = 1, . . . , 𝑁. If the particles of system are interacting
via the pairwise potential 𝑉, the Hamiltonian of our 𝑁-body
system is given by [24]

𝐻
𝑁

=

𝑁

∑
𝑗=1

𝑃
2

𝑗

2𝑚
+

𝑁

∑
𝑗<𝑘=1

𝑉(𝑋
𝑗
− 𝑋
𝑘
) . (14)

Generally, Hamiltonian of a many-body system with variety
of interactions between particles is too difficult to handle.
Nevertheless, someprogress can bemade if we neglectmutual
interactions of particles. In this first step analysis the total
Hamiltonian of the many-body system transforms to a set
of independent single-particle Hamiltonians and these are
usually easy to solve. A solid consists of array of atoms in
close proximity. This array may be periodic, as in a crystal
lattice, but this is not essential. Each atom consists of a
positive nucleus surrounded by neutralizing set of electrons
and preforms a many-body system. The Hamiltonian of a
solid can be written as follows [35]:

𝐻 = ∑
𝑖

−ℎ
2
∇
2

𝑖

2𝑀
𝑖

+
1

2
∑
𝑖,𝑗

󸀠 𝑍
2
𝑒
2

󵄨󵄨󵄨󵄨󵄨
𝑅⃗
𝑖
− 𝑅⃗
𝑗

󵄨󵄨󵄨󵄨󵄨

+ ∑
𝑘

−ℎ
2
∇
2

𝑘

2𝑚

+
1

2
∑
𝑘,𝑙

󸀠 𝑒
2

󵄨󵄨󵄨󵄨 ⃗𝑟
𝑘
− ⃗𝑟
𝑙

󵄨󵄨󵄨󵄨
− ∑
𝑘,𝑖

𝑍𝑒
2

󵄨󵄨󵄨󵄨󵄨
⃗𝑟
𝑘
− 𝑅⃗
𝑖

󵄨󵄨󵄨󵄨󵄨

,

(15)

where the nuclear positions are given by (𝑅⃗
𝑖
, 𝑅⃗
𝑗
) and the

electron positions are given by ( ⃗𝑟
𝑘
, ⃗𝑟
𝑙
); 𝑍 is nuclear charge

and (𝑀,𝑚) are the masses of the nucleus and electron,
respectively. The primes on the summations mean that we
must exclude the terms 𝑖 = 𝑗, . . . to prevent self-interactions.
Within the Born-Oppenheimer approximation, we have (see
[35], for details)

𝐻 = ∑
𝑘

−ℎ
2

2𝑚
∇
2

𝑘
+

1

2
∑
𝑘,𝑙

󸀠 𝑒
2

󵄨󵄨󵄨󵄨 ⃗𝑟
𝑘
− ⃗𝑟
𝑙

󵄨󵄨󵄨󵄨
− ∑
𝑘,𝑖

𝑍𝑒
2

󵄨󵄨󵄨󵄨󵄨
⃗𝑟
𝑘
− 𝑅⃗
𝑖

󵄨󵄨󵄨󵄨󵄨

. (16)

The second term of this relation shows the interaction
between electrons that is the only obstacle to use single-
particle wave function. Within Hartree’s approximation we
replace the interaction term

𝑉INT ( ⃗𝑟
1
, . . . , ⃗𝑟

𝑁
) =

1

2
∑
𝑖,𝑗

󸀠 𝑒
2

󵄨󵄨󵄨󵄨󵄨
⃗𝑟
𝑖
− ⃗𝑟
𝑗

󵄨󵄨󵄨󵄨󵄨

(17)

by an approximate form

𝑉INT ( ⃗𝑟
1
, . . . , ⃗𝑟

𝑁
) = ∑
𝑖

𝑉
𝑖
( ⃗𝑟
𝑖
) . (18)

Now we focus on correlation effects and the Thomas-Fermi
model in a solid in equilibrium. Consider a system that
includes electronic gas in equilibrium. In this system the local
electron density is determined by the Fermi level which is a
property of the solid as a whole. Suppose we apply a local
electrostatic force that disturbs the system. In this situation,
there is a tendency for electrons to migrate until the density
is again consistent with the Fermi level. Suppose thatU

0
(𝑟) is
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the potential of the applied electrostatic force and 𝑉(𝑟) is the
electrostatic potential due to movement of charges. Then the
total potential of the system U(𝑟) can be obtained from the
following relation:

U (𝑟) = U
0
(𝑟) + 𝑉 (𝑟) . (19)

The electrostatic potential satisfies Poisson’s equationwith the
change in the charge density 𝜌(𝑟):

∇
2
𝑉 (𝑟) = 4𝜋𝜌 (𝑟) , (20)

where 𝜌(𝑟) is given by

𝜌 (𝑟) = 𝑒U (𝑟)𝑁 (𝐸
𝑓
) (21)

and 𝑁(𝐸
𝑓
) is the density of states at the Fermi energy. Thus

we have

∇
2
(U (𝑟) − U

0
(𝑟)) = 𝜆

2
U (𝑟) , (22)

where

𝜆
2
≡ 4𝜋𝑒𝑁 (𝐸

𝑓
) . (23)

