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By applying the fixed point theorem, we derive some new criteria for the existence of multiple positive periodic solutions for
two kinds of n-dimension periodic impulsive functional differential equations with multiple delays and two parameters: x| () =
a,(0)x;(t) = Ab(t) f;(t, x(8), x(t — 7,(1)), ..., x(t = 1,(1))), ae, t > O, t#t, k € Z, x,(t;) — x;(t;) = pcex;(ty), i = 1,2,...,m,

ke Z,, and xﬁ(t) = —a;,(t)x;(t) + Ab(t) fi(t, x(t), x(t — 7, (1)), ...
.1, k € Z_. As an application, we study some special cases of the previous systems, which have been studied extensively

i=12,...
in the literature.

1. Introduction

Let R = (-00,+00), R, = [0,+00), R_ = (-00,0], R" =
{(xl,...,xn)T :x; = 0,1 < i < mn},J C R, and
Z, =11,2,3,...}, respectively. Denote by PC(J, R") the set of
operators ¢ : ] — R" which are continuous for t € J, t #1;,
and have discontinuities of the first kind at the points ¢, €
J (k € Z,) but are continuous from the left at these points.
For each x = (x,%,,...,%,)" € R", the norm of x is defined
as |x| = Z?zl ;. Let BC(R, R’}) denote the Banach space of
bounded continuous functions y : R — R’ with the norm
Iyl = supgcr iy 19 (©)l, where v = (y1, 95, y,)" . The
matrix A > B (A < B) means that each pair of corresponding
elements of A and B satisfies the inequality “ > ”(“ < 7). In
particular, A is called a positive matrix if A > 0.

Impulsive differential equations are suitable for the math-
ematical simulation of evolutionary process whose states are
subject to sudden changes at certain moments. Equations
of this kind are found in almost every domain of applied
sciences, and numerous examples are given in [1-4]. In recent
years, the existence theory of positive periodic solutions of
delay differential equations with impulsive effects or without

s x(t—T1,(0), ae,t >0, t#t, k € Z, x,(t) — x;(t;) = pcgx; (),

impulsive effects has been an object of active research, and
we refer the reader to [5-17]. Recently, in [5], Jiang and
Wei studied the following nonimpulsive delay differential
equation:

X' (1)

= —a(t) x (1)

+ftx(t-10),x(t-1,1)),....x(t-1,()).
@

They obtained sufficient conditions for the existence of the
positive periodic solutions of (1). Motivated by [5], in [6],
Zhao et al. investigated the following impulsive delay differ-
ential equation:

x' ()
=—a(t)x(t)
+f(tx(t-10),x(t—7,(1),....x(t—7,(1)))
ae,t>0, t£t;;
x(t)—x(t) =bx(t), k=12....
(2



They derived some sufficient conditions for the existence of
the positive periodic solutions of (2). In [7], Huo et al. con-
sidered the following impulsive delay differential equation:

X +a®)xt)=p) f(tx(t—o()
ae,t>0, t#t; (3)

x(tp) = x(t) = bex (t)

They got sufficient conditions for the existence and attractiv-
ity of the positive periodic solutions of (3). Motivated by [5-
7], in [8], Zhang et al. studied the following impulsive delay
differential equation:

k=1,2,....

x' (1)
=—a®)x®)+p@) f(tx(t-1),x(t-7,),...,
x(t-1,(1))

x(tp) = x(t) = bex (t)

ae,t >0, t#1;

k=12,....
(4)

They obtained some sufficient conditions for the existence
of the positive periodic solutions of (4). However, to this
day, only a little work has been done on the existence of
positive periodic solutions to the high-dimension impulsive
differential equations based on the theory in cones. Motivated
by this, in this paper, we mainly consider the following two
classes of impulsive functional differential equations with two
parameters:

()= AW x () - AB(t) f (t,u(t)) ae ,t>0,t#t,

Ax () = uCex (t), keZ,

(5)

X ()= -A@®)x () +AB(t) f (t,u(t)) ae,t>0, t#t,
Ax (t) = uCex (ty), ke Z,,

(6)

with initial conditions:

x (0)=¢;(0), O¢ [-7,0],

$;(0)>0, ¢ € C([-7,0),[0,+00)), )

i=1,2...,n

where
u(t) = (x(t=1,0),...,x(t—1,()))
=(u (),...,u, (), (8)

T =maxsupT; (f
1<i<n P (),

and A(t) = diag[a,(t),a,(t),...,a,t)], B(t) = diag[b(t),
b(t),....b,)], a,b. € C(R,R) (i = 1,2...,n) are w-
periodic; that is, a;(t + w) = a;t), bt + w) = b(t),
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f=Ufe s f)' € RxBC(R,RY) with fi(t+w,uy,...,u,) =
filtbug,.ou,), Ax(t) = x(5) — x,(t) (i = 1,2,...,n)
(here xi(t,:) representing the right limit of x;(t) at the point
). Ce = (G o - - -» Gi) € C(R}, R?); that is, x;(¢) changes
decreasingly suddenly at times t;, and w > 0 is a constant.
We assume that there exists an integer g > 0 such that #;,, =
ti+ W, Geg) = Gk (i = 1,2,...,n), where 0 <t} <, <+ <
t; <w.

Throughout the paper, we make the following assump-
tions:

(P) a;,b,7; : R, — R, arelocally summable w-periodic
functions; that is, a;(t + w) = a;(t), b(t + w) = bi(¢),
and 7;(t + w) = 7;(¢) forallt > 0, A > 0, and y > O are
two parameters;

(Py) f = (fio--r f)" € R x BC(R,R") and for all
(t,uy,...,u,) € RxBC(R,RY), f(t + w,uy,...,u,) =
fit,uy, ..., u,) such that f(t,u;,...,u,) # 0,i =
1,2,...,m

(Py) {te), k € Z, satisfies 0 < t; < t, < -+ <
tk < - and limk_>+ootk = +0Q. Ck : RT_ —
R(k e Z,) satisty Caratheodory conditions and are
w-periodic functions in t. Moreover, there exists a
positive constant g such that t;.,, = £ + w, k € Z,.
Without loss of generality, we can assume that ¢, #0
and [0, w] N{t, k € Z7} = {ty, 15, .. ks

(P,) {cy} is a real sequence such that pc; > —1,i = 1,2,
ok € Z, and (1) = [oe, (1 + pcy) satisfies
Gt +w) = ¢(t) forall t > 0.

