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The mechanical model of the shape memory alloy (SMA) composite film with silicon (Si) substrate was established by the method
of mechanics of composite materials. The coupled action between the SMA film and Si substrate under thermal loads was analyzed
by combining static equilibrium equations, geometric equations, and physical equations. The material nonlinearity of SMA and
the geometric nonlinearity of bending deformation were both considered. By simulating and analyzing the actuation performance
of the SMA composite film during one cooling-heating thermal cycle, it is found that the final cooling temperature, boundary
condition, and the thickness of SMA film have significant effects on the actuation performance of the SMA composite film. Besides,
the maximum deflection of the SMA composite film is affected obviously by the geometric nonlinearity of bending deformation
when the thickness of SMA film is very large.

1. Introduction

Microactuators are key parts for microactuating in micro-
electro-mechanical systems (MEMS). Compared with other
microactuators, bimorph thin film SMA microactuators
composed of thin film SMAs and Si substrates have been paid
much more attention recently [1–3] due to the simple struc-
ture, large work density, and rapid response. Some prototypes
of bimorph thin film SMA microactuators have been fabri-
cated, for instance,microvalves, micropumps,microgrippers,
and so forth. The review of the SMA/Si composite film used
as microactuators in MEMS can be made to the references of
Ning et al. [4] and Fu et al. [5, 6].

To make SMA/Si composite film be used as good-
performance and high-efficient microactuators in MEMS
and also to reduce the cost of research and development,
predicting and analyzing the actuation performance of
SMA/Si composite film theoretically are very necessary. A
few researchers have done some work in this aspect. For
example, Wang [7] studied the actuating performance of
SMA/Si composite film by the bimetal theory [8] for linear-
elastic materials. But the theoretical result is about four times

of that of tests. Cheng [9] made some optimization research
on the dynamic actuation characteristics of TiNi(Cu)/Si
composite diaphragm by the commercial software ANSYS
and gave some qualitative comparison with experiments.
Wang et al. [10] simulated the actuation displacements of a
Si/TiNi bimorph structure by ANSYS and compared them
with test results, yet larger differences exist between them. It
is noted that these simulations by ANSYS were all based on
geometric linear analysis and the nonlinear physical relation
of SMAwas input by discrete data. Authors in [11] have made
some preliminary studies on the modeling and actuation
characteristics of NiTi/Si composite film by the method of
mechanics of materials, but only the material nonlinearity of
SMA was considered. Generally the actual thickness of the
SMA/Si composite film used as microactuators is very small
with sizes from a few micrometers to dozens of micrometers.
But the largest bending displacement of SMA composite film
along thickness is usually approach to or much larger than
the size of thickness during working, which produces the
geometric nonlinearity of bending deformation. So the effects
of geometric nonlinearity of deformation on the actuation
performance of SMA/Si composite film should be considered
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when modeling and predicting. Yet little work was reported
in this aspect.

We have done some work [12] on the actuation perfor-
mance of NiTi/Si composite film by considering both the
material nonlinearity of SMA and the geometric nonlinearity
of bending deformation, yet only the maximum actuation
displacement of simply-supported NiTi/Si composite film
varying with three final cooling temperatures and the maxi-
mum actuation displacement of cantilever NiTi/Si composite
film varying with SMA thickness were studied. As for the
relations between the maximum actuation displacement
and the phase transformation fraction and stress of SMA
during thermal cycles, they were not of concern. Additionally
how boundary conditions affect the actuation performance
of NiTi/Si composite film was not discussed theoretically
and numerically. Based on our previous work [11, 12], the
SMA/Si composite film will be further studied in this paper
to comprehensively predict its actuation performance by
considering both the material nonlinearity of SMA and the
geometric nonlinearity of bending deformation.The SMA/Si
composite film subjected to thermal loads will be modeled
according to the method of mechanics of composite mate-
rials. The effects of the final cooling temperature, boundary
condition, thickness of SMAfilm, and geometric nonlinearity
of deformation on the actuation performance of SMA/Si
composite film will be discussed in detail. The influence of
the phase transformation fraction and stress of SMA on the
maximum actuation displacement of SMA/Si composite film
will also be explored.

