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1. Introduction

In last 30 years, the theory of ordinary differential equations of fractional order has become
a new important branch (see, e.g., [1-5] and the references therein). Numerous applications
of such equations have been presented [3-10]. Existence of positive solution of fractional
ordinary differential equations has been well investigated for fractional functional differential
equations [1, 6, 11-14]. Ye et al. [6] have addressed the question of existence of positive
solutions for the nonlinear fractional functional differential equation

D[x(t) = x(0)] = x(t) f(t,x;), te€(0,T], a1
x(t) = ¢(t) >0, te[-w,0], ’

by using the sub- and supersolution method, where 0 < & < 1, D* is the standard Riemann-
Liouville fractional derivative, ¢ € C and f : [0,T] x C — R* is continuous, as usual,
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C = C([-w, 0], R*) is the space of continuous function from [-w, 0] to R*, w > 0, equipped
with the sup norm:

¢]l = max |p(t)], (1.2)

~w<O<0
and x; denotes the function in C defined by

x(0) =x(t+6), -w<0O<O0. (1.3)

They require that the nonlinearity f (¢, x;) is increasing in x; for each t € [0, T].

As a pursuit of this in the present paper, we deal with the existence of positive
solutions in the case of multiterm differential equations with polynomial coefficients of the
fractional type:

L(D)[x(t) =x(0)] = f(t,x:), te(0,T],

(1.4)
x(t) =¢(t) >0, te[-w,0],
where
n-1 Nj
£L(D)=D* =3 pi(t)D™, O0<m<---<ay<l, p;(t) = D aut",
j=1 k=0 (1 5)

N.
p" ()20, pP V) <o, m:O,l,...,[T’],j=1,2,...,n—1,

and D% is the standard Riemann-Liouville fractional derivative, T > 0, w > 0, ¢ € C =
C([-w,0],R*) and f : I x C — R" is a given continuous function, I = [0, T].

2. Preliminaties

Let E be a real Banach space with a cone K. K introduces a partial order < in E in the following
manner [13]:
x<y ify-xek. (2.1)

Definition 2.1 (see [15]). For x,y € E the order interval (x, y) is defined as

(x,y)={zeE:x<z<y}. (2.2)
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Definition 2.2 (see [15]). A cone K is called normal, if there exists a positive constant r such
that f,g € Kand 8 < f < g implies || f|| < r||gll, where & denotes the zero element of K.

Definition 2.3 (see [16, 17]). Let f : [a,b] — R, and f € L![a,b]. The left-sided Riemann-
Liouville fractional integral of f of order a is defined as

I9f(x) = r(x -H*f(t)dt, a>0, x€[a,b]. (2.3)

1
T(a)),

Definition 2.4 (see [16, 17]). The left-sided Riemann-Liouville fractional derivative of a
function f : [a,b] — R is defined as

Dif(x)=D™[I"*f(x)], x¢€[ab], (2.4)

where m = [a]+1, D™ = d™/dt"™. We denote D by D* and Ijj by I”. If the fractional derivative
D4 f (x) is integrable, then [16, page 71]

I"‘(Dﬂf(x)> =I5Pf(x )—[11 Pfix )] T 0O<p<a<l. (2.5)

If f is continuous on [a, b], then [I;fﬂf(x)]x:a =0 and (2.5) reduces to

13<D§f(x)) =I5Pf(x), 0<p<a<l. (2.6)

Proposition 2.5. Let y be continuous on [0,T], T > 0 and let n be a nonnegative integer, then

24
I*("x(t)) = k_< >[Dkt"] |1+ (p)] = Z< > o= k)|I“+kx(t) 2.7)

where

-a _ kr(a+l) _ 1k o _ T(l—tx)
<k> =D k'T(a) =D <k> T T(k+D)I(A-a-k) 28

The proof of the above proposition can be found in [17, page 53].
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Corollary 2.6. Let x € C[0,T], T > 0 and p;(t) = ZkN:jo ajktk, N; eNuU{0},j=1,2,...,n,then

r

B n Nk —a\ kltkr
I“ <Zp7(t)x(t)> = ZZ ajk< >m[1u+rx(t)]‘

(2.9)

Theorem 2.7 (see [10]). Let E be a Banach space with C C E closed and convex. Assume that U
is a relatively open subset of C with 0 € U and F : U — C is a continuous and compact map.