In addition, the parameters in this paper are assumed to
be not identically equal to zero.

To conclude this section, we summarize in the following
a few definitions and lemmas that will be needed in our
arguments.

Definition 1 (see [1]). A function x; : R — (0, +00) is said to
be a positive solution of (5) and (6) if the following conditions
are satisfied:

(a) x;(t) is absolutely continuous on each (ty, t,;);
(b) for each k € Z, x;(t;) and x;(t;) exist, and x;(f;) =
x;(te)s

(c) x;(t) satisfies the first equation of (5) and (6) for
almost everywhere (for shorta.e.) in [0, co] \ {#;} and
satisfies x;(t;) = (1 + ¢)x;(ty) fort = t, k € Z, =
{1,2,...}.

Under the previous hypotheses (P;)-(P,), we consider the
neutral nonimpulsive system:

d —
Do AW y ) -AB®) f 5V (),

It ae,t>0,
)

% =-A@t)y(t)+AB(t) ftv(), ae,t=0,
(10)
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with initial conditions:
yi (E) = Soi (E) >

¢; € C([-1,0),R"), (11)

E € [_T) 0] >

(Pi (0) > 0)

i=1,23,...,n

where
vit)= (v ®),...,v, (1))

= (t-n®),....y(t-7,1),
y(t-7,0) =) x(t-1 1),

B() = diag [B, ©.B,®),....B,»], 1

By a solution y(t) = (yl(t),...,yn(t))T of (9) and (10),
it means an absolutely continuous function y(t) = (y,(t),
.. ,yn(t))T defined on [-7, 0] that satisfies (9) and (10), that
is, for t > 0, and y;(§) = ¢,(&), yi'(f) = gol.'(E) on [-7,0].
The following lemmas will be used in the proofs of our
results. The proof of the first lemma is similar to that of
Theorem 1in [18].

Lemma 2. Suppose that (P,)-(P,) hold. Then

(1) if y;(t) (G = 1,2,...,n) are solutions of (9) and (10)
on [-7, +00), then x;(t) = H0<tk<t(l + ucy) yi(t) (i =
1,2,...,n) are solutions of (5) and (6) on [-T,+00);

(ii) if x;(t) (i = 1,2,...,n) are solutions of (5) and (6) on

[~7,+00), then y;(t) = TToer (1 + pez) ™ x,(0) (i =
1,2,...,n) are solutions of (9) and (10) on [-T, +00).

Proof. (i) It is easy to see that x;(t) = [[oq (1 +
pcy)y;(t) (i = 1,2,...,n) are absolutely continuous on every
interval (t;, tp L t #t k= 1,2,...,

X (8) = x; (£) a; (£) = Aby (£) f (£, u(2))
= [T Q+uc)y @

0<tp<t

- H (1 + pcy) y; () a; (1)

0<t<t

—M’i(t)f<t’ H (Lt pey) y(t =7 (1), ...,

0<t<t

[] +pep)y(t-m, (t)))

0<t <t

3
= H (1 + pcy)
0<ty <t
X {y[ ®) -y ®)a; )
AT (o pg)™
0<t <t
xb(t) f
x <t, H (1 + pcyy)
o<t <t
xy(t—1,(8),...,
H (1 + Man)
0<t <t
o <t>>>}
= [T (U +pe) (v @) -y ©a @+ AB, (O (t,v (1))}
0<t <t
=0.
(13)

On the other hand, forany t = ¢, k = 1,2,...,

x; (1) :tlLH} H (1 + pcy) y; (1) = H (1 + pcye) y; (t)

k0<t;<t 0<t <ty

xi(t) = [1 Q+rpa)yi(t), i=12....n

0<tj<ty
(14)

and thus

x ()= +pc) x; (), i=12...,n k=12,....

(15)

It follows from (13)-(15) that x;(t) i = 1,2,...,n) are

solutions of (5). Similarly, if y;(t) i = 1,2,...,n) are

solutions of (10), we can prove that x;(t) (i = 1,2,...,n) are

solutions of (6).

(ii) Since x;(t) = [loer (1 + pcy)y;(t) is absolutely
continuous on every interval ftk, b t#t.k=1,2,..,and
in view of (14), it follows that, forany k = 1,2,. .,

yi (tr) = H (1+ k) ' x; (t)

0<t;<t;

= H (1+ Mcik)_lxi (td) =y (t)

0<t <ty



yi(ty) = H (1+ ) ' x; (t)

0<t <ty

= H (1+pce) "' x; (te) =y (t),

0<t]-St;

(16)

which implies that y;(t) (i = 1,2,...,n) are continuous on
[-7,400). It is easy to prove that y;(t) (i = 1,2,...,n) are
absolutely continuous on [-7,+00). Similar to the proof of
(i), we can check that y;(t) = [Toe (1 + pcy) ' x,(0) (i =
1,2,...,n) are solutions of (9) on [-7,+00). Similarly, if

x;(t) (i = 1,2,...,n) are solutions of (6), we can prove that
y;(t) i = 1,2,...,n) are solutions of (10). The proof of
Lemma 2 is completed. O

In the following section, we only discuss the existence of
a periodic solution for (9) and (10).

Definition 3 (see [19]). Let X be a real Banach space, and let
E be a closed, nonempty subset of X. E is said to be a cone if

(1) ax+ By € Eforall x, y € E,and o, § > 0, and
(2) x,—x € Eimply x = 0.

Lemma 4 (Krasnoselskii fixed point theorem see [20-22]).
Let E be a cone in a real Banach space X. Assume that Q) and
Q, are open subsets of X with 0 € Q, ¢ Q, C Q,, where
Q={xeX:|x|<r}i=12).LetT:En(Q,\Q,) - E
be a completely continuous operator and satisfy either

) ITx|l = llx|, for any x € En 0Q, and |Tx| < |x], for
any x € EN0Q,

or

3) ITx[l < |lx|l, for any x € EN0Q, and | Tx|| > ||x|, for
any x € EN0Q,.