2. Modeling of SMA/Si Composite Film

The SMA/Si composite film is considered as a composite
beam in this paper. Figure 1(a) shows the schematic diagram
of an SMA/Si composite film element before working, where
𝑡
𝑎
and 𝑡

𝑚
denote the thickness of the SMA film and Si

substrate, respectively. Figure 1(b) shows the working state of
a microsegment of the SMA composite film element under
thermal loads, where𝑀 is the bendingmoment in each cross-
section of the SMA composite film and d𝜃 is the relative
rotation angle of the left and the right cross-sections of the
microsegment with length d𝑥.

To analyze the actuation performance of the SMA com-
posite film under thermal loads, the coordinate system is
established as shown in Figure 1(a). The coupled action
between the SMAfilm and the Si substrate will be analyzed by
combining static equilibriumequations, geometric equations,
and physical equations in the following sections.

2.1. Static Equilibrium Equations. Because no mechanical
loads are applied on the SMA/Si composite film except for
thermal loads, the following static equilibrium equations [13]
must be satisfied for the microsegment in Figure 1(b):

𝐹
𝑥
= ∫

𝑡
𝑚

0

𝜎
𝑚
⋅ 𝑏 ⋅ 𝑑𝑦 + 𝜎

𝑎
⋅ 𝑏 ⋅ 𝑡
𝑎
= 0,

𝑀
𝑥𝑧

= ∫

𝑡
𝑚

0

𝜎
𝑚
⋅ 𝑦 ⋅ 𝑏 ⋅ 𝑑𝑦 + 𝜎

𝑎
⋅ 𝑦
𝑎
⋅ 𝑏 ⋅ 𝑡
𝑎
≅ 𝑀,

(1)

where 𝐹
𝑥
and 𝑀

𝑥𝑧
denote resultant internal forces and

internal moments in each cross-section of the microsegment
in Figure 1(b). 𝜎

𝑚
and 𝜎

𝑎
denote the stress of Si substrate

and the SMA film, respectively. 𝑏 is the width of the
SMA composite film. 𝑦

𝑎
is the transverse coordinate

of the midheight of SMA film with 𝑦
𝑎

= −𝑡
𝑎
/2. The

bending moment 𝑀 has the approximate expression [11]
of 𝑀 = 𝜎

𝑎
𝑡
𝑎
𝑏(𝑡
𝑚

+ 𝑡
𝑎
)/2. Note that the stress of SMA is

considered to have no change of gradient along its thickness
as the thickness of SMA is usually smaller than that of Si
substrate.

2.2. Geometric Equations. Assume the curvature radius and
strain of the interface in the SMA composite beam to
be 𝜌
0
and 𝜀
0
. From the geometric relation shown in Figure 1,

we have the following expression:

𝜀
0
= 𝜌
0
(
d𝜃
d𝑥

) − 1 = 𝜌
0
𝑘
0
− 1, (2)

where, 𝑘
0
= d𝜃/d𝑥.

Then the strain 𝜀
𝑚

of an arbitrary fiber 𝑏𝑏 with the
distance 𝑦 to the interface in Si substrate can be expressed
as

𝜀
𝑚
= 𝜀
0
+ 𝑘
0
𝑦. (3)

For the SMA film, the strain 𝜀
𝑎
of any points is assumed

to be equal with the following approximate expression:

𝜀
𝑎
= 𝜀
0
+ 𝑘
0
(−

𝑡
𝑎

2
) . (4)

And the curvature 𝑘 of themidplane of the SMA compos-
ite film can be written as

𝑘 =
1

[𝜌
0
+ ((𝑡
𝑎
+ 𝑡
𝑚
) /2 − 𝑡

𝑎
)]
. (5)

2.3. Physical Equations. Assume that the constitutive relation
of Si substrate is linear elastic though geometrically nonlinear
deformation will occur in the SMA/Si composite film during
working. Then the stress-strain relationship of Si substrate
under thermal loads can be written as

𝜎
𝑚
= (𝜀
𝑚
− 𝛼
𝑚
⋅ Δ𝑇) ⋅ 𝐸

𝑚
, (6)

where, 𝜎
𝑚
, 𝛼
𝑚
, and 𝐸

𝑚
denote the stress, thermal expansion

coefficient, and elastic modulus of Si substrate, respectively.
Δ𝑇 is the change of temperature.

