brought to you by .{ CORE

View metadata, citation and similar papers at core.ac.uk

provided by Crossref

Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 158436, 7 pages
http://dx.doi.org/10.1155/2014/158436

Hindawi

Research Article

Existence of Positive Solutions to Nonlinear Fractional
Boundary Value Problem with Changing Sign Nonlinearity and
Advanced Arguments

Zhaocai Hao and Yubo Huang

School of Mathematical Sciences, Qufu Normal University, Qufu, Shandong 273165, China
Correspondence should be addressed to Zhaocai Hao; zchjal@163.com

Received 24 March 2014; Accepted 19 June 2014; Published 9 July 2014

Academic Editor: Xinguang Zhang

Copyright © 2014 Z. Hao and Y. Huang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We discuss the existence of positive solutions to a class of fractional boundary value problem with changing sign nonlinearity and
advanced arguments D*x(t) + ph(t) f(x(a(?))) = 0,t € (0,1),2 < a < 3,1 > 0,x(0) = x'(0) = 0,x(1) = Bx(y) + Alx], 3 >
0,and 77 € (0, 1), where D" is the standard Riemann-Liouville derivative, f : [0,00) — [0, c0) is continuous, f(0) > 0,k :
[0,1] — (—00,+00), and a(t) is the advanced argument. Our analysis relies on a nonlinear alternative of Leray-Schauder type. An

example is given to illustrate our results.

1. Introduction

Fractional differential equations (FDEs) have been of great
interest for the past three decades. It is caused both by the
intensive development of the theory of fractional calculus
itself and by the applications of such constructions in the
modeling of many phenomena in various fields of science
and engineering. Indeed, we can find numerous applications
in viscoelasticity, electrochemistry, control, porous media,
and so forth (see [1, 2]). Therefore, the theory of FDEs has
been developed very quickly. There has been a significant
development in fractional differential equations in recent
years; see [1-30].

In [5], the author studied existence of positive solutions
in case of the nonlinear fractional differential equation as
follows:

Du=XAa(t) f(u), 0<t<l,
€]

u(0) =0,

where 0 < s < 1, D’ is the standard Riemann-Liouville
fractional derivative, f : [0,00) — [0,00) is continuous,

and a : [0,1] — R. In [10], the author applied the Avery-
Peterson fixed point theorem to obtain sufficient conditions of
the existence of multiple solutions to the following problem:

O +h@) f(x(@®) =0, te(0,1),
x(0) =x"(0) =0, (2)
x()=Px(n)+A[x], B>0,ne(01),

where f : [0,00) — [0,00) is continuous and h(t) is a
nonnegative continuous function defined on [0, 1].
Motivated by [5, 10], in this paper, we consider the
existence of positive solution of the following boundary value
problem for nonlinear fractional differential equation with
changing sign nonlinearity and advanced arguments:

D (t) + ph (t) f (x (a (1)) =0,

te(0,1), 2<a<3, u>o0,
, 3)
x(0) =x (0) =0,
x(1)=Bx(n)+A[x], B>0,n€(0,1),

where A denotes a linear functional on C[0, 1] given by A[x] =

jol x(t)dA(t) involving a Stieltjes integral with a suitable
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function A of bounded variation. It is important to indicate
that we did not assume that A[x] is positive to all positive x.
The measure dA can be a signed measure.

Put J = [0, 1]; let us introduce the following assumptions:

(H;) f:10,00) — [0,00) is continuous, and f(0) > 0;

(Hy)) aeC(],]),and t < a(t) on J;

(H;) h : [0,1] — (—00,+00) may change sign; h is not
identically zero on any subinterval on J;

(H,) 0 < B + Alp] < 1, where p(t) = t*".

2. Basic Definitions and Preliminaries

In this section, we present some preliminaries and lemmas
that are useful to the proof of our main results. For con-
venience, we also present the necessary definitions from
fractional calculus theory here. These definitions can be
found in the recent literature.