Now (22) can be rewritten as

(∇
2
− 𝜆
2
)U (𝑟) = ∇

2
U
0
(𝑟) . (24)

The corresponding homogeneousThomas-Fermi equation is

(∇
2
− 𝜆
2
)U (𝑟) = 0. (25)

By using this equation we calculate the total potential U(𝑟)

and then we are able to obtain a relation for interaction
potential. In what followswe are going to investigateThomas-
Fermi model firstly in the presence of a minimal measurable
length encoded in a generalized uncertainty principle. We
obtain total potential, interaction potential, and the corre-
lation energy that is the rate of required energy for putting
electron in the correlation hole and at the end we will find
a relation for generalized dielectric function. In each step
we compare our results with the standard case to see the
effects of quantum gravity corrections.We note that the GUP
as a manifestation of quantum gravity effects reflects the
universality of quantumgravity corrections [36]. So, all quan-
tum mechanical systems are affected by the quantum gravity
effects and Thomas-Fermi model for many-body quantum
interactions is not an exception in this regard. On the other
hand, quantum gravity effects may have considerable effects
on many-body quantum systems and one cannot neglect
these effects in principle. It is important to note also that
incorporation of the GUP effects in many-body problems
may open new window to test quantum gravity in the lab.

2. Thomas-Fermi Equation in the Presence of
Minimal Length

In one-dimensional case the deformed Heisenberg algebra
reads

[𝑋, 𝑃] = 𝑖ℎ (1 + 𝛽𝑃
2
) . (26)

One of the possible representations of this algebra can be
written as

𝑃 = 𝑝(1 +
𝛽

3
𝑝
2
) , 𝑋 = 𝑥, (27)

where 𝑥 and 𝑝 are the conventional position and momentum
operators. Note that while the existence of the natural cutoffs
such as the minimal length is a common feature of all
quantum gravity candidates, the form of the GUP contain-
ing this minimal length is model-dependent. In principle,
these representations are not unique. For instance, we have
supposed ⟨𝑝⟩ = 0 in these representations and we have
taken into account only terms of the first order in 𝛽 in a
perturbative expansion. Since 𝑝 = −𝑖ℎ/∇⃗, so the deformed

gradient operator (
󳨀→
∇
󸀠
) will be as follows:

󳨀→
∇
󸀠
= ∇⃗ (1 −

𝛽

3
ℎ
2
∇
2
) . (28)

Up to the first order in 𝛽 we have

∇
󸀠2

=
󳨀→
∇
󸀠
⋅
󳨀→
∇
󸀠
= ∇
2
−

2𝛽ℎ
2

3
∇
4
. (29)

Now in deformed space (25) is replaced with

(∇
󸀠2

− 𝜆
2
)U
󸀠
(𝑟) = 0, (30)

where U󸀠(𝑟) is the total potential in deformed space. There-
fore we find the following differential equation to first order
in 𝛽:

(−
2𝛽ℎ
2

3
∇
4
+ ∇
2
− 𝜆
2
)U
󸀠
(𝑟) = 0. (31)

We suppose the system is spherically symmetric so that there
is no angular dependence and therefore

∇
2
=

1

𝑟2
𝜕

𝜕𝑟
(𝑟
2 𝜕

𝜕𝑟
) =

𝜕
2

𝜕𝑟2
+

2

𝑟

𝜕

𝜕𝑟
,

∇
4
= ∇
2
⋅ ∇
2
=

𝜕
4

𝜕𝑟4
+

4

𝑟

𝜕
3

𝜕𝑟3
.

(32)

Now (31) takes the following form:

𝑑
4U󸀠 (𝑟)

𝑑𝑟4
+

4

𝑟

𝑑
3U󸀠 (𝑟)

𝑑𝑟3
− (

3

2𝛽ℎ2
)

𝑑
2U󸀠 (𝑟)

𝑑𝑟2

− (
3

𝛽ℎ2𝑟
)

𝑑U󸀠 (𝑟)

𝑑𝑟
+ (

3𝜆
2

2𝛽ℎ2
)U
󸀠
(𝑟) = 0.

(33)

This differential equation has the following solutions:

U
󸀠
(𝑟) = 𝐶

1
𝑒
(1/2)(−𝑟√(3−√9−24ℎ

2
𝛽𝜆
2
)/ℎ
2
𝛽−2 ln(𝑟))

+ 𝐶
2
𝑒
(1/2)(𝑟√(3−√9−24ℎ

2
𝛽𝜆
2
)/ℎ
2
𝛽−2 ln(𝑟))

+ 𝐶
3
𝑒
(1/2)(−𝑟√(3+√9−24ℎ

2
𝛽𝜆
2
)/ℎ
2
𝛽−2 ln(𝑟))

+ 𝐶
4
𝑒
(1/2)(𝑟√(3+√9−24ℎ

2
𝛽𝜆
2
)/ℎ
2
𝛽−2 ln(𝑟))

.