Then T has a fixed points in EN (Q, \ Q).

The paper is organized as follows. In next section, firstly,
we give some definitions and lemmas. Secondly, we derive
some existence theorems for one or two positive periodic
solutions of system (5) by using Krasnoselskii fixed point
theorem under some conditions. In Section 3, we also get
some existence theorems for one or two positive periodic
solutions of system (6) that are also established by applying
Krasnoselskii fixed point theorem under some conditions.
Finally, as an application, we give two examples to show our
results.

2. Existence of Periodic
Solutions of System (5)

We establish the existence of positive periodic solutions of
(5) by applying the Krasnoselskii fixed point theorem on
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cones. We will first make some preparations and list a few
preliminary results. For (t,s) € R*, 1 < i < n, we define

e lia® g el a®g¢

Gi (t, S) = ) = @ >
1—e o 56 g¢ eho a@ g8 1 17)

G(t,s) = diag [G, (£,5),G, (t,5),...,G, (t,5)].

It is clear that G;(t + w,s + w) = G;(t,s), 0G;(¢t,s)/ot =
a;(t)G;(t,s), Gi(t,t) — G,(t,t + w) = 1. In view of (P,), we also
defineforl1 <i<mn,

1

o= min |G;(t )] = el a®d _

0<t<s<w

elo w®dE

- (18)
eh @®dé _

Bi:= max |G;(t,s)| =

0<t<s<w

a = min o,
1<i<n

B = max B,

1<i<n

o
=—¢€(0,1).
o [56( )

Let X = {y = (3,(t), y5(8), ..., y,(t))" € C(R,R") | y(t +
w) = y(t)} with the norm |yl = Y, |yly> where |y;], =
SUP,¢ (0,1 7i(t)], and it is easy to verify that (X, [|-||) is a Banach
space. Define E to be a cone in X by

E={y=(0n1)., 0.y, )"
(19)

€ X:y,(6) 2 o]y t € 0,01},

and we easily verify that E is a cone in X.
We define an operator ¢ : X — X as follows:

() ®© = (¥19) O, ¥29) @), () ©), (20)

where
()0 =1 G995 )
X fi(s,y(s=1,(8))....,y(s—7,(s5))) ds.
(21)

For convenience in the following discussion, we introduce the
following notations:

bM = max{ sup E(t)} ,

1<i<n te[0,w]

b* = min { inf ]E- (t)} R

1<i<n | te[0,w

_ 1 (¢

0

>

NG d
f*= limsup —'[0 If & uen]dt

u€E,|lul| —a "u”

= liminf M

u€E |lul| —a ||u||

>
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where a denotes either 0 or 0o, g(t) € C(R, R). Moreover, we
list several assumptions:

(H,) : fo = 00;

(H,) : foo = 003

(Hy) : f° =05

(Hy) : f* =05

(Hs) : f° =6, € [0,1/A86™);
(Hg) : f© =y, € [0,1/Ab™);
(H,) : f, = 6, € (1/Aacb", 00);
(Hs) t foo

(Hy) : there exists R > 0, such that '[(;u |f(t,v(t)ldt >
R/Ab"a, for any |yl € [oR, R];

=y, € (1/ b, co);

(H,p) : there exists r > 0, such that Iow [f(tv()ldt <
r//\bMﬁ, for any [yl < r.

The proofs of the main results in this paper are based on an
application of Krasnoselskii fixed point theorem in cones. To
make use of fixed point theorem in cones, firstly, we need to
introduce some definitions and lemmas.

Lemma 5. Assume that (P,)-(P,) hold. The existence of pos-
itive w-periodic solution of (9) is equivalent to that of nonzero

fixed point of v in E.

€ Xisa

Proof. Assume that y = (y,(t), y,(t),..., y,(t)"

periodic solution of (9). Then, we have

t ! t .
O e IOV ARTO)

i=12,...,n

Integrating the above equation over [t,t + w], we can have

yi(s)e Jy a:®)de o
1

t+w
= —/\j e
t

x fi(sy (s =1 (9),.

-l “i(f)dt'E (s)

,y (s —1,(5))ds.
(24)

Therefore, we have

y; () e [, a(®)dE [1 e Iy a,-({)d{]

t+w
=AJ e
t

x fi(sy(s=1(9),.

-1 a(5)dsy (s)

L,y (s—1,(5))ds,
(25)

which can be transformed into

oo an o o a®dE
i (£) =
y t

o Jo ai(©)dt [1 —eh ai(f)d.f]
<B,(5) £ (5.3 (5= 7, ().

¥ (s =7, (9))) ds

tro f " a@©dg
t el a®dE _q

xb,(s) fi (s, (s=1,(5))s...,y (s —7,(5))) ds

~ rw G (ts)b (5) f

x (5 (s=11(9)),..., ¥ (s =7, (5))) ds
i=1,2,...,n
(26)
Thus, y;(t) (i = 1,2, ..., n) are periodic solutions for (21).
Ify = (310, y2(0), ..,y () € X and yy = (¥13, 925

> w,»)" = ywith y#0, then for any t = t,, derivative the
two sides of (21) about ¢,
(i) ®
d

X fi(s,y(s-1()),....y(s—1,(5)))ds

=A[G (Lt+w) b (t+w)f;
X (t+wy(s=1(5)),.... ¥ (s -7, (5))) - G; (1, 1) b; (1)
$fi(ty(s=10(9)5. >y (s =7, ()] + a4 (1) i (1)
=a;(t) y; () = Ay, (1) fi (t,y (=7, (D) ..., y (£ = 7, (D))

=i ().
(27)

Hence y(t) = (yl(t),yz(t),...,yn(t))T € X is a positive
w-periodic solution of (9). Thus we complete the proof of
Lemma 5. O

Lemma 6. Assume that (P,)-(P,) hold. Then the solutions of
(5) are defined on [—T, 00) and are positive.