Definition 1. The fractional integral of order « > 0 of a
function x : (0, +0c0) — Ris given by

1 ! 1
Ipx(t) = — | (t—-9" x(t)ds, 4
k0= s | -9 w0 ds )
provided that the right-hand side is pointwise defined on
(0, +00).

Definition 2. The fractional derivative of order &« > 0 of a
continuous function x : (0,+00) — R is given by

i t)
I'(n—oa)\dt

where n = [«] +1 and [«] denotes the integral part of number
«, provided that the right-hand side is pointwise defined on
(0, +00).

D§. x(t) = Jt t-9""'x@t)ds, (5)

0

Lemma 3. Let o > 0,x € C(0,1) N L(0, 1); then
DS x(t)=xt) +t* +ot P+t gt (6)

where ¢, € R(i = 1,2,...
greater than or equal to «.

,n), n being the smallest integer

Consider the following boundary value problem:

Dx(t)+y(t)=0, te(0,1),2<a<3,

x(0) = x"(0) =0, 7)

x()=Px(n)+A[x], B>0, ne(01).

Lemma 4. Assume that fr* ' #1 and y € C(J,R); then
problem (7) has the unique solution given by the following
formula:

~ ta—l ﬁtvc—l 1
x(t) = TGt B Alx] + T gt B L k(n,s) y(s)ds o

1
+ J k(t,s) y(s)ds,
0
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where
1 [ra-se, 0<t<s<l,
k) = T («) {[t(l—S)]"“1 —(t-s)*"' 0<s<t<l
9

Theorem 5. Let X be a Banach space with C ¢ X closed and
convex. Assume that U is a relatively open subset of C with 0 €
Cand A:U — C is a continuous, compact map. Then either
(i) A has a fixed point in U or
(ii) there exist u € oU and t € (0, 1) with u = TAu.

3. Existence of Positive Solutions

Let us denote by X = CJ[0,1] the Banach space of all
continuous real functions on [0, 1] endowed with the sup
norm and let K be the cone:

K={xe X, x()>0,te]}. (10)

Lemma 6. Let assumptions (H,)-(H,) hold. Moreover, we
assume that assumptions (Hs)-(Hg) hold with
(Hy) [[dA®) = 0, [ *dAR) >

[ k(t, 9dA®) = 0,

(Hg) h : [0,1] — (—00,+00) is continuous, h(0) # 0, and
there is o > 1 such that

0 and k(s) =

a—1 1 1
At_—p <% L k(n,s)h* (s)ds + L x(s)h* (s) ds>

a—1
ﬁtA Jlk(r],s)h+ (s)ds

0

1
+J k(t, s)h' (s)ds +
0

a-1
o[ e L o)

1

a—1
+le(t,s)h_ (s)ds + ﬁtA J

0

k(n,s)h (s) ds] ,

(11)
where A = 1 - B p = Alpl,h'(t) = max{0,
h(t)} and h™(t) = max{0,-h(t)}. Then, for every 0 <

0 < 1, there exists a positive number pi such that, for 0 < y < g,
the nonlinear fractional differential equation,

Dx(t) +uh* (1) f (x (a (1)) = 0,

t€(0,1), 2<a<3 u>0,
(12)
x(0) = x' (0) = 0,
x()=Px(n)+A[x], B>0,ne(01),
has a positive solution Xy with ||EH|| — O0asyu — Oand
X, (1) > udf (0)m (1), (13)
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where

m(t) = A—p (ﬁPJ k(n,s)h" (s)ds + LIK(S)hJr (s)ds)

+

a—1 1 1
ﬁtA Ik(ﬂ,s)h ds+J- k() H* (s) ds.

(14)

Proof. It is easy to know from (9), (H;), and (H,) that m(t) >
0, t € (0,1]. By Lemma 4, (12) has a unique solution in X:

tot—l

1=t

/jttxfl 1
';EFkawﬂwwfumwnm(m

x(t) = Alx]

+

1
+u L k(t,s)h" (s) f (x(a(s)))ds.