For the SMA film, the Liang-Rogers’ constitutive model
[14] modified by Wang [7] is employed in the following:

𝜎
𝑎
= 𝐷 (𝜉) 𝜀

𝑎
+ Ω (𝜉) 𝜉 + 𝜃 (𝜉) 𝑇 + 𝑆

0
, (7)

where 𝑆
0
= 𝜎
𝑎0

− 𝐷(𝜉
0
)𝜀
𝑎0

− Ω(𝜉
0
)𝜉
0
− 𝜃(𝜉
0
)𝑇
0
. 𝐷,Ω, and

𝜃 denote the elastic modulus, phase transformation modulus
and thermal elastic modulus of SMA, respectively. They
are all the functions of martensite fraction 𝜉. 𝑇 represents
temperature.The quantities with the subscript 0 denote initial
conditions. In addition, we have three expressions 𝐷(𝜉) =

𝐷
𝐴
+ 𝜉(𝐷

𝑀
− 𝐷
𝐴
), Ω(𝜉) = −𝜀

𝐿
𝐷(𝜉), and 𝜃(𝜉) = −𝛼𝐷(𝜉).

Here 𝐷
𝐴
and 𝐷

𝑀
are the austenite and martensite elastic

modulus, 𝜀
𝐿
is the maximum residual strain, and 𝛼 is the

thermal expansion coefficient of SMA.
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Figure 1: Schematic diagram of the SMA/Si composite film element (a) before thermal loads are applied and (b) microsegment after thermal
loads are applied.

2.4. Phase Transformation Equations of SMA. When SMA
undergoes phase transformations, the following phase trans-
formation kinetics proposed by Liang-Rogers [14] are em-
ployed.

Conversion frommartensite to austenite for𝐶
𝐴
(𝑇−𝐴

𝑓
) <

𝜎
𝑎
< 𝐶
𝐴
(𝑇 − 𝐴

𝑠
):

𝜉 =
𝜉
0

2
{cos [𝑎

𝐴
(𝑇 − 𝐴

𝑠
) + 𝑏
𝐴
𝜎
𝑎
] + 1} . (8)

Conversion from austenite to martensite for 𝐶
𝑀
(𝑇 −

𝑀
𝑠
) < 𝜎
𝑎
< 𝐶
𝑀
(𝑇 −𝑀

𝑓
):

𝜉 =
(1 − 𝜉

0
)

2
cos [𝑎

𝑀
(𝑇 −𝑀

𝑓
) + 𝑏
𝑀
𝜎
𝑎
] +

(1 + 𝜉
0
)

2
. (9)

In (8) and (9), 𝑎
𝐴
, 𝑎
𝑀
, 𝑏
𝐴
, and 𝑏

𝑀
arematerial constants of

SMA with the relationship 𝑎
𝐴
= 𝜋/(𝐴

𝑓
−𝐴
𝑠
), 𝑎
𝑀

= 𝜋/(𝑀
𝑆
−

𝑀
𝑓
), 𝑏
𝐴

= −𝑎
𝐴
/𝐶
𝐴
, and 𝑏

𝑀
= −𝑎
𝑀
/𝐶
𝑀
. Additionally 𝑀

𝑆
,

𝑀
𝑓
, 𝐴
𝑠
, and 𝐴

𝑓
denote the martensite start, martensite fin-

ish, austenite start, and austenite finish temperatures of SMA
in the stress-free state, respectively. 𝐶

𝐴
and 𝐶

𝑀
are material

parameters that describe the relationship of temperature and
the critical stress to induce transformations.