Proof. By Lemma 2, we only need to prove that the solutions
y;(t) (i = 1,2,...,n) of (9) are defined on [-7,00) and are
positive on [0,00). From (9), we have that, for any ¢; €
C([-7,0),R") (i=1,2,...,n)and t > 0,

¥; (t)
=¢; (0)

X exp {Lt [a,- &)



“AB© fiEyE-7©),

Ly (=1, ) @) )]df}
(28)

Therefore, y;(t) (i = 1,2,...,n) are defined on [-7, 0c0) and
are positive on [0, 00). The proof of Lemma 6 is complete. [J

Lemma 7. Assume that (P,)-(P,) hold. Then y :
well defined.

E — Eis

Proof. From (21), for any y € E,
t+2w _
() (t + @) = AJ G(t+ws)B(s)
tHw

xfsy(s—10),
Ly(s=1,(5))ds

ttw
=)LJ G(t+w,n+w)B(s+w)
t

Xf(s+twy(s+w-1(s+w)),

Ly(stw-1,(s+tw))ds

_ AL Gt9)BE) f(sy(s—1, (),

oy (s=1,(9))ds
= (yy) ().
(29)
Therefore, (Ty) € X. From (21), we have
lvixly
<p [A Lw |6:5) fi (5, y (s = 7,(5)) 5o ¥ (5= 7, (9)))] dS] :
(30)

On the other hand, we obtain
(yiy) @®)

> [/\ Jow |E(s)fi (5y(s-1,0)s.0,y(s—1, (s)))|ds]

> sl olyisly
(1)

Therefore, yy € E. The proof of Lemma 7 is complete. [

Lemma 8. Assume that (P,)-(P,) hold, and there exists 1 > 0
such that

j: ey E=n®), oy (=) dt =y,

for any y € E,
(32)
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and then
lwyl = Ab"an|y|,  for any y € E. (33)

Proof. For any y € E, then

(wiy) (®)]

> q [/1 L 'b_i(s)fi (5 y(-10)),.0,y(s—1, (s)))|d5]
> b Aa L Ifi(ty(t =5 ®),.... y(t =7, (®)))| dt.
(34)

Thus, we have

vl =) s sup (wiy) )]

i=1t

> \b aZJ Ifi(sy(s=11()),. 0, y(s—1,(5)))|ds

> bt [ 1 (6 (= 0). (0 5, )
> M-
(35)
The proof of Lemma 8 is complete. O

Lemma 9. Assume that (P,)-(P,) hold, and let r > 0. If there
exists a sufficiently small € > 0 such that

17 Gyt )y =5 )]t < e,

for any y € EN0Q,,
(36)

and then

lyyl < 6™ Be 5],
Proof. For any y € E N d(),, we have

for any y € EN0Q,. (37)

%7

n

=Y sup |(yiy) (t)]

i=1 te[0,w]

< Aﬁz J |b 6) fi(sy(s-109),...,y(s—7, (s)))| ds

sAbMﬁL lf(ty(t—7,@),...,y(t—7,())|dt

< A" gelyl-
(38)

The proof of Lemma 9 is complete. O

Our main results of this paper are as follows.
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Theorem 10. In addition to (P,)-(P,), if (H,) and (H,) hold,
then system (5) has at least one positive w-periodic solution.

Proof. By (H,), there exists ; > 0 such that

| 17y = ©)y (e, @) de = gl

for any y € EN0Q, ,
(39)

where the constant 7 > 0 satisfies #ABb" > 1. Then by
Lemma 8, we have

luyll = 26"yl = |y], forany y € EnoQ,.

(40)

On the other hand, by (H,), forany 0 < € < (1/2)LBM[5), there
exists Ny > r; > 0 such that

LUﬁwa—nmmea—mmmmdeL

forany y € E, |y| = N;.
(41)

We choose

r, > N, +1+2ABYp

X sup
||y|| <Ni,y€E

L Ifty(E-710),....y(t—1,@))| dr.
(42)

If y € EN0Q, , then
2

vyl

= Z sup | v,y (t)|

i=1t€[0,w]

< AMB J lfty(t-7®),....y(t-1,@))|dt
=MMB“I If .y (=1 @),y (-7, 0))] dt

+ L If(ty(t-m (t)),---,y(t-fn(t)))ldt]

||y||
<2 by,
(43)
where
=lyeE:hl <N, =lyeE: >Ny
(44)
This implies that
lvyl Iyl forany y € EndQ,. (45)

In conclusion, under the assumptions (H,;) and (H,), ¥
satisfies the conditions in Lemma 4, and then y has a fixed
pointin EN (Q,, \Q_n)' By Lemma 5, system (5) has at least
one positive w-periodic solution. The proof of Theorem 10 is
complete. O

Theorem 11. In addition to (P,)-(P,), if (H,) and (H;) hold,
then system (5) has at least one positive w-periodic solution.

Proof. By (H,), for any 0 < € < 1/ABM, there exists R, > 0
such that

Lw lf(ty(t—1,0),....y(t-1,())

for any y € EN0Qy .
(46)

Then by Lemma 9, we have

lyyl < 6™ Be |yl < Iyl for any y € EN3Q,.

(47)

On the other hand, by (Hs), there exists R, > R, > 0 such
that

L Ifty(t-1,®),....y(t-7,®))|dt = n]y|,

for any y € E, ”y“ > R,,
(48)

where the constant 7 > 0 satisfies #ABb" > 1. Then by
Lemma 8, we have

luyll = 26" Br |yl = |y], ~ for any y € EnoQy,.

(49)

In conclusion, under the assumptions (H,) and (H;), v
satisfies the conditions in Lemma 4, then v has a fixed point
in EN(Qg, \ Q_Rl). By Lemma 4, the system (5) has at least
one positive w-periodic solution. The proof of Theorem 11 is
complete. O

Theorem 12. In addition to (P,)-(Py), if (H,), (H,), and (H,,)
hold, then system (5) has two positive w-periodic solutions x'
and x* satisfying 0 < |x'|| < r < ||x*|, where r is defined in

(Hy)-

Proof. By (H,), there exists 0 < r; < r such that

[ 1y = n @)y G- m @)l dt = b

for any y € EN0Q, ,
(50)

where the constant 7 > 0 satisfies #ABb" > 1. Then by
Lemma 8, we have

lyyl = 26" Br |y| = |y],  for any y € EnoQ,.