Then either

(1) F has a fixed point in U, or

(2) there exists u € oU and A € (0,1) with u = AF (u).

3. Existence of Positive Solution

In this section, we discuss the existence of positive solutions for (1.4). Using (2.5), (2.6), and

Corollary 2.6, (1.4) is equivalent to the integral equation

{x(O) +0[x(t) = x(0)] + I* f(t,x;), t€(0,T],
x(t) =

o(t), t e [-w,0],

where

Lety(:) : [-w,T] — [0, +o0) be the function defined by

$(0), tel,
y(t) = {
P(t) >0, te[-w,0],

then yo = ¢, for each z € C(I, R) with z(0) = 0, we denote by z the function define by

{z(t), tel,
zZ(t) =
0, t € [-w,0].

(3.1)

(3.2)

(3.3)

(3.4)
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We can decompose x(-) as x(t) = z(t) + y(t), t € [-w, T], which implies x; = Z; + y;, for t € I.
Therefore, (3.1) is equivalent to the integral equation

z(t) =0z(t) + I f(t,z + 1), te, (3.5)

where I is defined (3.2). Set Ay = {z € C(I,R) : zo = 0} and let ||z||r be the seminorm in Ay
defined by

Izllr = llzoll + llzll = Izl == sup{|z(t)| : t € I}, z € Ay, (3.6)

and Ay is a Banach space with norm || - ||7. Let K be a cone of Ay, K = {z € Ay; z(t) >0, t € I}
and

K* = {x e C([~w,T],R"); x(t) = ¢(t) >0, t € [~w,0]}. (37)

Define the operator F : K — K by

Fz(t) =0z(t) + I f(t,zy + ), tel (3.8)

Theorem 3.1. Suppose that the following conditions hold:

(1) there exist p,q € C(I,R") such that f(t,x;) < p(t) + q(t)||x:l|, for t € I, x; € C, and
1% pll = supyeior I p(t) < oo, [I7ql| = sup,c(o ) I*g(t) < oo,

(2) 1-2(T) — | I*q|| > 0, where

n-1 Nj & —-a,, k'Ta"_a”’f+k
I(T) = ai : . (3.9)
;Z:;k:o% ! < r > (k=r)T(an —anj+71)
Then (1.4) has at least a positive solution x* € K*, satisfying ||x*|| < max{||@||, h}, where
A I%ng|| + A|[ T
L Mllral = 2] 10

1-A0(T) - A||Ianq
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Proof. We will show that the operator F : K — K is continuous and completely continuous.
Step 1. The operator F : K — K is continuous in view of the continuity of f.

Step 2. F maps bounded sets into bounded sets in K.

Let G C K be bounded; that is, there exists a positive constant I such that ||z||r < I, for
all z € G. For each z € G, we have

z

-1

k —Qp k tk T +
|Fz(t)| < > lajk Y 197z ()| + T f (4, Z + i)

j r=0

N

IN
—_
T
[}

3
L
z

Mx—

-y, k! pon—an-j+k (3.11)
4 + I f(t,zZ +
a]k< > (k =)'T(atn —anj +7) ACERSD)

-
Il
—_
T
o
S
Il
o

<IO(T) + I {p(t) + q(t) |2z + ¢ ||}

where J(T) is defined in (3.9). It follows that

IFzlly < 10(T) + || I*p

| +1][1™q

|+ 1o 1%q]|- (3.12)

Hence FG is bounded.
Step 3. F maps bounded sets into equicontinuous sets of K.

We will show that FG is equicontinuous. For each z € G, t1,t, € I and t; < t,, then for
given € > 0, choose

. GC(j, k, T) 1/ (an—ay_j+1) [ el“((xn + 1) ]1/an
6= —_— , , 3.13
“““{ =] e+ Jall T+ 1)) o

wherej:1,2,...,n—1,k:0,1,...,N]~,r:0,1,...,k,

(k_r)! F(an_an—]'+1’+1)
S (N + 1) (N; +2) |ajk <—a>| k! (3.14)