Combining (1)–(7), we get the following three expres-
sions:

𝜎
𝑎
=

𝛼
𝑚
Δ𝑇 − (𝜀

𝐿
𝜉 + 𝛼𝑇) + 𝑆

0
/𝐷 (𝜉)

1/𝐷 (𝜉) + [𝑡
𝑎
(7𝑡
2

𝑚
+ 12𝑡
𝑎
𝑡
𝑚
+ 6𝑡
2

𝑎
)] / (𝐸

𝑚
𝑡
3

𝑚
)
, (10)

𝜀
0
= 𝛼
𝑚
⋅ Δ𝑇 −

𝜎
𝑎
⋅ 𝑡
𝑎
(7𝑡
𝑚
+ 6𝑡
𝑎
)

𝐸
𝑚
⋅ 𝑡
2

𝑚

, (11)

𝑘
0
=

12𝜎
𝑎
⋅ 𝑡
𝑎
(𝑡
𝑚
+ 𝑡
𝑎
)

𝐸
𝑚
⋅ 𝑡
3

𝑚

. (12)

Note that (10) is a nonlinear equation when phase
transformations occurs in SMA, as 𝜎

𝑎
, 𝜉, and 𝑇 are coupled

together. If the phase transformation is from martensite to
austenite, then 𝜎

𝑎
can be obtained by solving (10) and (8)

by using the subroutine ZREAL given in Visual Fortran. If
the phase transformation is from austenite to martensite,

then 𝜎
𝑎
can be obtained by solving (10) and (9) by using the

same subroutine. But if there are no phase transformations
in SMA, 𝜉 is always a constant. Then (10) is a linear equation
about 𝜎

𝑎
and 𝑇. The current stress of SMA corresponding to

the current temperature can be directly obtained by solving
this equation.

Once 𝜎
𝑎
is obtained, then 𝜀

0
and 𝑘
0
can be calculated out

from (11) and (12), respectively. And the curvature 𝑘 of the
midplane can be obtained from (5).

3. Bending Deformation of SMA/Si
Composite Film

The maximum displacement produced in working is an im-
portant index of weighting the actuation capability of SMA/Si
composite film. In this section, the maximum deflection
(i.e., displacement of centroid in each cross-section along the
thickness direction) expressions of SMA/Si composite film
will be derived for two common boundary conditions: both
ends are simply supported (S-S), and one end is fixed and the
other is free (F-F).

The general expression of the deflection equation of SMA/
Si composite film can be written as

d2𝑤/d𝑥2

[1 + (d𝑤/d𝑥)2]
3/2

= 𝑘, (13)

where 𝑤 denotes the deflection of SMA/Si composite film. It
is defined to be positive along the positive 𝑦-axis direction
shown in Figure 1.

In the case of small deformations, (13) can be simplified
as the following linear differential equation:

d2𝑤
d𝑥2

= 𝑘. (14)

Solving the differential equations of (13) and (14) by com-
bining boundary conditions, we get the following expressions
of the maximum deflection of SMA composite film.
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Table 1: Material properties of NiTi-SMA and Si [7].

NiTi SMA

𝑀
𝑓
= 23
∘C 𝐶

𝑀
= 11.3MPa/∘C

𝑀
𝑠
= 50
∘C 𝐶

𝐴
= 4.5MPa/∘C

𝐴
𝑠
= 62
∘C 𝐷

𝑀
= 13GPa

𝐴
𝑓
= 100

∘C 𝐷
𝐴
= 30GPa

𝛼 = 8.8 × 10
−6/∘C 𝜀

𝐿
= 1%

Si 𝐸
𝑚
= 180.5GPa 𝛼

𝑚
= 2.33 × 10

−6/∘C

Under S-S boundary condition

𝑤
𝑁

max =
1

𝑘
−
1

𝑘

√1 − (
𝐿 ⋅ 𝑘

2
)

2

, 𝑤
𝐿

max =
1

8
𝑘𝐿
2

. (15)

Under F-F boundary condition

𝑤
𝑁

max = −
1

𝑘
+
1

𝑘

√1 − (𝑘𝐿)
2

, 𝑤
𝐿

max = −
1

2
𝑘𝐿
2

, (16)

where 𝑤
𝑁

max and 𝑤
𝐿

max represent the maximum deflections
obtained from the nonlinear differential equation of (13) and
the linear differential equation of (14), respectively. 𝐿 denotes
the total length of the SMA/Si composite film.

4. Numerical Simulation and Discussions

In this section, the actuation performance of the NiTi-
SMA composite film with Si substrate in a cooling-heating
thermal cycle will be simulated and discussed. The NiTi-
SMA composite film is cooled first from the crystallization
temperature 𝑇cry (550

∘C) to the final cooling temperature 𝑇
𝑓

and then it is heated from 𝑇
𝑓
to 𝑇cry again.