(51)



Likewise, from (H,), there exists , > r > 0 such that

L lfty(t-1,1),....y(t—7,®)|dt =5y

for any y € E, [y > r,
(52)

where the constant 7 > 0 satisfies #yABb" > 1. Then by
Lemma 8, we have

luyll = Ab"Br |yl = Iyl for any y € Enoq,,.

(53)
Define Q, = {y € X : |yl = r}. Then from (H,,), for any
y € E, |yl > r, we obtain

ol < 6 [ 1f (o (6= 0 0) oy (6= 5, )]

<r<|y|, foranyyeEnoQ,,

(54)
which yields
vl <yl

In conclusion, under the assumptions (H;) and (H,,), ¥
satisfies the conditions in Lemma 4, and then y has a fixed
point x' € EN(Q, \ Q_,l). Likewise, under the assumptions
(H,) and (H,,), v satisfies all the conditions in Lemma 4, and
then y has a fixed point xX* €EnN (Q,2 \Q_,). By Lemma 5, the
system (5) has at two positive w-periodic solutions x' and x*
satisfying 0 < [x'| < 7 < [|x*|.. The proof of Theorem 12 is
complete. O

for any y € ENoQ,. (55)

Theorem 13. In addition to (P,)-(P,), if (H3), (H,), and (Hy)
hold, then system (5) has two positive w-periodic solutions x'

and x” satisfying 0 < |x'|| < R < x|, where R is defined in
(Hs).

Proof. By (H,), for any 0 < ¢ < 1/ABM}, there exists R >
R, > 0 such that

[ 1F = @)y (= m D) e < ey
for any y € EN0Qy .
(56)
Then by Lemma 9, we have

vyl < A™Be|y| <|y|l, forany y € EnoQy .

(57)

Likewise, by (H,), for any 0 < e < 1/2AB™p, there exists
N, > R > 0 such that

[ ey t-n @)y - @)l <ol

for any y € E, ||y|| > N,.
(58)
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We choose
R, >N, +1+2ABMB

J lf (ty(t=1,(®),....y(t—7,))|dr

X sup
[[7]l<N;.yeE 70

(59)
Ifye EﬂaQRZ, then
vyl

n

=Y sup |(y;y) ®)]

i=1 t€[0,w]

< AMB J lfty(t-7®),....y(t—1,(1))|dt

=Mﬂﬁ“;VOJU—ﬁ0Dwqu-m@»Mt

J If(ty(t-1,®),....y(t-1,1))|dt

IIyII

B by,
(60)
where
={yeE:Yl<Ny},  L={ycE:|y|>Ny}.
(61)
This implies that

vl <yl

Define Qp = {y € X : |yl
y € E N 0Qy, we obtain

vyl = Ab" L lf(ty(t-1,®),....y(t—1,(1))|dt

for any y € EN0Qy,. (62)
> R}. Then from (H,), for any

> AWla

=|y|, forany y e EnoQ,,
(63)

)\bL

which yields
vyl > Iy

In conclusion, under the assumptions (H;) and (H,), v
satisfies the conditions in Lemma 4, and then y has a fixed
point x' € E N (Qg \Q_Rl). Likewise, under the assumptions
(H,) and (H,,), v satisfies all the conditions in Lemma 4, and
then v has a fixed point x> € EN (Qp, \ Qp). By Lemma 4,
the system (5) has at two positive w-periodic solutions x' and

x? satisfying 0 < [x'|| < R < [|lx*|. The proof of Theorem 13
is complete. O

for any y € EN9dQy. (64)

Theorem 14. In addition to (P,)-(P,), if (Hy) and (H,,) hold,
then system (5) has at least one positive w-periodic solution x
satisfying r < || x|l < R, where r and R are defined in (Hy) and
(H,y), respectively.
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Proof. Without loss of generality, we may assume that 0 < r <
R.If y € EN0Q,, then by (H,,), one can get

n

lyyl = 2, sup |(viy) @)
i=1 t€[0,w]
< AWM J lfty(t-7®),....y(t-1,@))|dt
M —_— —
Wi =r =Dl
(65)
which yields
lyyll <llyl, for any y € EnoQ,. (66)

Likewise, for y € E N 0Qy, then from (Hy), we can get

vl = iswl@y)m

i=1t
> b L lf(ty(t-7®),....y(t—7,®))|dt

> Wla

AbL = ")’" >
(67)

which yields

vyl > Iyl for any y € EnoQy. (68)

In conclusion, under the assumptions (Hg) and (H,,), ¥
satisfies the conditions in Lemma 4, and then y has a fixed
point x' € E N (Qg \ Q,). By Lemma 4, the system (5) has at
least one positive w-periodic solution x satisfying r < [x'] <
R, where r and R are defined in (H,) and (H,,), respectively.
The proof of Theorem 14 is complete. O

Theorem 15. In addition to (P,)-(P,), if (Hs) and (Hyg) hold,
then system (5) has at least one positive w-periodic solution.

Proof. By (Hs), for any € = 1/ABb™ — 0, > 0, there exists a
sufficiently small r > 0 such that

[ty t-0),..
IIyII

v (t—-1,@))|dt

(69
<O +e= /\ﬁ%’ for ||y|| < ;
that is
[ 176y = m @)y (6= 5, )
70
bl < e for Il
ALY = ABoM =

which implies that (H,) is satisfied.

Likewise, by (Hy), for any € = y, — 1/Aacb" > 0, there
exists a sufficiently large R > 0 such that

I ty(t-n0),....y(t-1,@)|dt
"y" 71)

>y, te= for ||y|| > oR;

1
Aaobl’
that is

J lfty(t-1®),....y(t-7,®))|dt

Iy 7
y oR R

< = ,  f <R,
> oot = Raott ~ dapr O
which implies that (H,) is satisfied. Therefore, by Theorem 14,
we complete the proof. O

Theorem 16. In addition to (P,)-(P,), if (Hg) and (H;) hold,
then system (5) has at least one positive w-periodic solution.