(34)
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For a given 𝛽 with 𝛽 < 9/24ℎ
2
𝜆
2, the terms with coefficients

𝐶
2
and𝐶

4
are not bounded in the limit of 𝑟 → ∞. So, to have

correct limiting case we set 𝐶
2
= 𝐶
4
= 0. On the other hand,

only the first term gives the physically appropriate limiting
result (note also that the term containing 𝐶

3
has no suitable

limit; that is, in the limit of 𝛽 → 0, it cannot recover the
standard result in the absence of GUP). So we consider just
this term and we set 𝐶

1
= 𝑒, where 𝑒 is the electron charge.

We define

𝜆
󸀠
≡

1

2

√
3 − √9 − 24ℎ2𝛽𝜆2

ℎ2𝛽
.

(35)

So, we find

U
󸀠
(𝑟) = 𝑒

𝑒
−𝜆
󸀠
𝑟

𝑟
. (36)

This relation gives the effective interaction potential between
electrons inThomas-Fermimodel in the presence ofminimal
measurable length. It is obvious that, in the limit of𝛽 → 0, 𝜆󸀠
should be transformed into the 𝜆. In fact, the limit of 𝛽 → 0

can be calculated easily. The square root

1

2

√
3 − √9 − 24ℎ2𝛽𝜆2

ℎ2𝛽

(37)

can be expanded as

1

2

√
3 − 3√1 − (8/3) ℎ2𝛽𝜆2

ℎ2𝛽
=

1

2

√
3 − 3(1 − (8/3) ℎ

2
𝛽𝜆
2
)
1/2

ℎ2𝛽

≈
1

2
√

3 − 3 (1 − (8/6) ℎ
2
𝛽𝜆
2
)

ℎ2𝛽
.

(38)

The limit of this expression for𝛽 → 0 gives 𝜆 as required.
It could then be introduced, instead of the normal interaction
potential equation (17), into the Schrödinger equation

𝑉INT ( ⃗𝑟
1
, . . . , ⃗𝑟

𝑁
) 󳨀→

1

2
∑
𝑖,𝑗

󸀠

𝑒
2 𝑒
−𝜆
󸀠
| ⃗𝑟
𝑖
− ⃗𝑟
𝑗
|

󵄨󵄨󵄨󵄨󵄨
⃗𝑟
𝑖
− ⃗𝑟
𝑗

󵄨󵄨󵄨󵄨󵄨

. (39)

This induced potential causes the correlation energywhich an
electron needs in order to be located at the correlation hole.
In solid state physics, to find this energy we use the following
relation [35]:

𝐸CORR = lim
𝑟→0

(−
𝑒

2
𝑉IND (𝑟)) , (40)

where

𝑉IND (𝑟) ≡ U
󸀠
(𝑟) − U

󸀠
(𝑟 󳨀→ 0) . (41)

Using (36) we have

𝑉IND (𝑟) = −
𝑒

2
(1 − 𝑒

−𝜆
󸀠
𝑟
) . (42)

Therefore, we find

𝐸CORR = −𝜆
󸀠 𝑒
2

2
. (43)

Note that the effect of GUP is hidden in the definition of 𝜆󸀠.
This energy appears as an additive constant to the energy of
each electron.

3. The Generalized Dielectric Function in
Deformed Space

InThomas-Fermi model, the total potentialU(𝑟) is obtained
from a known external potential U

0
(𝑟). In classical electro-

statics, we can introduce a dielectric constant that expresses
the relationship between these two potentials:

U ≈
U
0

𝜖
. (44)

It would be correct also to describe this potential in terms of
a dielectric function 𝜖(𝑟):

U (𝑟) =
U
0
(𝑟)

𝜖 (𝑟)
. (45)

Now we come back to (24) and write it in deformed space as

(∇
󸀠2

− 𝜆
2
)U (𝑟) = ∇

󸀠2

U
0
(𝑟) , (46)

where

∇
󸀠2

= ∇
2
−

2𝛽ℎ
2

3
∇
4
. (47)

So we find

∇
2
U (𝑟) −

2𝛽ℎ
2

3
∇
4
U (𝑟) − 𝜆

2
U (𝑟)

= ∇
2
U
0
(𝑟) −

2𝛽ℎ
2

3
∇
4
U
0
(𝑟) .

(48)

Taking Fourier transform and using a wave vector-dependent
dielectric function 𝜖( ⃗𝑞) we can write

U ( ⃗𝑟) = ∑

⃗𝑞

U ( ⃗𝑞) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

,

U
0
( ⃗𝑟) = ∑

⃗𝑞

U
0
( ⃗𝑞) 𝑒
𝑖 ⃗𝑞
0
⋅ ⃗𝑟
.