Cikr) =
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and 7 = max{1, TN, j=12,...,n=-1}.If |t - t;| <6,

|[Fz(t1) - Fz(t2)]

n-1 N/
(t1 — 5) ™ "1z (5)ds

zk: 'aik<7:n>|k!t1k_r t

S k-rT(an—anj+1)J)o

Ek: |£1jk<_:ln ) |k!t2k_r t

_j:1 S k-rT(ap—anj+1))o

n-1 Nj
(tr — 8)™ %" 12 (5)ds

t] t2
f (t - s)“”_lf(s, Zs+Ys)ds— | (ta— s)“"_lf(s, Zs +Ys)ds
0

< Zli > Jaie (77 ) it~ "t - 9y 2(s)ds

(k=r)T(ay—anj+1))o

=
Il
—_
i}
S}
=
I
S

k't k-t t

_Z Z i |afk<_rn ) (tl _ S)anfa,,_ﬁr—lz(s)ds

=1 k=0 r=0 (k- r)!F(cxn —On-j + r) 0

'a]k< >|k't2k r t

Fia k- (an—an+7) ),

t 1)
+ Mlj { ) [(t2 —s)™ (- s)“"_l]ds + L (tr — s)“"_lds}

KITk"

(t2 = 8)™ =" z(s)|ds

s )

x f {(fz _ S)a,,—u,,,]-+r—1 _ (tl _ S)a,,—a,,,ﬁr—l }dS
0

||P||+||q||(1+||¢||){ e Jar- et }
IO [(2 5) (t - ]ds+ftl(t2 5)™1ds

['(ay)

o (53 ) [kttt = 0" o(pl + flall 0+ 191 2 - 1)
(k=r)T(ay—anj+r+1) I'(a, +1)

N
,_.

L M
TM 2
MW‘

k=0 r=0

2*””§|%<r> 05 (Ul + < lD)s"
j=1 k=0 r= ( - r)!r(“n - “n—j +r+ 1) T(an + 1)

< E + E =

=3 2—€.

(3.15)
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Hence FG is equicontiuous. The Arzela-Ascoli theorem implies that F(G) is compact and
F : K — K is continuous and completely continuous.

Step 4. We now show that there exists an open set U C K with z#AF(z) for A € (0,1) and
z € 0U. Let z € K be any solution of z = AFz, A € (0,1), where F is given by (3.8); since
F : K — K is continuous and completely continuous, we have

z(t) = AFz(t)

n-1 Nj &k -a, 1pk—r
A5 a,-k< > k!t
j=1 k=0 r=0 r )| (k=) (an - anj+7)
t .)L t
x J (t = 5)™ % 2(5)ds + ——— f (t—35)"""f(s,Zs + ys)ds
0 L(an) Jo
(3.16)
S A [EIL f
<A a; : J‘ (t = 5)™ -t gg
Lo 4 _
+ (@) fo(t—s) [p(s) +q(s)||Zs + vs||] ds
< M|1zlI2(T) + |||l 1% g(t) + || || I g(t) + I*p(t) }.
So
1l (1 = A2(T) = Af[T*p]|) < A[[@[[[| T g]| + ][ 1P| (3.17)
Now, by (3.10) and (3.17), we know that any solution z of (3.8) satisfies ||z|| # h; let
U={zeK; |z| <h}. (3.18)

Therefore, Theorem 2.7 guarantees that (3.1) has at least a positive solution z € U. Hence,
(1.4) has at least a positive solution x* € K*, satisfying ||x*|| < max{||¢||, h} and the proof is

lete.
complete 0

Note that we can complete the above mentioned procedure by using only the
continuity of f without condition (1), but with our procedure and details of condition (1)
in Theorem 3.1 answers all the questions exist in the following remark.

Remark 3.2. When f is continuous on (0, T]xC, lim;_, ¢+ f(£,-) = +oo, (i.e., f is singular att = 0)
in (1.4). Suppose Jo € (0, a,], such that t° f (£, x;) is a continuous function on [0, T] x C, then
I f(t, x¢) = 147919 f (¢, x4) is continuous on I x C by Lemma 2.1 in [12, page 613]. We also
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obtain results about the existence to (1.4) by using a nonlinear alternative of Leray-Schauder
type. The proof is similar to that of Theorem 3.1 as long as we let

(1) t9f (t,x) < p(t) + q(t)||xe]|, fort € I, x; € C, and || [+ °p|| < oo, ||I*t7¢g]|| < oo,

(2) 1-0(T) - || I*t°¢g|| > 0, then (1.4) has at least a positive solution x* € K*, satisfying
llx*|| < max{ligll, h}, where

o = APl + Mgl eeql
1-00(T) - A||[I=toq]|

1. (3.19)
4. Unique Existence of Solution
In this section, we will give uniqueness of positive solution to (1.4).