For x € C(J, R,), we define two operators T and S by

a—1
Tx () = tT/\ [x] + uFx (8),
a-1 (16)
Sx (t) = — Py/\ [Fx] + uFx (t),
where
a—1 1
Fr© = B [ k91 ) f caom s
j k(69 () f (x(a(s) ds,
(17)

AEx] = B2 j k(1) B (3) f (x (a () ds

1
+ L k(s) k' (s) f(x(a(s)))ds.

It is easy to show that T : K — KandS: K — K are
completely continuous. We claim that operators T' and S have
the same fixed points in K. In fact, let x = Sx; then
A
Alx] = ALiPMA [Fx] + [P = 2 h [Fx]. 9
So

a-1

- Ppt/\ [Fx] + uFx (t)

x(t)=Sx(t) =
(19)

a—1

Alx] + uFx (t) = Tx (f).

Let x = Tx; then A[x] = (p/A)A[x] + puA[Fx]. So A[x] =
(A/(A - p))uA[Fx], and hence

a—1

x(t) = Tx (t) = — A [x] + uPx (¢)

et (20)

= A py)t [Fx] + uFx (t)

=8Sx(t).

This shows that fixed points of S are solutions of (12). We
will apply the nonlinear alternative of Leray-Schauder type
to prove that S has at least one fixed point for small y.

Let € > 0 be such that

f(x(a()=28f(0), 0<x(a(t)<e Vtel0,1].

(21)

Suppose that 0 < i < ¢/2lmIf(e) = i where F(1) =
maxy, f(s); then

fAxl) = max

0<|x(a(®))|<|lx]l

fx(a(), Vielo,1]. (22)

Since lim, _, (7(t)/t) = +00, 7(6)/6 < 1/2ullm], there exists
aunique R, € (0, €) such that

?(RM) 1

R, 2ulml’

(23)

Let x € K and 7 € (0,1) be such that x = 7Sx. We claim
that [lx[| # R,,. In fact,

x (t)

a—1
e (% J K(ms) k' (9) f (x(a () ds

1
+ J k(s) k" (s) f(x(a(s)) ds)
0

a—1 1
+ Ty(ﬁtA L k(n,s)h" (s) f (x(a(s)))ds

1
+ L k(t,s)h" (s) f (x(a(s))) ds)

a—1

A, (D)

IN

x <Ll k(. s) 1" (s) ds + Ll K (s) i (5) ds)

+uf (Ixll)

a—1
x <ﬁtA JOI k(n,s)h" (s)ds + JOI k(t,s)h" (s) ds)

= pf (Ixl)m @) < f (lxl)) I
(24)

That is, ?(IIxII)/IIxII > 1/ullml, which implies that [|x|| # R,,.
LetU = {x € K : |x] < Rﬂ}. By Theorem 5, S has a fixed

point X, € U. Moreover, combining (21) with the expression
of operator S, we obtain that

X, (1) > udf (0)m (1),

Hence (12) has a positive solution x ,(t). Note that R, - 0
as yu — 0; we get that IIEFII — Oasy — 0. O

vVt € (0,1]. (25)



Theorem 7. Suppose that (H;)-(H,) hold. Then there exists a
positive number yu* > 0 such that (3) has at least one positive
solution for p € (0, u").

Proof. Let

@)= 31— <ﬁ”J k(. s) ™ (s)ds+J01K(s)h* (s)ds)

+

gttt - ! -
n L k(n,s)h (s)ds+ L k(t,s)h™ (s)ds.

(26)
Then w(t) > 0 for each t € (0, 1]. We have m(t) > ow(t), o >

1. Choose ¢ € (0, 1) such that oc > 1. There is b > 0 such that
f(x(a(t))) < ocf(0) for x € [0, b]; then

w(t) f(x(a(t) <cm(t) f(0) forte(0,1], x€[0,b].