(49)

By substituting these relations in (48) we find

[−𝑞
2
−

2𝛽ℎ
2
𝑞
4

3
− 𝜆
2
]U ( ⃗𝑞) = [−𝑞

2
−

2𝛽ℎ
2
𝑞
4

3
]U
0
( ⃗𝑞) .

(50)

So, we find

[1 +
𝜆
2

𝑞2 + (2𝛽ℎ2𝑞4/3)
]U ( ⃗𝑞) = U

0
( ⃗𝑞) . (51)
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Therefore,

U ( ⃗𝑞) =
U
0
( ⃗𝑞)

1 + (𝜆2/ (𝑞2 + (2𝛽ℎ2𝑞4/3)))
. (52)

From relation U( ⃗𝑞) = U
0
( ⃗𝑞)/𝜖( ⃗𝑞), the generalized dielectric

function in deformed space is obtained as

𝜖 ( ⃗𝑞) = 1 +
𝜆
2

𝑞2 (1 + (2𝛽/3) ℎ2𝑞2)
. (53)

To first order in 𝛽 and with ℎ = 1, we can conclude that ⃗𝑞 in
deformed space is defined as

⃗𝑞 →
󳨀→
𝑞
󸀠
= ⃗𝑞 (1 +

𝛽

3
𝑞
2
) . (54)

Therefore,

𝜖 ( ⃗𝑞) = 1 +
𝜆
2

𝑞2 (1 + (2𝛽/3) 𝑞2)
. (55)

It is important to note that corrections to the dielectric
function in deformed space are wave number dependent. By
the Fourier transform of U( ⃗𝑞), we can calculate the total
potentialU(𝑟) to find

U (𝑟) =
1

(2𝜋)
3
∫

𝑑
3
𝑞

1 + 𝛽𝑞2
(
U
0
( ⃗𝑞)

𝜖 ( ⃗𝑞)
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

. (56)

Since

U
0
(𝑟) =

𝑒

| ⃗𝑟|
, (57)

the Fourier transform of this potential is

U
0
(
󳨀→
𝑞
󸀠
) = ∫𝑑

3
𝑟U
0
(𝑟) 𝑒
−𝑖

󳨀→

𝑞
󸀠
⋅ ⃗𝑟

= ∫ 4𝜋𝑟
2
𝑑𝑟

𝑒

𝑟
𝑒
−𝑖𝑞
󸀠
⋅𝑟
; (58)

thus we find

U
0
(
󳨀→
𝑞
󸀠
) =

−4𝜋𝑒

𝑞󸀠
2

. (59)

By substituting
󳨀→
𝑞
󸀠
= ⃗𝑞(1 + (𝛽/3)𝑞

2
) in this relation we find

U
0
( ⃗𝑞) =

−4𝜋𝑒

𝑞2(1 + (𝛽/3) 𝑞2)
2
. (60)

To first order in 𝛽 this equation can be written as

U
0
( ⃗𝑞) =

−4𝜋𝑒

𝑞2 (1 + (2𝛽/3) 𝑞2)
. (61)

From (55) and (61)we can obtain the total potential as follows:

U ( ⃗𝑟) =
−4𝜋𝑒

(2𝜋)
3
∫

𝑑
3
𝑞

1 + 𝛽𝑞2
(

1

𝑞2 (1 + (2𝛽/3) 𝑞2) + 𝜆2
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

,

𝑑
3
𝑞 = 4𝜋𝑞

2
𝑑𝑞;

(62)

thus,

U ( ⃗𝑟) =
−(4𝜋)

2
𝑒

(2𝜋)
3

× ∫
𝑑𝑞

1 + 𝛽𝑞2
(

𝑞
2

𝑞2 (1 + (2𝛽/3) 𝑞2) + 𝜆2
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

.

(63)

Figure 1 shows the real part and also the norm of U(𝑟) for
different values of 𝛽. We note that, since GUP comes from
quantum gravity effects via a perturbational scheme, it is
natural to think that the GUP parameter is a very small
parameter. The case with 𝛽 = 0 is the standard case and
any deviation from this value incorporates the quantum
gravitational effects.We have chosen thementioned values of
𝛽 in figure just as examples and there is no reason to prevent
selection of other nonvanishing values for 𝛽.

The correlation energy can be expressed in the form of

𝐸CORR = lim
𝑟→0

(−
𝑒

2
𝑉IND ( ⃗𝑟)) , (64)

where

𝑉IND ( ⃗𝑟) =
1

(2𝜋)
3
∫

𝑑
3
𝑞

1 + 𝛽𝑞2
𝑉IND ( ⃗𝑞) 𝑒

𝑖 ⃗𝑞⋅ ⃗𝑟
. (65)

The Fourier transform of the 𝑉IND( ⃗𝑟) is as follows:

𝑉IND ( ⃗𝑞) = U ( ⃗𝑞) − U ( ⃗𝑞 󳨀→ 0)

= U
0
( ⃗𝑞) (

1

𝜖 ( ⃗𝑞)
− 1) .