Theorem 4.1. Let f : [ x C — R* be continuous and A € L' ([0, T],R*) with ||I*"\|| < co. Further
assume

(1) |f(trﬁt + yt) - f(t/?]t + ]/t)| < -)‘(t)”at _7_]t||/f0r all u,vekK, te [Or T]/
(ii) O(T) + |1 A|| < 1.
Then (1.4) has unique solution which is positive, where D(T') is given in (3.9).
Proof. Let u,v € K. Then we obtain
n-1 Nj &k |a]~k<_a" ) |k!tk7r
_ < r Q=i +1 _
Fut) ~Fod] < 3,3, 51—y 1" lutt) ~o()

+ I

ftu+y+t) - f(Lo+y)|

n-1 Nj &k |a]-k<_:‘"> K pon—an-j+k (4.1)
< = ollr Z 2.2, (k=1)T(ay — an_j+r+1) 1A

. _UHT{nZ_l N; i |ajk<_r">|k!Ttxn—un—j+k +Ianj\(t)},

S k-nT(an—an;j+r+1)

where F is given in (3.8). Hence,

[Fu = Folp < (O(T) + [[I*AlD[[u =0l (4.2)

In view of Banach fixed point theorem F has unique fixed point in K, which is the unique
positive solution of (2.7) and (1.4) has a unique positive solution in K*. O
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Remark 4.2. When A(t) = L > 0, then condition (i) reduces to the Lipschitz condition.

Example 4.3. Let A(t) = L > 0 and f(t,x;) = Lx; + ¢’ = Lx(t — w) + €', w > 0. Consider the
equation

(Dl/2 — a*DV* — btDV/6 - cD“S)x = Lx(t-w)+e!, te(0,64],
(4.3)
x(t) =0, te[-w,0].

Then (4.3) is equivalent to the integral equation,

3 Nj k 1 -r
x(t) =3 N ap <‘§> (I;!t_kr)'ll/z“"““x(t) + V2 (Lx(t - w) +€'). (4.4)
=1 :

j=1 k=0 r=0 r

Here a3 = 1/2, p1(t) = Zi:o atc = at?, then Ny = 2, a9 = a1 = 0, app = a, pa(t) =
Zi:o axyt =bt, then N, =1, apo =0, ap; = b and ps(t) = 2220 ast* = ¢, then N3 =0, as = c.
Hence

x(t) = an| "2 )1V Vix v an | T2 )24y [ T2 ) 1/er/an
vap | 2 JAIVEVix 2 2 JHVEVARIx 4o 2 ) IVEVA2,
van( T2 V1V Vox gy [ (T2 Ve ex s (T2 ) 1/21/eny

1
+ az <_§> IV V8% 4 LIV2x(t — w) + V2.

(4.5)

0
In view of (2.8) and thatT'(1/2) = /o, ['(-1/2) = -2+/r and T'(-3/4) = 4+/7r /3 we obtain

x(t) =a [t211/4x(t) —tI%4x(t) + 219/4x(t)]
(4.6)
+b

1
1+ HIY3x(t) - EI‘”“”x(t)] +cI¥® + LIV ?x(t - w) + I'/?€".
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If la| < 3/5,|b] £2/5,]|c|] £1/5,0 < L < 4/5 in the above equation satisfy the conditions
required in Theorem 4.1, the iterated sequence is

x1(t) = 1V2e! = 12E 35 (1),

1
x(t) = [a<t211/4 — 1% 4 Zﬁ“) + b((l + 013 - 514/3> +cI¥8 4 LIW] x1(t) + x1(b),

n 1 n-k
EIOEDY [a<t211/4 — 1% 4 219/4> + b((l + I3 - 514/3> +cI¥8 4 LIW] x1(t),

(4.7)

forn = 1,2,3,..., where I*x; = t"‘+1/2E1,,1+3/2(t), a >0, x(t) = lim,_, x,(t) is the unique
solution, which may not be positive, where E,4(t) = Z,‘:‘;O(tk /T(ak + p)) is Mittag-Leffler
function.
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