Proof. By (H,), for any € = 0, — 1/Aacb" > 0, there exists a
sufficiently small R > 0 such that

16y t-1®),...,y(t-7,0))|dt

Iyl 73
1
>0,+e= Toobl’ for 0 < |y| < R
that is
J lf (y(t=1,(0),....y(t—7,1))|dt
b b
y oR
eyl v A MRS

which implies that (Hy) is satisfied. On the other hand, by
(Hy), for any € = 1/ABb™ — y, > 0, there exists a sufficiently
large r* > 0 such that
I yt-1®),...,y(t-7,0))|dt
Iy

(75)

<y te= for |y =>r".

L
ABLM’
In the following, we consider two cases to prove (Hy) to be
satisfied: fow | f(t, y(t—T1,(t),..., y(t—1,(t)))|dt are bounded

and unbounded. The bounded case is clear. If L;U | f(t, y(t -
7,(8)), ..., y(t — 7,(t)))|dt are unbounded, then there exist
y* € R, r=|ly*ll > 7" and ¢, € [0, w] such that

J?UUJO—nﬁDwnyU—mwﬂwt

(76)

J lf(ty (t=7,0),....,y" (t—7,(1))|dt,

for any [y < [y* =r.
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Sincer = ||yl = |ly*|l = r*, then we get

Lw lf(ty(t—1,(®),....y(t—7,())|dt

< L [ty (t-1®),....y" (-7, )| dt (77)

bl r
< W = B forany 0 < |y <1,
which implies that the condition (H,) holds. By Theorem 14,
we complete the proof. O

Theorem 17. In addition to (P,)-(P,), if (Hs), (Hy), and (Hy)
hold, then system (5) has at two positive w-periodic solutions
x' and x* satisfying 0 < x|l < R < ||x%|l, where R is defined
in (Hy).

Proof. By (H;) and the proof of Theorem 15, there exists a
sufficiently small r, € (0, r) such that

L lf(ty(t-1,®),....y(t—1,())|dt
(78)

< "J’" < " X
ABLM — ABLM

On the other hand, from (Hy) and the proof of Theorem 16,
there exists a sufficiently large r, € (r, 00) such that

for 0 < |y| <,

J, 1f oy e=m @)y = @) di < Yo

for 0 < |ly| < .
(79)

Therefore, from the proof of Theorem 14, there exist two
positive solutions y' and y* satisfying r < [[y'| < r <
I y2|| < r,, where r is defined in (H,); the proof of Theorem 17
is complete. O

Theorem 18. In addition to (P,)-(P,), if (H,), (Hg), and
(H,,) hold, then system (5) has at least two positive w-periodic

solutions x' and x> satisfying 0 < ||x"|| < r < ||x*|, where R is
defined in (H,).

Proof. The proof is similar to that of Theorem 17, and we omit
the details here. O

Theorem 19. In addition to (P,)-(P,), if (H,) and (Hy) hold,
then system (5) has at least one positive w-periodic solution.

Proof. Let Q, = {y € X : |yl < r}. By (H;) and the proof of
Theorem 10, there exists a sufficiently small r; € (0,r) such
that

lyyl = Ab"Br |yl = |y, forany y e EnoQ, . (80)

Likewise, by (H) and the proof of Theorem 16, there exists a
sufficiently large r, € (r, 00) such that

lyy] <|y], forany yeEnoqQ,. (81)

Journal of Mathematics

In conclusion, under the assumptions (H,;) and (Hg), ¥
satisfies the conditions in Lemma 4, and then y has a fixed
pointin EN(Q,, \Q_,l). By Lemma 4, the system (5) has at least
one positive w-periodic solution. The proof of Theorem 19 is
complete. O

Similar to Theorem 19, we can get the following conse-
quences.

Theorem 20. In addition to (P,)-(P,), if (H,) and (H;) hold,
then system (5) has at least one positive w-periodic solution.

Theorem 21. In addition to (P,)-(P,), if (H;) and (Hy) hold,
then system (5) has at least one positive w-periodic solution.

Theorem 22. In addition to (P,)-(P,), if (H,) and (H;) hold,
then system (5) has at least one positive w-periodic solution.

Theorem 23. In addition to (P,)-(P,), if (H,), (Hy), and (H,,)
hold, then system (5) has two positive w-periodic solutions x'

and x* satisfying 0 < lxtll < 7 < x|, where r is defined in
(Hj)-

Proof. Let O, = {y € X : ||yl < r}. By (H,) and the proof of
Theorem 10, there exists a sufficiently small r; € (0,r) such
that

lyyl = 26" Br |y| = |y],  for any y € Enoq,.
(82)

Likewise, by (Hg) and the proof of Theorem 15, there exists a
sufficiently large r, € (0, 7) such that

lyyl = 26" Br |yl = |y],  for any y € Enoq,..
(83)

Incorporating (H,,) and the proof of Theorem 14, we know
that there exist two positive w-periodic solutions x' and x*
satisfying r; < It < 7 < 2] < 1,, where r is defined in
(H,p)- The proof of Theorem 23 is complete. O

Similar to Theorem 23, one immediately has the following
consequences.

Theorem 24. In addition to (P,)-(P,), if (H,), (H;), and (H,)
hold, then system (5) has two positive w-periodic solutions x'

and x* satisfying 0 < x| < r < |x*], where r is defined in
(Hyp)-

Theorem 25. In addition to (P,)-(Py), if (H;), (Hg), and (Hy)
hold, then system (5) has two positive w-periodic solutions x"
and x” satisfying 0 < |x'| < R < |x*|, where R is defined in
(Hy).