(66)

Thus,

𝐸CORR = lim
𝑟→0

−𝑒

2(2𝜋)
3

× ∫
𝑑
3
𝑞

1 + 𝛽𝑞2
(

−4𝜋𝑒

𝑞2 (1 + (2𝛽/3) 𝑞2)

× ((1/𝜖 (𝑞)) − 1)) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

.

𝐸CORR = lim
𝑟→0

(4𝜋𝑒)
2

2(2𝜋)
3

× ∫
𝑞
2
𝑑𝑞

1 + 𝛽𝑞2
(

1

𝑞2 (1 + (2𝛽/3) 𝑞2) + 𝜆2

−
1

𝑞2 (1 + (2𝛽/3) 𝑞2)
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

(67)

This integral can be calculated numerically to obtain 𝐸CORR.
Figure 2 shows the real part and also the norm of 𝐸CORR for
different values of 𝛽.



6 Advances in High Energy Physics

8

6

4

2

0

−2

−4

0 1 2 3 4

r

𝛽 = 0

𝛽 = 0.01

𝛽 = 0.1

𝒰
(
r
)

(a)

9

6

3

0

0 1 2 3 4

r

𝛽 = 0

𝛽 = 0.01

𝛽 = 0.1

𝒰
(
r
)

(b)

Figure 1: Real part (a) and norm (b) ofU(𝑟) versus 𝑟 for different values of 𝛽.
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Figure 2: Real part (a) and norm (b) of 𝐸CORR for different values of 𝛽.

4. Thomas-Fermi Model in the Presence of
Minimal Length and Maximal Momentum

Magueijo and Smolin have shown that in the context of the
doubly special relativity a test particle’s momentum cannot be
arbitrarily imprecise and therefore there is an upper bound
for momentum fluctuation [28–30] (see also [31]). Then it
has been shown that this may lead nontrivially to a maximal
measurable momentum for a test particle [32, 33]. In this
framework, the GUP that predicts both aminimal observable

length and a maximal momentum for a test particle can be
written as follows [20, 32–34]:

Δ𝑋Δ𝑃 ≥
ℎ

2
(1 − 2𝛽 ⟨𝑃⟩ + 4𝛽

2
⟨𝑃
2
⟩) , (68)

or since Δ𝑃 ≡ 𝑃 − ⟨𝑃⟩,

Δ𝑋Δ𝑃 ≥
ℎ

2
[1 − 𝛽 (Δ𝑃) + 2𝛽

2
(Δ𝑃)
2
] . (69)
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In this framework the following algebraic structure can be
deduced (see [32, 33]):

[𝑋, 𝑃] = 𝑖ℎ (1 − 𝛽𝑃 + 2𝛽
2
𝑃
2
) , (70)

where 𝛽 is the GUP parameter in the presence of both a
minimal length and a maximal momentum. Similar to the
minimal length case, we can define [20, 34]

𝑋 = 𝑥,

𝑃 = 𝑝(1 − 𝛽𝑝 +
𝛽
2

3
𝑝
2
) ,

(71)

where, as before, 𝑥 and 𝑝 satisfy the canonical commutation
relations via the Jacobi identity and 𝑋 and 𝑃 satisfy the gen-
eralized commutation relations in the presence of minimal
length and maximal momentum [20, 32, 33]:

[𝑋, 𝑃] = 𝑖ℎ(1 − 𝛽𝑝 +
𝛽
2

3
𝑝
2
) . (72)

In this sectionwewant to calculate the effects of bothminimal
length and maximal momentum on the total potential and
generalized dielectric function in Thomas-Fermi model. In
this case the deformed momentum is defined as

𝑃 󳨀→ 𝑃
󸀠
= 𝑝(1 − 𝛽𝑝 +

𝛽
2

3
𝑝
2
) . (73)

So the gradient operator will change as follows:

−𝑖ℎ∇⃗ 󳨀→ −𝑖ℎ∇⃗ [1 − 𝛽 (−𝑖ℎ∇) +
𝛽
2

3
(−𝑖ℎ∇)

2
] .