(27)
Fix § € (¢, 1), and let ¢* > 0 be such that
%]+ of @ lml b, we(ou),  @8)
where X, is given by Lemma 6, and
|f (1 (@®) = f (2 (@ ®)] < (29)

for xy, x, € [0,b] with |x; — x,| < "8 (0)[m].
Let u € (0,u"). We look for a solution x,, of the form
X, + v, where X, is the solution of (12), given by Lemma 6.

Thus v, solves the following equation:

D, = uh* () (f{ - f,) —uh™ ) f,
v, (0) = v; (0) =0, (30)
v, (1) = By, (1) + A [v#] ,

where f{ = f(X,(a(t)) + v,(a®))), f, = f(x,(a®))).
Now, we need to prove the existence of v,. Consider the
following equation:

DV—P‘h ( fz) ph (t) f1,
v(0) =+ (0) =0, (31)

v(1)=pv(n) +A[v],

where

h=f(F@m+v@w),  fi=f(Z@0).

(32)
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Obviously, (31) is equivalent to the operator equation:
Sv(t)
-1 1
S (3 L v

+ Jol k()R () (f; - f») ds)

he)

s)h' () (fy

- f,)ds

+#<ﬁtz_ Lk(n, s)h" (s) (fy - fo)ds

1
+L k(6 s) () (f, fz)ds> )
A p#(ﬂpj k(n,s)h™ (s) fids

+ Jol k(s)h (s) flds>

a—1 1
—u(ﬁtA L k(n,s)h™ (s) fds

1
+J k() h™ (s) flds).
0

It is easy to show that operator S : X — X is completely
continuous. Let v € X and 7 € (0, 1) such that v = 7Sv. That
is,

v (t)

i Tta_;lm (/3_,) J k(1) B () (fy - fo) ds

A - A

J k(s)h" (s)(fy fz)ds>

+ ru(ﬁtz Ll k(n,8)h" () (fy = f,) ds
+ Ll k(t,s)h" (s) (fi - f) dS) (34)

- Py(ﬂ”j K1) (5) fuds

+ Ll k(s)h (s) f ds)

ARk -
—m(ﬁA L k(n,s)h (s) fds

1
+J. k(t,s)h (s) flds).
0



Abstract and Applied Analysis

We claim that [|v]| # u8f (0)[ml|. Suppose on the contrary that

vl = udf (0)llm]l. Then, by (28) and (29), we get

%, +v] <[] + vl <,
(35)
|f1 - f2| <

From (27), we get
w(t) f(x(@®)) <cm(t) f(0), te(0,1]. (36)
Using (34)-(36), for each t € (0, 1], we obtain that

lv(®)l

IN
D |
| Q

|

A
/N
>|’®

[ k) @)1y il

1
+J0 k& O |f; —f2|ds>

e B [ kwom 015~ sl
J k(s (5)|fy —f2|ds)
+A p#(ﬁpj k(n,s)h (s) fids

+ L k(s)h (s) flds>

A .
+;4</3A Lk(n,s)h (s) frds

1
+j k(Ls) ™ (s) flds>
0

a—1

<ﬁ‘DJ k(n, )h+(s)ds+J K(s)h+(s)ds>
(ﬁta : J k(n,s)h" (s)ds

1
+I k(t s) k't (s) ds)
0

a-1

— 1
+ A_/ﬂf@)(% L k(n,s)h™ (s)ds

+ Ll k(s)h (s) ds)