Theorem 26. In addition to (P,)-(P,), if (H,), (Hs), and (Hy)
hold, then system (5) has two positive w-periodic solutions x'
and x* satisfying 0 < lxtl < R < ||x®], where R is defined in
(Hy).
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3. Existence of Periodic Solutions of System (6)

Now, we are at the position to study the existence of positive
periodic solutions of system (6). By carrying out similar
arguments as in Section 2, it is not difficult to derive sufficient
criteria for the existence of positive periodic solutions of
system (6). For simplicity, we prefer to list below the cor-
responding criteria for system (6) without proof, since the
proofs are very similar to those in Section 2.
For (t,s) € R*,1 < i < n, we define

ol @)
G (t,s)= 07—,
elo a®dE _ (84)
G’ (t,s) = diag [G] (,5),G, (t,5),...,G, (t,9)],

and it is clear that G;(t,t) < G/(t,s) < G'(t,t + w),
oG/ (t,s)/ot = a(t)G] (t,s), G (t,t + w) — G/ (t,t) = 1.In
view of (P;), we also definefor 1 <i<mn

1

o = min |G (t,s))= 7 =«,
' OStSSSwl P (69)] el a®dE _ | '
. o els ai(®dz
;= max G| = = pp»
Bl = max |67 (59) el a®de _ A
o (85)
§=—2¢€(0,1) =0,

/3*
B; (1) = max {|by; (t)], [by; ()]},
B} (¢) = min {|by; (1)], [by; (1)]}»
B(t) = max B;)}, B (t)= min {B. (1)}

Let X = {y = (3,(t), %,(8)s...,y,(t)" € PC(R,R") |
y(t + w) = y()} with the norm [yl = Y7, [¥les il =
SUP;¢ (o, i(t)], and it is easy to verify that (X, |-||) is a Banach
space. Define P to be a cone in X by

P={y=(1n(®)., s ya®)"

€ X:y;(8) 2 8]yt € 10,01}

(86)

We easily verify that P is a cone in X. We define an operator
A: X — X as follows:

(A) () = (A1) (®), (A29) (1), (Ap) ),
(87)

where
(A O=1] G €960 S

X(s,y(s=1,(8)),....y(s—7,(s))) ds.
(88)

The proof of the following lemmas and theorems is similar to
those in Section 2, and we all omit the details here.

1

Lemma 27. Assume that (P,)-(P,) hold. The existence of
positive w-periodic solution of system (6) is equivalent to that
of nonzero fixed point of A in P.

Lemma 28. Assume that (P;)-(P,) hold. Then the solutions of
system (6) are defined on [—1, 00) and are positive.

Lemma 29. Assume that (P;)-(P,) hold. Then A : P — P is
well defined.

Lemma 30. Assume that (P,)-(P,) hold, and there existsy > 0
such that

Lw If Ly (t-1®),....y(t-7,0))|dt = n]y|,

for any y € P,
(89)

and then

lyyll = Ab"an||y|l,  for any y € P. (90)

Lemma 31. Assume that (P,)-(P,) hold, and letr > 0. If there
exists a sufficiently small € > 0 such that

Lw lf Ly (-1 ®),....,y(t-7,))|dt <e|y],

for any y € PN oQ,,
€2y

and then
Ay| < Ab™ Be I¥ll,  for any y € Pnoq,. (92)

Theorem 32. Assume that (P,)-(P,) and (Hy) hold. Moreover,
if one of the following conditions holds:

(H;) and (H,);
(Hs) and (Hy),

(H;) and (Hg); (H,) and (Hs);

then system (6) has two positive w-periodic solutions x* and x*
satisfying 0 < ||x'|| < R < ||x*||, where R is defined in (H).

Theorem 33. Assume that (P,)-(P,), and (H,,) hold. More-
over, if one of the following conditions holds:

(H,) and (H,);
(H,) and (Hy),

(H,) and (Hg); (H,) and (H,);

then system (6) has two positive w-periodic solutions x* and x*
satisfying 0 < |x'|| < r < |x*||, where r is defined in (H,).

Theorem 34. Assume that (P,)-(P,) hold. Moreover, if one of
the following conditions holds:

(H,) and (H,); (H,) and (Hy); (H,) and (Hs);
(H,) and (Hs); (H;) and (Hg); (H,) and (Hy);
(Hs) and (Hy); (Hg) and (H,); (Hy) and (Hy,),

then system (6) has at least one positive w-periodic solution.
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4. Examples

In order to illustrate our results, we take the following
examples.

Example 35. We consider the following generalized so-called
Michaelis-Menton type single species growth model with
impulse:

o (t) y(t -1 (1)
y ") = y () |a(t) - /\Zl +B: () y(t-T.(t) |
(93)
t e R, t:/:tk’
Ay (te) = ueey (), ke Z,

which is a special case of system (5), and where a(t), «;(¢),
Bi(t),7;(t) e C(R,R,) (i = 1,2,...,n) are w-periodic, and A >
0, 4 > 0 are two parameters.

Theorem 36. Assume that (P,)-(P,) hold. Moreover, if the
following condition holds:

n

© M
EL o (t)dt > Aﬁ%L, (94)

then system (93) has at least one positive w-periodic solution.

Proof. Note that

) - oo () y (-1 (1)
fy(t-m®)) _y(t);1+,8i O yt-7@1)

(95)

We can construct the same Banach space X and cone E as in
Section 2. Then for any y € E, we have

|, Flerye-nona

e o; () y (t -7, (1))
ZJ 1+/3,<t)y(t—r(t>)t (96)

2
bl TS o

R

This can lead to

Jo £ by (t-m@)dt

2 n w
Iyl [ e

54 S 1M
(97)
Then we can have
P ZJ o (B dt> —— (98)
00 2 M Aaobl’

111
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On the other hand, we have

|- o)

R o (1) y(t -7, (1)

'i_zljoy( RO yE-n@) O
e (¢

S”y”i—zl'[o o (t) dt.

This can lead to

[ fy(-
Iyl

7, (1)) dt :

<Y | a@d—o
i=1

(100)
Iyl —o.

That is

o =o. (101)
By Theorem 21, it follows that system (93) has at least one
positive w-periodic solution. The proof of Theorem 36 is
complete. O

Example 37 We consider the
hematopoiesis model with impulse:

following generalized

Y (1) =—a )y )+ AB () exp{-y (D) y (t - T (1)},
t €R, t#ty,
Ay (t) = ey (), keZ,
(102)

which is a special case of system (6), and where x(t) is the
number of red blood cells at time ¢, «(t), B(t), y(t) and 7(t) €
C(R,R,) are w-periodicand A > 0, y > 0 are two parameters.