∇⃗ 󳨀→
󳨀→
∇
󸀠

= ∇⃗(1 + 𝑖ℎ𝛽∇ −
𝛽
2

3
ℎ
2
∇
2
)

(74)

To first order in 𝛽, ∇󸀠2 can be written as

∇
󸀠2

=
󳨀→
∇
󸀠

⋅
󳨀→
∇
󸀠

= ∇
2
+ 2𝑖𝛽
3
ℎ∇
3
−

2𝛽
4
ℎ
2

3
∇
4
. (75)

Now, the Thomas-Fermi equation (∇
2
− 𝜆
2
)U(𝑟) = 0 in this

case transforms to the following equation:

(−
2𝛽
4
ℎ
2

3
∇
4
+ 2𝑖𝛽
3
ℎ∇
3
+ ∇
2
− 𝜆
2
)U (𝑟) = 0. (76)

To solve this equation we assume 𝜆 to be a complex quantity
so that

𝜆 = 𝜆
1
+ 𝑖𝜆
2
, 𝜆

2
= 𝜆
2

1
− 𝜆
2

2
+ 2𝑖𝜆
∗
, (77)

where 𝜆
∗

≡ 𝜆
1
𝜆
2
. Then the total potential will be a complex

function as

U (𝑟) = U
𝑅
+ 𝑖U
𝐼
. (78)

In spherical coordinate

∇
3
=

𝜕
3

𝜕𝑟3
+

4

𝑟

𝜕
2

𝜕𝑟2
+

2

𝑟2
𝜕

𝜕𝑟
(79)

and using (32), we find

[−
2𝛽
4
ℎ
2

3
∇
4
+ ∇
2
− (𝜆
2

1
− 𝜆
2

2
) + 𝑖 (−2𝜆

∗
+ 2𝛽
3
ℎ∇
3
)]U (𝑟)=0;

(80)
therefore,

[
𝑑
4U (𝑟)

𝑑𝑟4
+

4

𝑟

𝑑
3U (𝑟)

𝑑𝑟3
−

3

2𝛽ℎ2
𝑑
2U (𝑟)

𝑑𝑟2

−
3

𝛽ℎ2𝑟

𝑑U (𝑟)

𝑑𝑟
+

3

2𝛽ℎ2
(𝜆
2

1
− 𝜆
2

2
)U (𝑟)]

+ 𝑖 [−
3

ℎ

𝑑
3U (𝑟)

𝑑𝑟3
−

12

ℎ𝑟

𝑑
2U (𝑟)

𝑑𝑟2

−
6

ℎ𝑟2
𝑑U (𝑟)

𝑑𝑟
+

3𝜆
∗

𝛽ℎ2
U (𝑟)] = 0.

(81)

The real part of this complex differential equation can be
solved to obtain

U
𝑅
(𝑟) = 𝐶

1
𝑒
(1/2)(−𝑟√((3−√9−24ℎ

2
𝛽𝜆
󸀠
)/ℎ
2
𝛽)−2 ln(𝑟))

+ 𝐶
2
𝑒
(1/2)(𝑟√((3−√9−24ℎ

2
𝛽𝜆
󸀠
)/ℎ
2
𝛽)−2 ln(𝑟))

+ 𝐶
3
𝑒
(1/2)(−𝑟√((3+√9−24ℎ

2
𝛽𝜆
󸀠
)/ℎ
2
𝛽)−2 ln(𝑟))

+ 𝐶
4
𝑒
(1/2)(𝑟√((3+√9−24ℎ

2
𝛽𝜆
󸀠
)/ℎ
2
𝛽)−2 ln(𝑟))

,

(82)

where by definition

𝜆
󸀠
≡ 𝜆
2

1
− 𝜆
2

2
. (83)

Only the first term of the solution (82) satisfies the required
boundary conditions and gives correct limiting results

U
𝑅
(𝑟) = 𝐶

1
𝑒
−(𝑟/2)√(3−√9−24ℎ

2
𝛽(𝜆
2

1
−𝜆
2

2
))/ℎ
2
𝛽

𝑒
− ln(𝑟)

. (84)

We suppose 𝐶
1
= 𝑒 to find

U
𝑅
(𝑟) = 𝑒

𝑒
−(𝑟/2)√(3−√9−24ℎ

2
𝛽(𝜆
2

1
−𝜆
2

2
))/ℎ
2
𝛽

𝑟
.

(85)

We note that the limit of 𝛽 → 0 can be obtained easily
much similar to the analysis that has been done just after (36).

In this case the effective interaction potential between
electrons in the Thomas-Fermi model takes the following
form:

𝑉INT ( ⃗𝑟
1
, . . . , ⃗𝑟

𝑁
)

󳨀→
1

2
∑
𝑖,𝑗

󸀠

𝑒
2 𝑒
−((1/2)√(3−√9−24ℎ

2
𝛽(𝜆
2

1
−𝜆
2

2
))/ℎ
2
𝛽)|𝑟
𝑖
−𝑟
𝑗
|

󵄨󵄨󵄨󵄨󵄨
𝑟
𝑖
− 𝑟
𝑗

󵄨󵄨󵄨󵄨󵄨

,

(86)
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and the correlation energy is

𝐸CORR = lim
𝑟→0

(−
𝑒

2
𝑉IND (𝑟)) , (87)

so that

𝑉IND (𝑟) = −
𝑒

𝑟
(1 − 𝑒

−(𝑟/2)√(3−√9−24ℎ
2
𝛽(𝜆
2

1
−𝜆
2

2
))/ℎ
2
𝛽

) ,

𝐸CORR = −
𝑒
2

2
(

1

2
√(3 − √9 − 24ℎ2𝛽 (𝜆2

1
− 𝜆2
2
)) /ℎ2𝛽) .