Material parameters of NiTi-SMA and Si used in sim-
ulation are taken from Wang [7] and shown in Table 1.
Unless otherwise specified, the geometric sizes of the SMA
composite film are 𝑡

𝑎
= 5 𝜇m, 𝑡

𝑚
= 20 𝜇m, and 𝐿 = 3mm.

The boundary condition is S-S.The initial stress and strain of
NiTi SMA at 𝑇cry are zero. 𝑇𝑓 = 30

∘C. The simulation results
are given in Figures 2–4.

To observe the influence of the final cooling temperature
𝑇
𝑓
on actuation performance of SMA composite film, the

SMA composite film at 𝑇cry are firstly cooled to 30
∘C,

40
∘C, and 50

∘C, respectively and then heated to 𝑇cry again.
In the three cooling-heating thermal cycles, the maxi-
mum deflection 𝑤

𝑁

max of SMA composite film, martensite
fraction 𝜉, and stress 𝜎

𝑎
of SMA varyingwith temperature are

given in Figures 2(a), 2(b), and 2(c), respectively.
From Figure 2(a) we can see that 𝑤𝑁max increases first

with decreasing temperature during cooling due to the action
of thermal stresses produced between SMA and Si sub-
strate, then it decreases rapidly with decreasing temperature
when SMA undergoes phase transformation from austenite
to martensite for each case of 𝑇

𝑓
. In addition, the lower

the value of 𝑇
𝑓
is, the more obviously the value of 𝑤𝑁max

decreases. This is because that more austenite transforms to
martensite at lower𝑇

𝑓
(see Figure 2(b)). For𝑇

𝑓
= 30
∘C, 𝑤𝑁max

decreases to zero at about 40∘C during cooling and then

it continues to decrease to some negative value with the
ongoing decreasing of temperature. During heating, 𝑤𝑁max for
each case of 𝑇

𝑓
has a slight change first and then its value

increases rapidly with increasing temperature once reverse
phase transformation from martensite to austenite occurs in
SMA. When SMA ends reverse phase transformation, the
value of 𝑤

𝑁

max decreases again with increasing temperature
due to thermal stress between SMA and Si substrate. It
recovers to zero again when temperature is raised to 𝑇cry.

Figure 2(b) shows martensite fraction of SMA varying
with temperature during the three cooling-heating thermal
cycles. It can be seen from this figure that martensite
fraction increases rapidly from zero with the decreasing of
temperature during cooling when SMA undergoes phase
transformation from austenite to martensite. And the lower
the value of 𝑇

𝑓
is, the larger the martensite fraction is at

the end of cooling. For instance, the martensite fraction
is about 0.81 for 𝑇

𝑓
= 30

∘C. And it is about 0.07 for
𝑇
𝑓

= 50
∘C. While martensite fraction decreases rapidly

with increasing temperature during heating when reverse
phase transformation occurs in SMA. When temperature is
raised to 𝑇cry, all martensite is completely transformed into
austenite.

Figure 2(c) illustrates the variation of SMA stress with
temperature during the three cooling-heating thermal cycles.
We can see that the stress of SMA reaches very high value
before phase transformation occurs in SMA during the
cooling stage for each case of 𝑇

𝑓
. This is induced by the

bimetal effect between SMA and Si substrate. But the stress
of SMA decreases dramatically with temperature once SMA
undergoes phase transformation from austenite tomartensite
during the ongoing cooling stage. For 𝑇

𝑓
= 30

∘C, the
maximum tensile stress of SMA is decreased with the largest
amplitude, which decreases to zero first at about 40∘C and
then continues to decrease to negative values. The stress of
SMA increases dramatically when reverse phase transforma-
tion occurs in SMA during the heating stage, and it becomes
zero again when temperature reaches 𝑇cry.

In summary, Figures 2(a), 2(b), and 2(c) tell us that
thermal stresses produced between SMA and Si during
cooling can be released completely by the shape memory
effect of SMA. And the maximum deflection of the NiTi-
SMA composite film induced by thermal stresses can also
be recovered completely, if 𝑇

𝑓
is properly set during cooling.