Theorem 38. Assume that (P,)-(P,) hold. Moreover, if the
following condition holds:

n w ﬁM
Y|, w0 5

i=1

(103)

then system (102) has at least one positive w-periodic solution.
Proof. Note that
ftyt—1@)=exp{-y@®) y(t—-1())}.

We can construct the same Banach space X and cone E as in
Section 2. Then for any y € E, we have

(104)

J:f(t’J’(t—T(t)))dt § © |
I ~exp (M Iyl
w (105)
[y £ty -T@))dt "

< .
Iy exp (Y- {|y[|} | v
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This can lead to

fo=0 |y — o0
(106)
f° = oo,

Iyl —o.

By Theorem 34, it follows that system (102) has at least one
positive w-periodic solution. The proof of Theorem 38 is
complete. O

Remark 39. We apply the main results obtained in the
previous sections to study some examples which have some
biological implications. A very basic and important ecological
problem associated with the study of population is that of
the existence of positive periodic solutions which play the
role played by the equilibrium of the autonomous models
and means that the species is in an equilibrium state. From
Theorems 36 and 38, we see that under the appropriate
conditions, the impulsive perturbations do not affect the
existence of periodic solution of the systems.

Conflict of Interests

The author declares that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

The research is supported by NSF of China (nos. 11161015,
11371367, and 11361012), PSF of China (nos. 2012M512162 and
2013T60934), NSF of Hunan Province (nos. 11JJ900, 12]JJ9001,
and 13]J4098), the Education Foundation of Hunan province
(nos. 12C0541, 12C0361, and 13C084), and the Construct
Program of the Key Discipline in Hunan Province.

References

[1] V. Lakshmikantham, D. D. Bainov, and P. S. Simeonov, Theory
of Impulsive Differential Equations, World Scientific, Singapore,
1989.

[2] D. D. Bainov and P. S. Simeonov, Impulsive Differential Equa-
tions: Periodic Solutions and Applications, Longman Scientific
and Technical, London, UK, 1993.

[3] A. M. Samoikleno and N. A. Perestyuk, Impulsive Differential
Equations, World Scientific, Singapore, 1995.

[4] S.T.Zavalishchin and A. N. Sesekin, Dynamic Impulse Systems,
Kluwer Academic Publishers, Dordrecht, The Netherlands,
1997.

[5] D. Q. Jiang and J. J. Wei, “Existence of positive periodic solu-
tions for nonautonomous delay differential equations,” Chinese
Annals of Mathematics A, vol. 20, no. 6, pp. 715-720, 1999
(Chinese).

[6] A. M. Zhao, W. P. Yan, and J. R. Yan, “Existence of positive
periodic solution for an impulsive delay differential equation,”
in Topological Methods, Variational Methods and Their Applica-
tions, pp. 269-274, World Scientific, London, UK, 2002.

[7] H.-E. Huo, W.-T. Li, and X. Liu, “Existence and global attractivity
of positive periodic solution of an impulsive delay differential
equation,” Applicable Analysis, vol. 83, no. 12, pp. 1279-1290,
2004.

13

[8] X. Y. Zhang, J. R. Yan, and A. P. Zhao, “Existence of positive
periodic solutions for an impulsive differential equation,” Non-
linear Analysis: Theory, Methods & Applications, vol. 68, no. 10,
pp. 3209-3216, 2008.

[9] J. R. Yan, “Existence of positive periodic solutions of impulsive
functional differential equations with two parameters,” Journal
of Mathematical Analysis and Applications, vol. 327, no. 2, pp.
854-868, 2007.

[10] Z.]. Zeng, L. Bi, and M. Fan, “Existence of multiple positive
periodic solutions for functional differential equations,” Journal
of Mathematical Analysis and Applications, vol. 325, no. 2, pp.
1378-1389, 2007.

[11] J.R.Yan, “Global attractivity for impulsive population dynamics
with delay arguments,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 71, no. 11, pp. 5417-5426, 2009.

[12] G. Ballinger and X. Z. Liu, “Existence, uniqueness and bound-
edness results for impulsive delay differential equations,” Appli-
cable Analysis, vol. 74, no. 1-2, pp. 71-93, 2000.

[13] D. Lin, X. D. Li, and D. O’Regan, “Stability analysis of general-
ized impulsive functional differential equations,” Mathematical
and Computer Modelling, vol. 55, no. 5-6, pp. 1682-1690, 2012.

[14] Z.G. Luo, L. P. Luo, and Y. H. Zeng, “Positive periodic solutions
for impulsive functional differential equations with infinite
delay and two parameters,” Journal of Applied Mathematics, vol.
2014, Article ID 751612, 17 pages, 2014.

(15] X. D. Li and X. L. Fu, “On the global exponential stability of
impulsive functional differential equations with infinite delays
or finite delays,” Communications in Nonlinear Science and
Numerical Simulation, vol. 19, no. 3, pp. 442-447, 2014.

[16] Z. G. Luo, B. X. Dai, and Q. H. Zhang, “Existence of posi-
tive periodic solutions for an impulsive semi-ratio-dependent
predator-prey model with dispersion and time delays,” Applied
Mathematics and Computation, vol. 215, no. 9, pp. 3390-3398,
2010.

(17] X. Q. Ding, C. W. Wang, and P. Chen, “Permanence for a two-
species Gause-type ratio-dependent predator-prey system with
time delay in a two-patch environment,” Applied Mathematics
and Computation, vol. 219, no. 17, pp. 9099-9105, 2013.

[18] J. R. Yan and A. M. Zhao, “Oscillation and stability of linear
impulsive delay differential equations,” Journal of Mathematical
Analysis and Applications, vol. 227, no. 1, pp. 187-194, 1998.

[19] D.]J. Guo, Nonlinear Functional Analysis, ShanDong Science and
Technology Press, Jinan, China, 2001.

[20] M. A. Krasnoselskii, Positive Solution of Operator Equation, P.
Noordhoff, Groningen, The Netherlands, 1964.

[21] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin,
Germany, 1985.

[22] D. J. Guo and V. Lakshmikantham, Nonlinear Problems in
Abstract Cones, Academic Press, Orlando, Fla, USA, 1988.



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