(88)

To calculate the generalized dielectric function in the pres-
ence of both a minimal length and a maximal momentum,
we proceed in the same manner as in the previous section.
Starting with

(∇
2
− 𝜆
2
)U (𝑟) = ∇

2
U
0
(𝑟) (89)

now the gradient operator changes as follows:

∇
2

→ ∇
󸀠2

= ∇
2
+ 2𝑖𝛽
3
ℎ∇
3
−

2𝛽
4
ℎ
2

3
∇
4 (90)

so we find

(∇
2
+ 2𝑖𝛽
3
ℎ∇
3
−

2𝛽
4
ℎ
2

3
∇
4
− 𝜆
2
)U (𝑟)

= (∇
2
+ 2𝑖𝛽
3
ℎ∇
3
−

2𝛽
4
ℎ
2

3
∇
4
)U
0
(𝑟) ,

(91)

where

𝜆
2
= 𝜆
2

1
− 𝜆
2

2
+ 2𝑖𝜆
∗
. (92)

Thus, we have

∇
2
U (𝑟) −

2𝛽
4
ℎ
2

3
∇
4
U (𝑟) − (𝜆

2

1
− 𝜆
2

2
)U (𝑟)

+ 𝑖 (2𝛽
3
ℎ∇
3
U (𝑟) − 2𝜆

∗
U (𝑟))

= ∇
2
U
0
(𝑟) −

2𝛽
4
ℎ
2

3
∇
4
U
0
(𝑟) + 𝑖 (2𝛽

3
ℎ∇
3
U
0
(𝑟)) .

(93)

Taking the Fourier transforms ofU(𝑟) andU
0
(𝑟), we find

(−𝑞
2
)U ( ⃗𝑞) −

2𝛽
4
ℎ
2

3
(𝑞
4
)U ( ⃗𝑞) − (𝜆

2

1
− 𝜆
2

2
)U ( ⃗𝑞)

+ 𝑖 [2𝛽
3
ℎ (−𝑖𝑞

3
)U ( ⃗𝑞) − 2𝜆

∗
U ( ⃗𝑞)]

= (−𝑞
2
)U
0
( ⃗𝑞) −

2𝛽
4
ℎ
2

3
(𝑞
4
)U
0
( ⃗𝑞)

+ 𝑖 [2𝛽
3
ℎ (−𝑖𝑞

3
)U
0
( ⃗𝑞)]

(94)

which gives

[−𝑞
2
−

2𝛽
4

3
ℎ
2
𝑞
4
− (𝜆
2

1
− 𝜆
2

2
) + 2𝛽

3
ℎ𝑞
3
− 2𝑖𝜆
∗
]U ( ⃗𝑞)

= [−𝑞
2
−

2𝛽
4

3
ℎ
2
𝑞
4
+ 2𝛽
3
ℎ𝑞
3
]U
0
( ⃗𝑞) .

(95)

So we find

[−𝑞
2
−

2𝛽
4

3
ℎ
2
𝑞
4
+ 2𝛽
3
ℎ𝑞
3
− 𝜆
2
]U ( ⃗𝑞)

= [−𝑞
2
−

2𝛽
4

3
ℎ
2
𝑞
4
+ 2𝛽
3
ℎ𝑞
3
]U
0
( ⃗𝑞) .

(96)

This gives finally

[1 +
𝜆
2

𝑞2 − 2ℎ𝛽3𝑞3 + (2𝛽4ℎ2𝑞4/3)
]U ( ⃗𝑞) = U

0
( ⃗𝑞) (97)

or

U ( ⃗𝑞) =
U
0
( ⃗𝑞)

1 + (𝜆2/ (𝑞2 − 2ℎ𝛽3𝑞3 + (2𝛽4ℎ2𝑞4/3)))
. (98)

From the relation U( ⃗𝑞) = U
0
( ⃗𝑞)/𝜖( ⃗𝑞), we can conclude

that the generalized dielectric function in the presence of a
minimal length and a maximal momentum is as follows:

𝜖 (𝑞) = 1 +
𝜆
2

𝑞2 (1 + (2𝛽/3) ℎ2𝑞2 − 2𝛽ℎ𝑞)
. (99)

By setting ℎ = 1 and considering only the terms that are first
order in 𝛽, we find

⃗𝑞 →
󳨀→
𝑞
󸀠
= ⃗𝑞 (1 − 𝛽𝑞 +

𝛽
3

3
𝑞
2
) . (100)

Thus,

𝜖 ( ⃗𝑞) = 1 +
𝜆
2

𝑞2 (1 + (2𝛽2/3) 𝑞2 − 2𝛽𝑞)
. (101)

To calculate the total potentialU(𝑟), we preform the Fourier
transform ofU( ⃗𝑞):