This is very important for the design of bimorph thin film
SMAmicroactuators.

Themaximumdeflections𝑤𝑁max varyingwith temperature
for SMA composite films under S-S and F-F boundary
conditions are given in Figure 3 to observe effects of different
boundary conditions during the cooling-heating thermal
cycle.

It can be seen from Figure 3 that boundary conditions
have significant effects on the maximum deflection of SMA
composite film. Under S-S boundary condition, the max-
imum deflection keeps approximately all positive values
during the cooling-heating thermal cycle. While most part
of the maximum deflection of SMA composite film keeps
negative values under F-F boundary condition. Additionally
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Figure 2: Effects of the final cooling temperature 𝑇
𝑓
on SMA composite film (a) the maximum deflection of SMA composite film varying

with temperature, (b) the martensite fraction of SMA varying with temperature, and (c) the stress of SMA varying with temperature.

the largest absolute value of the maximum deflection under
F-F boundary condition is more than four times of that
under S-S boundary condition during the whole thermal
cycle. This results from higher thermal stresses produced
in SMA composite film under F-F boundary condition. We
also can see from Figure 3 that the largest absolute value
of the maximum deflection under each boundary condition
recovers fully to zero first and then increases slightly to the
reverse direction when SMA undergoes phase transforma-
tion from austenite to martensite. And the absolute value
of the maximum deflection under each boundary condition
increases dramatically once the reverse phase transformation
occurs in SMA. It begins to decrease slowly after the reverse

phase transformation is finished during the ongoing heating
stage.

Figures 4(a) and 4(b) show effects of SMA thickness
on the maximum deflection of SMA composite film under
F-F and S-S boundary conditions, respectively. Both 𝑤

𝑁

max
and 𝑤

𝐿

max are given in the two figures to observe influence of
the geometric nonlinearity of bending deformation.

From Figure 4 we can see that the maximum deflections
of 𝑤𝑁max and 𝑤

𝐿

max increase with the increasing of the SMA
thickness. This is probably due to the fact that the SMA/Si
composite filmwill produce higher thermal stresses when the
SMA film is thicker. But 𝑤𝐿max is always smaller than 𝑤

𝑁

max
for each SMA thickness under each boundary condition.
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Figure 3: Effects of boundary conditions on the maximum deflec-
tion of SMA composite film.

In addition, the difference between 𝑤
𝑁

max and 𝑤
𝐿

max becomes
more obviouswhen the thickness of SMAfilmbecomes larger
especially under F-F boundary condition. This demonstrates
that the geometric nonlinearity of bending deformation
should be considered when the thickness of SMA film is very
large.

5. Conclusions

The mechanical model of the SMA composite film with Si
substrate was established by the method of mechanics of
compositematerials in this paper.The actuation performance
of the SMA/Si composite film subjected to thermal loads was
simulated and analyzed during one cooling-heating thermal
cycle. The effects of the final cooling temperature, boundary
condition, SMA thickness, and geometric nonlinearity on the
actuation performance of the NiTi-SMA composite filmwere
discussed. The following conclusions can be drawn from the
present study.

(1) The maximum deflection produced by thermal
stresses recoversmore obviously whenmore austenite
transforms to martensite during cooling for SMA/Si
composite film with lower 𝑇

𝑓
.

(2) The maximum actuation displacement along thick-
ness under F-F boundary condition is more than
four times of that under S-S boundary condition for
SMA/Si composite film during one cooling-heating
thermal cycle.

(3) The maximum deflection of SMA/Si composite film
increases with increasing the thickness of SMA film
whether under F-F boundary condition or under S-S
boundary condition.
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Figure 4: Effects of SMA thickness on the maximum deflection
of SMA composite film (a) F-F boundary condition and (b) S-S
boundary condition.

(4) Effects of geometric nonlinearity of bending deforma-
tion on the actuation displacement of SMA/Si com-
posite film becomesmore obvious when the thickness
of SMA film becomes larger especially under F-F
boundary condition.

This study can provide some helpful guidance for the
design and application of bimorph thin film SMA microac-
tuators in MEMS.
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