5
_ ﬁta_l 1 ~
+Mf(b)< A L k(n,s)h (s)ds
1
+ J k(t,s)h (s) ds>
0
d-c —
= uf () —=m(®) +uf G)w ()
< 1f © S5m0 + uef ©)m (@)
= uf (0) %m ).
(37)
In particular,
M < f O Sl < af @bl (38)

which is a contradiction. And so the claim is proved. Let U =
{x e X: x|l < udf(0)|lm|}. By Theorem 5, S has a fixed point
v, € U. Consequently, v, Il < udf(0)llml. This proves that
there exists v, this is the solution of (30). Hence Vy satisfies
(37) and Lemma 6; then we get

8 +c
X, (6) 2 %, (1) = |v, (1)) = uf (0)m (t) - uf (0) ——m (t)
= uf (0) Tm(f) > 0;

(39)
that is, x, is a positive solution of (3). So the proof of
Theorem 7 is complete. O
4. An Example

In this section, we give an example to illustrate the result
of this paper. Consider the following nonlinear fractional
differential equation:

D5/2x(t) —y<;—l - t> (x(4) (\/Z) + sinzx(\/Z) + %) =0,

x(0) = x' (0) =

1 /1 !
x(1) = 5x<5>+L x(£) (3t — 1) dt.
(40)

Let f(x(a(t))) = x™(VE) + sin’x(\/E) + 1/10,a(t) = Vi
and h(t) = 4/5—t. Obviously, all assumptions (H;)-(H ;) hold.
In the following, we will verify that assumptions (H,)-(Hy)
hold also.

(i) It is obvious that

1
B+ A[p] = By +J 7 (3t = V) dt =
0
L2l 116
ala+1) 442 35

(41)

implies (H,).



(ii) By direct calculation, we have

! 1 Lo 16
3t—1)dt = =, T (Bt-1)dt = —,
Jo( ) 2 Jo ( ) 35

1
Kk(s) = L k(t,s)(3t—1)dt

(42)
_ 1 _ a—1 _
= —“(“+1)(1 ) s(3s+ 20— 4)

4
g(l - 5)3/25 (3s+1) =0,

so assumption (Hj) holds.

(iii) Finally, we check assumption (H). It means that
there exists € > 0 such that m(t) > (1 + €)w(t),t € (0,1].
Note that

4 4
——t, 0<t< -,
h* (t) = max{0,h ()} = { > 4 >
0, -<t<,
5
(43)
4
0, 0<t< -,
h™ (t) = max {0, —h ()} = 4 4 5
t——, —-<t<1.
5 5

We now verify that there exists €; > 0 such that

! Bp jl .
—— | k(n,s)h" (s)d
Ap A ), (n,s)h" (s)ds
ta—l ,BP 1 B .
>(1+¢) Ap A L k(n,s)h™ (s)ds, te(0,1];
(44)
that is,
1 1
J (Ls) (z—l —s)ds > € J k(l,s> <s— é)ds,
0 2 5 4/5 2 5 (45)
te(0,1].
By simple calculation, we get
1
J k<l,s> (4—1 —s)ds = ﬂi,
0 2 5 700
(46)

! 1 4 2
e(he) (5= Has- —2
J-4/5 2 5 7 x 5% x V10
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Setting €, € (0, (13 x 5% x \/5)/4), then inequality (44) holds.
Similarly, there exists €,, €5, €, > 0 such that

a1 1
At—p L k(s) k' (s)ds

>(1+¢,)

a—1
At Prx(s)h_(s)ds, te(0,1],
- 0

ﬁttx—l
A

Jl k(n,s)h" (s)ds
’ (47)

a—1
2(1+e3)ﬁtA Jlk(q,s)h_(s)ds, te(0,1],

0

Jl k(t s)h' (s)ds

0
1
> (1+e4)J k(t,s)h (s)ds, te(0,1].
0

Let € = min{e, €,, €5, €,}. By (44)-(47), we obtain that there
exists € > 0 such that

m@)>1+e)w(), te(0,1]. (48)

Thus assumption (Hg) holds. By applying Theorem 7, we
know that there exists a number y* > 0 such that (40) has
at least one positive solution for y € (0, u™).
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