U ( ⃗𝑟) =
1

(2𝜋)
3
∫

𝑑
3
𝑞

1 − 𝛽𝑞 + 𝛽2𝑞2
(
U
0
( ⃗𝑞)

𝜖 ( ⃗𝑞)
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

. (102)

As before we have

U
0
(
󳨀→
𝑞
󸀠
) = −

4𝜋𝑒

𝑞󸀠
2
, (103)

where 𝑞
󸀠 is given by (100). Therefore, taking only the terms

that are first order in 𝛽, we find

U
0
( ⃗𝑞) = −

4𝜋𝑒

𝑞2 (1 + (2𝛽2/3) 𝑞2 − 2𝛽𝑞)
. (104)
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Figure 3: Real part (a) and norm (b) ofU(𝑟) for different values of 𝛽.

Now, the total potential can be written as

U (𝑟) =
−4𝜋𝑒

(2𝜋)
3
∫

𝑑
3
𝑞

1 − 𝛽𝑞 + 𝛽2𝑞2

× (
1

𝑞2 (1 + (2𝛽2/3) 𝑞2 − 2𝛽𝑞) + 𝜆2
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

.

(105)

So we have
U (𝑟)

=
−(4𝜋𝑒)

2
𝑒

(2𝜋)
3

∫
𝑞
2
𝑑𝑞

1 − 𝛽𝑞 + 𝛽2𝑞2

× (
1

𝑞2 (1 + (2𝛽2/3) 𝑞2 − 2𝛽𝑞) + 𝜆2
) 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

.

(106)

Figure 3 shows the real part and also norm of U(𝑟) for
different values of 𝛽.

To estimate correlation energy between electrons defined
as

𝐸CORR = lim
𝑟→0

(−
𝑒

2
𝑉IND (𝑟)) (107)

we take the Fourier transform of 𝑉IND( ⃗𝑞) to find

𝑉IND ( ⃗𝑟) =
1

(2𝜋)
3
∫

𝑑
3
𝑞

1 − 𝛽𝑞 + 𝛽2𝑞2

× U
0
( ⃗𝑞) (

1

𝜖 ( ⃗𝑞)
− 1) 𝑒

𝑖 ⃗𝑞⋅ ⃗𝑟
;

(108)

thus,

𝐸CORR = lim
𝑟→0

(4𝜋𝑒)
2

2(2𝜋)
3

× ∫
𝑞
2
𝑑𝑞

1 − 𝛽𝑞 + 𝛽2𝑞2

× [
1

𝑞2 (1 + (2𝛽2/3) 𝑞2 − 2𝛽𝑞) + 𝜆2

−
1

𝑞2 (1 + (2𝛽2/3) 𝑞2 − 2𝛽𝑞)
] 𝑒
𝑖 ⃗𝑞⋅ ⃗𝑟

.

(109)

Note that, due to the presence of the maximal momentum
of the order of Planck momentum, this integral should be
calculated for 𝑞 ranging from −𝑞pl to +𝑞pl that 𝑞pl = 𝑝pl/ℎ.
Figure 4 shows the real part and also the norm of 𝐸CORR for
different values of 𝛽.

Finally we note that it is possible to derive numerical
bound on the value of the GUP parameter 𝛽 or the parameter
𝛽
0
defined as 𝛽 = 𝛽

0
/𝑀pl𝑐. As we have shown in [34],

inspection of a bouncing particle in a gravitational field
reveals the bound 𝛽

0
< 10

29. However, authors of [37]
obtained the stronger bound of 𝛽

0
< 10
10 by treating the

Lamb shift in hydrogen atom.

5. Summary and Conclusions

In this paper the one-dimensional quantum𝑁-body problem
has been studied in condensed matter physics within the
framework of a modified Heisenberg algebra admitting a
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Figure 4: Real part (a) and norm (b) of 𝐸CORR for different values of 𝛽.

minimal measurable length and maximal momentum. We
have introduced within some approximation the effective
Hamiltonian describing a solid and the interaction potential
between electrons in this system. The formalism developed
has been explicitly applied to the case of Thomas-Fermi
theory that is a basic theory in many-body interactions.
The system under study is an electronic gas in equilibrium
that is disturbed with a local electrostatic force. At the
first step we investigated this system in the presence of a
minimal length and obtained total potential and interaction
potential between electrons and then correlation energy
and generalized dielectric function in this setup. Then we
generalized our study to the case where there are both
minimal length and maximal momentum as natural cutoffs.
We have shown that, in contrast to the undeformed space,
in this deformed space there are some new contributions in
total potential and correlation energy that are determined by
the deformation parameter. As an important result, we have
shown that corrections to the dielectric function in deformed
space are wave number dependent. This feature may provide
a clue to see these tiny effects in the lab in future experiments.
In conclusion we would like to stress that the formulation
proposed here could be very useful in studying properties of
particles in many-body systems in condensed matter physics
and their various associated observables in the context of the
deformed Heisenberg algebra.
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